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Abstract: We revisit the spin effects induced by thermal vorticity by calculating them directly from the spin-de-
pendent distribution functions. For spin-1/2 particles, we provide the polarization up to the first order of thermal vor-
ticity and compare it with the usual results calculated from the spin vector. For spin-1 particles, we show that all the

non-diagonal elements vanish and there is no spin alignment up to the first order of thermal vortcity. We present the

spin alignment at second-order contribution from thermal vorticity. We also show that the spin effects for both Dir-

ac and vector particles receive an extra contribution when the spin direction is associated with the momentum of the

particle.
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I. INTRODUCTION

Spin polarization effects have been observed in
heavy-ion collisions at RHIC [1—4] and LHC [5, 6] since
their pioneering theoretical prediction [7—9]. Relevant re-
views on spin effects in heavy ion collisions can be found
in Refs. [10—19]. However, some recent measurement
results are contradictory to the theoretical calculations.
This is the case of the local longitudinal polarization of
hyperons [20] and spin alignment of vector mesons [8].
These spin puzzles have prompted extensive theoretical
research [21—43] on these topics. As a result of this re-
search, new physical mechanisms have been proposed to
explain the aforementioned contradictions, such as the
shear contribution for the local longitudinal polarization
of hyperons [25—28] and strong force fields for the spin-
alignment of vector mesons [32—35]. Although new phys-
ical mechanisms are being employed to interpret these
unexpected results, it is also necessary to revisit the ori-
ginal theoretical methods which produced such discrep-
ancies to determine whether they could be modified and
improved. Such revisiting process is indispensable to
quantitatively elucidate the real physical mechanisms un-
derlying the spin polarization effects in heavy-ion colli-

sions.

For the spin polarization of the hyperon, the numeric-
al prediction in the formalism of relativistic hydrodynam-
ics is based on the spin Cooper-Frye formula [44], which
measures the mean spin vector S#(k) by integrating the
local spin vector S#(x,k) over the freeze-out surface Z, in
heavy-ion collisions:

[ A kS H(x, k) f(x.k)
[d ko fxk)

SH(k) = (1

where f(x,k) is a single-particle distribution function at
the space-time point x* = (¢,x) with four momentum k* =
(Ex.K). For the particle with mass m, the energy is given
by Ex = Vm?+k?. At global thermodynamical equilibri-
um with small thermal vorticity @,,, the first order con-
tribution for the spin vector S*(x,k) is given by

S#(x, k) = fF fﬂvpo-kvao' >

s @)

where f; is the Fermi-Dirac distribution function:
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1
fr= Py | 3)
and f{=0f:/0(B-k). The four-temperature vector B =
(B%P) is related to the fluid velocity u*, with u*> =1 and
temperature 7, by B =uw"/T, and a=u/T denotes the
chemical potential x scaled by temperature 7. The
thermal vorticity is defined as

1

Wy = _5 (a/,tﬁv _6vﬁ,u) P (4)

with components

&= = _% (aiﬁo_alﬁi) ,

A Yy 1
W= EEOUkwjk = —EEOljkC()jﬁk, (5)

or in 3-vector form

8:%(V,80+6,ﬁ), w:%Vxﬁ. 6)

After transforming mean spin vector S* = (S°,S) in Eq. (1)
into the rest frame of the particle with momentum k

(S-k)k

S*=(0,8), F=S—-————,
( ) Ek(Ek+m)

(7

the final polarization P along some quantization direc-
tion n; is given by

(S-k)(n; - k)

P=n,-S" =n;-S— :
s s Ek(Ek+m)

@®)

According to the specific expression in Eq. (2) for a local
spin vector, the 3-vector form reads

Ji w-k, S(x,k)=- Ji

0 _
SR = s dmf

(Exw—-&xKk). (9)

Then, the local polarization is given by

(w-K)k exk

_Je B _
Ek(Ek+m) Ek

Pk =3 o

-1N3. (10)

It is well known that the polarization P can be ob-
tained directly from the particle distribution f,(x,k) with
indexes r,s==x1 (sometimes expressed as r,s== for
brevity) corresponding to the spin +1/2 along the spin
quantization direction n;

S (k) = - (x,k)

P = T ok

an
Hence, we can also calculate the final polarization in

heavy-ion collisions with

P(k) = J A=k P(x, k) f(x, k)
[ A= ke f(x,k)

; (12)

where f(x,k) = fi,(x,k)+ f-(x,k) expresses the sum of
spin up and spin down along the direction n;. We will
demonstrate that the polarization expressed by Eq. (12) is
different from that expressed by Eq. (1).

For the spin polarization of the vector meson, theoret-
ical predictions focus on the spin alignment, and there is
no similar formula to that of Eq. (1) for the vector meson
yet. Most predictions rely on the quark coalescence model.
In the formalism of relativistic hydrodynamics, the meas-
ured spin density matrix can be calculated from the particle
distribution function f;(x,k) with spin indexes r,s = 0,+1

J Ak £ 5(x, k)

prs(k) = deak”f(x,k) s

(13)

where f(x,k) = fi1(x,k) + foo(x, k) + fo1-1(x, k) expresses the
sum of all the diagonal components along the direction
n;. We will derive a specific expression for this density
matrix by calculating the particle distribution f,(x,k). We
will show that the spin alignment receives only a second-
order contribution from acceleration or vorticity.

Note that the particle distributions f,s(x,k) with spin
will be the crucial elements in Eqs. (12) and (13) rather
than the spin vector in Egs. (1) and (2). Given that we
only revisit the spin polarization by thermal vorticity in
this study, we calculate the particle distributions with spin
for a free particle in global equilibrium with thermal vor-
ticity. We assume that these results still dominate in local
equilibrium. The exact equilibrium distributions with
thermal vorticity have been recently obtained by analytic-
al continuation in Refs. [45—47]. In this study, we calcu-
late these distribution functions in a more direct and usu-
al manner, and expand them specifically in terms of vorti-
city and acceleration in first or second order.

In Sec. II, we calculate the particle distributions for
the scalar field in global equilibrium with thermal vorti-
city. We obtain the particle distributions for the Dirac
field in Sec. III and for the vector field in Sec. IV. A sum-
mary of our results is presented in Sec. V. In this paper,
we use the metric g*” = diag(l,—1,—1,-1) and Levi-Civ-

ita tensor €”1% = 1.

II. SCALAR FIELD

Let us first review well-known results for the scalar
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field. The Lagrange density of charged scalar field reads

L=d"0,6-m¢'¢. (14)

The Euler-Lagrangian equation is just the Klein-Gordon
equation:

0, p+m*p=0, 09,0 +m’¢’ =0. (15)

From the Noether' theorem, we have the conserved
charge current,

F=i('9-0'0"9), (16)
the canonical energy-momentum tensor,
=P 0P+ P—g" (3.0 -m¢').  (17)
and the angular momentum density,
MEF = xOTHE — TR, (18)

We can expand the Klein-Gordon field in terms of the an-
nihilation and creation operators:

o(x) = ¢p | [ape™ " + bl
(27_[)3 /2Evp P P s
T d3p 1 —ip-x T o ipx
o'(x) = [bpe +aye } , (19)

@n)y | /2E,

where p* = (p°,p) with p° = E, and the creation and anni-
hilation operators obey the commutation rules:

[ap.a ]

Inserting Eq. (19) into Egs. (16) and (17) and integrating
over the whole space, we obtain the conserved charge and
energy-momentum:

[bp, 3] = 27)*6V(p~ D). (20)

0= [@x= [ L2 (dap-1,0}) @1
J (271)3 aPaP P¥p/>
P”=/d3xT°“=/((21 1;31? (ahap +byby) . (22)

The angular-momentum tensor is defined by

= / Fx M (23)

with the components

K'=J"=

(2 )3 {\/EP apl p(map)
~ VEpbyid, (v/Epby) |, (24)

i Lo 0i jk dp Fiap cappt
J=-€e"Jyp=¢€ @p [aplajap—bplajbp],

2
(25)

or in 3-vector form,

- [ S [ VES, (V)
-5 VBV, (VEB)]. 20

&p o7 : : i
J=- ny [ap (PxiV,)a,—b, (pxiV,) bp] ,
27)
where
; 0 0 < o o0 0 )
=22 v=(2, 2 %)
% op.— ap” " \ap'ap? ap? 28)

Now, let us analyze the particle distribution function,
which is defined by [48]

fxk) =

(2 )3 /d3qe—i(Ek+q/zfEqu/2)t+iq.x<al’§_q/2ak+q/2>, (29)

where (Q)=Tr(pQ) denotes the ensemble average of
some operator Q with density matrix p. Here, we choose
the density operator in global equilibrium [49]:

1 1
p=—exp <—bHP“ +aQ+ Ew’”ﬂv) , (30)

where Z is the partition function, b, is a constant time-
like vector, o is a constant scalar, and w,, is a constant
antisymmetric tensor. The operators P*, O, and J* de-
note the energy-momentum, charge, and angular mo-
mentum tensors, respectively. The contribution from the
angular momentum tensor can be rewritten as

1
Ewa‘”zs'K+w'J. (€28)

The density operator expressed by Eq. (30) is a general
result, valid for any field. For the free charged scalar
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field, P*, O, and J* will take the specific forms in Egs.
(21), (22), (24), and (25).

To obtain the distribution function f(x,k), we first
calculate

1 1
(a;al—,) = ETr {exp (—b,,P“ +aQ+ Ew}w]‘") a;al—,} . (32)

From Egs. (21), (22), (24), and (25), we obtain the fol-
lowing commutation relations:

[Q,a;] =a;, [bﬂP”,a;] =bﬂp*‘a;, [8-K+w'J,a;] =ApapT.
(33)

In the last equation above, A, denotes an operator
defined by

. i
Ap:EpSp.le-i_TE'pg.p, (34)

where we introduced an effective acceleration vector &,

1
Ep =€+ —wXp. (35)
Ep

Using the Baker-Hausdorff formula

1l 1y
et =5+ Tl s O
183
+ Sl AA B+

we have the identity

1 .
exp (—bﬂP" +aQ+ Ew,”]’”) a‘pexp (bHP*‘ —-aQ

1 ,
_ - wv\ _ a—bupt+a+Ap T
ZM”V] ) =e a,.

which leads to
(ahap) = ™7 (apal). (36)

From the commutation relation for the Klein-Gorden
field, we also have

(apajy = 2n)’6(p—p) +(ajap). (37)

Substituting Eq. (37) into Eq. (36), we obtain

1
(g = 00 | 00D ()

Replacing p and p with k—q/2 and k—q/2, respectively,
and inserting Eq. (38) into Eq. (29), we obtain the distri-
bution function

f(x, k) — /d3qe’i(Ek+q/2’Ek7q/2)T+iq‘x
1

X g iaa g 10 @

(39

where the operator Ak,q 2 reads

(1 i q
Ak—q/2 = Ek—q/zak—q/z -1 (EVk —Vq) + 2Ek7q/2 FoRl (k— 5) .
(40)
We assume that £ and w are both small variables and ex-
pand the distribution function as the Taylor series of these

variables. In particular, we employ the following expan-
sion:

1 1 1
STy = X FROY = S HXC+ XY
1 1 1
~ I OYC= 2 f (OCY + L f()C 4+
(41)

where C = [X,Y] and f3(X) denotes the Bose-Einstein dis-
tribution function 1/(e* - 1). This expansion is valid up to
the second order of Y. In our case, we can identify X and
Yas

X=b0Ek,q/2—b'(k—q/2)—a, Y= _Ak—q/Z, (42)

C=[X.Y]=i|(hoe+wxb)- (k—%) —(b-&)Eiqp) -

(43)

Now, we can calculate the distribution functions order by
order after integrating over the momentum q. The zeroth-
order result is trivial; it is given by the Bose-Einstein dis-
tribution function:

FO0k) = fa(b-k—a), (44)

The first-order result is also simple:

fP0k) = fi(b-k—a)[Exe-x—Kk- (et + 0 xX)]. (45)
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The second-order result is more involved:

FP(x,k) = %fé’(b-k—a) [Exe-x—K- (&t + wxx)]?
. 2 .
k-¢e) +2k (a)><s)_2w2

E2 Ey

+gfi(b-k-a)

5 (b-k—a)(Exe+wxK)-(bpg+wxDb).
(46)

12

Note that there exist some terms which depend on the
time ¢ and space coordinates x. When ¢ or x are large, our
expansion will not hold. We can absorb these terms into
the vector »* and obtain a new vector 8“, which can be
regarded as the zeroth order contribution:

B=b"+&-x, B=b+st+wxx. 47)

Summing over the particle distributions up to the second
order, we finally obtain

1
f(x, k) =fB(B-k—a)+§fé'(ﬂ'k—a)

k-&)* 2k-
Gof  Zeloxs) , ]
E2 Ex

5 (B-k—a)(Exe+wxKk)- (b08+a)><b) .
(48)

12

If we identify g* as the inverse temperature vector u*/T,
we obtain the well-established conclusion that the spin
chemical potential «*” is equal to the thermal vorticity
@ at global equilibrium.

ITII. DIRAC FIELD

Let us now consider the Dirac fermions with spin-1/2.
The Lagrangian for the free Dirac field is given by

L=yy"d,—my (49)

from which we can obtain the Dirac equations,

0 (x) —mip(x) = 0, 0, (x)y* +mip(x) =0,  (50)

the electric currents,

F=ury, 1)

the canonical energy-momentum tensor,

i [8 -5, (52)

and the angular momentum tensor density,

ap
MEF = x*TH — XPTH + %;ﬁ {«/‘, %} Y

1 _
= xTH — xPTHe — Ee”"ﬁnmysw. (53)

Then, the charge, energy-momentum, and angular mo-
mentum tensor read, respectively,

0= / Px 0, P = / PxTH = / ExMW, (54)

Expanding the free Dirac field in terms of the annihila-
tion and creation operators, we obtain

Y(x) =

(27r)3 «/2E Z ay’ (e + b1y (p)e™ ] ;

_ d3p 1 S =5 —ip-x sT=s ip-x
Vo= / Qn)} \/EZ (637 (@)e ™ + &'’ (p)e]
(55)

where the creation and annihilation operators obey the
anticommutation rules

{aS.a}"} = {b3, b7} = @)’ 6P (p-p)6”  (56)

and the indexes s, = =1 denote the spin +1/2. Substitut-
ing the expansion described by Eq. (55) into the con-
served charges described by Eq. (54), we have

0= /(2ﬂ)3 Z [y al +b3bsT]. (57)
i dzp spsT
Pt = (zﬂ)3¥[p"a a,—p'b3by] (58)

and the angular momentum tensor with the components
as defined in Egs. (24) and (25) is expressed as

i ZZ{v”(p)b (3, [0 V@)

s ()ay 0)) [ )]}, (59)

/= (27r)3 2E, ZZ{ "(p)by { " f(ia’;)+%2i

X [bv(p)] +uw (p)ay
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{Uk f(lak)+ by

o)} (60)

or in 3-vector form

dp 1 . . ‘
- / (271-[;3 ) ZZ {VS' (P)by(-iV)) [b;Tv’ (p)]

+u‘“'(p)a‘:,T(—in) [a{,u

‘®]} (61)

s s . 1
(27r)3 2E, ZZ { "(p)by, { px(iV,)+ 52
X [b;rjvr([’)] +u“(p)a;’f

X {—px(iV,,)+%2} [a;u’(p)]},
(62)

where X is defined from the Pauli matrix o

g (70 (63)
- 0 o )

Then, we can obtain the commutation relations

[Q,aff] = “ff’ [buP"’aif] :b#p”a;;*,
o KoL) =Y Aa” (64

r

where the operator Ay” with spin index is given by

Ay = Z—EPu"T(p)u“(p)(Eps -pxw)-iv,
o Loz )
+ TE,,” (p) <2w 2) u’(p)
1 .
+ 55 (Bpe—pxw)- [iV,u" ()] u(p). (65)
P

Following the same route to obtain Eq. (36) in the scalar
field, we have

(ajiahy = (e +esh)™ (a ay®). (66)

According to the anticommutation relation for the fermi-
on field, we also have

(ayas’y = 2n)’6(p—P) 6™ —(ay ap), (67)

which leads to

sr

(ay'ap) = (2n)° 6(p-p). (68)

h“pi‘—a—A +1

It follows that the distribution function is given by

frs(x,k) =

1 . ) .
3 —i(Ex+q/2—Ex-q/2)t+iq-X 7 ST r
(2n)3 d*qe ™ et TR g2 Gicig 200

— / d3 qe—i(Ek+q/2—Ek-q/z)H-iQ'X

1 sr
% {eboEk*q/Z’b'(k*‘I/z)ﬂY*Ak—q/z +1 0@
(69)

Further calculations on A, or Ax_q> need specific expres-
sions for the four-component Dirac spinors u°(p)

()

where o = (1,0) and &*
ent spinor &* is chosen as

=(1,-0), and the two-compon-

I . 9 .
cos —e ¥/? —sin Ee‘“"/ 2
= 9 , &= 9 (71)
in —el®/2 7 g2
sin e cos 5e

or in a unified form
s+ (1=s)m/2 o er(l=s)n/2
s L L 08 2 ’
&= sin s+ (1 - S)]T/2 jerzsni2 : (72)
2

They are the eigenstates of the spin operator along the
direction n; = (sincos ¢, sin?sing, cos?):

o-mé = sE0. (73)

It is easy to verify the following relations:

1, - =
£¢ =370, \po=eo, VpG=0 (74)

where we have defined the 4-vector A** with spin index
and 4-vector ¢" as

/lsr,ﬂ = (ASV,O’/ISV) — (65,)" Sés,rn3 +is6—s,rn2 +5—s,rn1) ,

=%<\/E+p+ \/E—p,(\/E+p— \/E—p)f)>, (75)

where p = [p|. We can rewrite A°*#* in matrix form as
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A= (1m0} +myo) +myo]), (76)

where the superscript T’ denotes the transpose of a matrix.
Here, we have introduced two transverse unit 3-vector, n,
and n,, orthogonal to n;

Z X
n, = |;><:112| = (—sing,cosg,0), 77)
n; = n, Xn3 = (coscosy,cos?sing, —sin) (78)

where 7 is the unit vector along the z-axis. When we set
n; =2, we obtain that m, =§ and n; =X. The first and
second terms in Eq. (65) can be further developed by us-
ing the following identities:

W (P’ (p) = 2EA™°, " (p)Zu’(p) = 2mA” +4(e- A")o.
(79)

However, to deal with the last term including the derivat-
ive with the momentum on the Dirac spinors in Eq. (65),
we need to know whether the two-component spinor ¢&*
depends on the momentum or not.

A. Polarization along a fixed direction

If the spin quantization direction n; does not depend
on the momentum p, then the derivative does not act on
the two-component spinor £°. Using the identities

1 . 1. .
V,,x/p-rf=ﬁg—zEgop(p-cr)—;(g-p) lc-p(p-o)].

(80)

_ 1. 1 .
VyVp-G=5re+t ﬁgop(p'crﬂg(g-p) [o-pp-o)],
(81)

we have
ri s 2 sr 2 EYEN sr
[V,u'"(p)] u'(p) = podie+ ;l(p -0)oxA". (82)

Substituting Eqgs. (79) and Eq. (82) into the operator
A, in Eq. (65), we obtain

1
Ay = Ay + 50y A (83)

where A, is given in Eq. (34) and €, is an effective vor-
ticity vector defined by

EXP ) (84)

Q, = (w—
E,+m

Then, Ay, in the distribution function expressed by
Eq. (69) is given by

1
Aiqpr = Mig26™ + EQE-q/z AT (85)

Using a similar expansion to that of Eq. (41) for fer-
mions up to the first order, that is,

4 1 4
Sy SO ROOY S XCH(86)

where

X =boEx_gqp—b-(k=q/2)—a, Y =-Axqp, (87)

C=[X,Y]=i (bos+w><b)~(k—g)—(b-s)Ek_q/z ,
(88)

we can expand the distribution function up to the first or-
der. The zeroth-order result is just the Fermi-Dirac distri-
bution,

V(k) = filb-p—a)s”, (89)
and the first-order result is given by

Dx,k) = fi(b-p—a)[Exe-x—K- (8t + © xx)] 5

rs

1
-5 fib-p—a)Qy - A (90)

Similar to the distribution function for the scalar field,
the first term in f’(x,k) above can be absorbed into
f9(x,k) with b* replaced by p*. After this rearrangement
of the contribution, we obtain the final distribution func-
tion up to the first order:

Y ] 4 Sr
Jrs(t,k) = fr(B-p— )™ - EfF(:B'p_Q)Qk'/l on
or in matrix form:

1
f(xak)=fF(5'P—01)‘1_§f}é(ﬂ'P—a’)Qk

~(n30'3+n20'2+n10'1). (92)

053114-7



Jian-Hua Gao, Shi-Zheng Yang

Chin. Phys. C 48, 053114 (2024)

Then, the local polarization along the fixed direction
n; is expressed as

f+,+(-x7k)_f7,7(x’k) _ flé

P(x,k) = =
= b 2%

Qk ‘N3, (93)

where we have suppressed the argument 8- p—a in the
last expression for brevity.

Let us compare our results with that of Eq. (10).
Three differences are evident. First, we have no 1/m
term, which becomes singular when the mass approaches
zero. Second, we have no term proportional to (w-Kk)k in
the middle term of Eq. (10). Third, the contribution from
the acceleration term &xKk is suppressed by Ey/(Ex+m)
relative to the term proportional to w. These differences
originate from the fact that the definition of the polariza-
tion is different from the conventional Wigner functions.
In the appendix, we provide a specific relation between
the distribution function with spin and the Wigner func-
tion.

B. Polarization along the momentum direction
For the helicity polarization, the spin quantization dir-
ection n; is that along the particle's momentum p =
p(sinfcos¢, sinfsing, cosh), and we have ¢ =6, = ¢

N>

X
X

=

m=p=e, m= =e;, Mm=MmxP=¢ (94)

~
=

with the helicity spinor expressed as

o5 s+ (1 —S)7T/2 j o A)Ir/°

s (Ll
§&=(-)> i €0+(1—s)7r/2 o | (95)

2

In this case, the derivative in the last term of Eq. (65)
does act on the two-component spinor &. It is easy to
verify that

V¢ = o3 + irf”- (96)

psin 9

With this contribution, we obtain an extra term oAy
compared with A" for the fixed spin direction:

[6- K+w-J.a)] = (AY +0A%) ay (97)

where A" is given by Eq. (83) with n3,ny,n; designated
in Eq. (94) and the extra term given by

E,
6A&‘r — P

M 2p8 (—escotfss”™ +e,67 —iegso ). (98)

Then, the distribution function with helicity index is
expressed as

frs(xs k) — /d3qe—i(Ekﬂl/z—Ek,q/2)1+iq<x

X { ! ”(S(q).

eb0Ex-q/2-b-(k=q/2)—a—Ak-—q/2=0Ak—q2) 4 |
99)

The extra term contributes to the first-order distribu-
tion function:

FO0k) = fib-k—a) [Exe-x—k- (st + 0 X X)] 6"
1 4 sr 1 4 E
— 3 b k- A +§fF(b-k—a)?k8k

- (eycot0s6” —ey6" +iegss ),

(100)

where the last term is an additional contribution with re-
spect to the fixed spin direction. After the rearrangement
from »" to B, we obtain the final distribution function up
to the first order:

1

sk = fe(B-p~)8” = 5 fi(B- p— ) A
L, E

+ 5B k=) 2

- (egcotfss” —ey5"

S 4 iegs6 ") (101)

or in matrix form:

1
f(x,k)=fF(ﬂ'P—04)°1—§fp’(ﬁ'P—a)Qk
-(n303 + Mo + 00 )

1, Ey

k- (€500t0073 — €407 + €402 .

(102)
The helicity polarization with n; = e, is given by
i Jr E
P(x,k) = Q ‘e 103
(0= =5 Qm+ 55T o (103)

The last term will contribute to additional helicity po-
larization, which is absent in the formalism expressed in
Eq. (10).

C. Polarization perpendicular to the momentum

It is also interesting to consider the polarization per-
pendicular to the momentum. We have two independent
directions perpendicular to the momentum. One choice of
the spin quantization n; is along the direction e,. This
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choice can be fulfilled by ¢ = 7/2,¢ = ¢ + /2, yielding

n; = ey, n, =kxn;, n; =n,xn; =-k. (104)
Substituting Eq. (104) into Eq. (65) and using the fol-
lowing relation for this specific case:

ie,

V& = -
%= psing”

3¢ (105)

we obtain an extra term oAy, to be added to Ay for
the fixed spin direction given in Eq. (83):

(e K+w-J,a] = (AY +6A%,) d)', (106)
where
57 Ep . r,—5 —1,5
Ay = 5 -Ep- (—1e¢cot9s6’ +e,0" ) ) (107)

2p

Substituting this contribution into the distribution func-
tion

frslx) = / A qe P~ Fheaigiax

1 Sr
< | | 0@, (109)

we obtain the final distribution function up to the first or-
der:

1 !
frs(e, k) = fe(B-p—a)0™ — Efé(ﬁ'P - )y -A"

1 ’ Ek . r—s —rs
+ EfF(ﬂ'k_(l)?Sk' (1e¢ cotfsé" ™" —ey0 " )
(109)

or in matrix form:
1 ,
f(x»k)sz(ﬂp_a)I_EfF(ﬁp—a)Qk
-(n30'3+n20'2+n10'1)
1 / Ek
+§fF(ﬁ-k—a)?8k~(e¢cot90'3—e¢0'1). (110)

The polarization can be expressed as

P(.X,k) = —;‘;‘ Qk-n3.
0

(111)

Note that the polarization receives no extra contribution

except for the designation of n; as e;.

Another choice of the independent transverse direc-
tion is along the direction e,, which can be obtained by
¥ =0+n/2,0=¢. In such a case, we have

n;=e, Mm=e; N =-e, (112)

and the derivative on the spinor satisfies the same rela-
tion as the helicity polarization expressed by Eq. (96).
Following the same procedure as in the cases n; = e, and
n; = e, described above, we obtain the relation

(6 K+w-J.a)] = (A +6Ay,) a’, (113)

where

E
SAY, = 2—"8k- (eycotf5" " —ey56™ —iegs6™"),  (114)
P

po =

which leads to the final first-order result for the distribu-
tion function:

o1
fsr(-xsk) = fF(ﬂ'p_a)dsr_ Efl:’(ﬁp_a)gk A"
1 E
+ 5B k=)

X (—e5coth5" " +e,56™ +iegss ), (115)

or in matrix form:

1
-(n303 + Mo +0y07)

1 E,
+ Ef,é(ﬁ'k—a)?kak - (—eycotfory +e403 +eg0) .

(116)
The polarization can be expressed as
Jr Jr Ex
P=—"""-Q- — —& e, 117
2 kn3+2ka8k €y (117)

Note that the last term is an extra contribution to the po-
larization with respect to the fixed spin direction.

IV. VECTOR FIELD

Next, we proceed with the charge vector field with
Lagrangian density

1
L=——F F® +m2A;Aﬂ,

3w (118)
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where the field tensor F*¥ is defined as
Fo=8,A,-0,A,. (119)

The Euler-Lagrangian equation leads to the Proca
equation:

8,0"'A, +m*A, =0, 8,0'Al+m*Al =0 (120)
with the following constraint condition:
&A, =0. (121)

to remove the spin-0 contribution. The general solution
can be expressed as a Fourier transform:

A= /<2n>3

3

ake (p)e " + by (p)e”)

=1

(122)
with the following constraint from Eq. (121)
Pem® =0, p'n, (=0 (123)
and the expression
ru — p ) nf p nr )
e*(p) ( p ,n,+m(E+m)p . (124)

Here, n, (r=1,2,3) is a real orthogonal unit vector satis-
fying m3 =m; Xmy. For our choice of €(p), we have
€."(p) = €,(p). The antiparticle part 7,(p) can be obtained
in the same manner as for €;(p). As usual, we choose n3
as the spin quantization direction. The creation and anni-
hilation operators obey the commutation rules:

)8’ (p-p)o”.
(125)

[apsay']

2(271')363([)—[_))5” [ b’ Y\:I

The conserved charge current of the Proca theory is giv-
en by

J=—i (ATA - ATA), (126)

The canonical energy-momentum tensor of the Proca the-
ory is

1 + N
THV — 5 va(leaﬁ _ FHUTBVAH _ [)VA:IF/JU _ ngHVAJ;AH.
(127)

The angular momentum density is then obtained:

MEP = xTH — XPTH 4 (AT FH — APTFH)

+ (FTA" - FrTAP) (128)

The conserved charge and energy-momentum can be ex-

pressed as
e- [ &9 o 2

(27r)*

ay @y =byby).

Zp“ (as'as +bybs) . (129)

The angular momentum tensor can be expressed as

(27r)3

alr]

{ VEwe, a1 [ \/Ey€" (p)ay]

~ VEu1,(0)byid] [ \/Egi ™ (p)b}) ]
—ia) a [ (p)e” (p) — €™ (p)e”(p)]
+ibyby [ @ @) -1 e @] |, (130)

J'= e (27.[)3 Z Z

s=1 r=1

{ ayl e ®p'ie) [, )
byn* (p)p'id] [ (p)b})]

_laﬂ r ”*(p)Erk(p)‘Flb

e f (13D

It is straightforward to obtain the commutation relations:

[Q aYT] = aﬁ [b Pt ‘T] #p”a
oot = YA

r

(132)

where the operator A" for the vector field is defined by

Ay = - e (PET(P)ESE, iV, — — ex(p)€™ (p)e-p
P
— e [iV,€" (Pa] - ExEy
~ie- [€”(P)e(P) -’ (P)e" (P)]
~iw-[e"(PxeP)]. (133)
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It follows that the distribution function is given by

frs(x, k) =

—i(Extq/2—Ex-q/2)t+iqX
/ dige o (4220

1
()}
— / d3 qe*i(Ek+q/2*Ek—q/2)7+iq'x

1 sr
X |:ebnEk—q/Z—b'(k—q/z)‘“_l\k-q/z -1 6(q) ’
(134)

In the following, we further analyze this distribution
function by using the following identities:

€(P)e™ (p) = — 0",

6r[x(p)
E +m

Ero*(p) Si I ok
+ E‘meE (p)—ns . (9pl‘lr. (135)

e, [€7(p)] = e’(p)

A. Polarization along a fixed direction

If the unit vectors n;, n,, n; are independent on the
momentum, the last term in Eq. (135) will vanish and we
obtain

A = Ap8” +i€,- (n, xn,). (136)

Following the same procedure applied for the scalar
and Dirac fields, and using the expansion in Eq. (41), we
obtain the zeroth-order result for the vector particle:

FO®0, k) = fab-k—a)s™. (137)
The first-order result is given by
FOx, k) = frb-k—a)[Exe-x—K- (et +@ X X)] 6"
—ifg(b-k—)Q-(n;xn,). (138)

As we all know, the vector €,(p) with r=1,2,3 de-
notes the linear polarization vector and does not corres-
pond to the spin eigenstate, which can be achieved by in-
troducing circular polarization operators:

a}',+ialz,), a —a , (139)

_ 1
P % (
where 0 and + denote the spin components with 0, +1,

respectively. With circular polarization indices, the vec-
tor field can be expressed as

Au(-x) = Z a (p)e’ip‘x + blf)Tn;*(p)eip'x) ,

(140)

(271)3 V/2E,

where the polarization four-vectors with circular polariza-
tion index is defined by

1
€ (p) = Y [€,(p) +i€: ()],

1
€ (p) = 5 [e.(p)—i€;(p)] .

0/y _ 3
€,(p) = €,(p). (141)

We use the same indices r, s to denote linear or circu-
lar polarization. With circular polarization indices 0,+
we have

FO0, p) = fi(b-k—a)[Exe-x—Kk- (et + @ xX)] 6"

—ifg(b-k—a)ﬂk-(nsxnj), (142)

where the polarization three-vector with circular indices
is given by

1 .
n,=-———=(m +iny), n_=

V2

(n| —inz), np =nNj. (143)

V2

To obtain the non-trivial contribution for the spin
alignment, we need the second-order result for the diag-
onal components with linear polarization indices:

Pk + %fé’(b-k—a) Q)

1
-~ fi(b-k—a)(Q-n,),

[2(x,k) =

(144)

where f@ denotes the second-order contribution to the
distribution function for the scalar field as expressed in
Eq. (46). Summing f© and f" for non-diagonal com-
ponents and replacing »* with 8, we obtain the spin dis-
tribution function up to the first order:

Fs(0k) = fa(B-k—a)8” —ify(B-k—a)Qy - (nyxn?). (145)

This expression is valid for both linear polarization
indices r,s=1,2,3 and circular polarization indices
r,s = 0,%. For the linear polarization r,s = 1,2,3, we have
n; =n,. Similar to the result for the Dirac fermion ex-
pressed in Eq. (92), we can express the distribution func-
tion with circular polarization indices in the conventional
matrix form:
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Jook) = feB-p—a)- 1= fi(B- p— )L

'(H3S3 +H252+H1S1), (146)
where S; denotes the 3 X3 spin matrices for spin-1
10
S —L 0 1
1 ’\/E )
010
) 0 -1 0
1
S,=— I 0 -1 ,
V2
0 1 0
1 0 O
Ss=( 0 0 0 (147)
0 0 -1

Summing f©, £V and f® for the diagonal compon-
ents with linear polarization indices and replacing b with
B", we obtain the diagonal distribution function up to the

second order:

1
frr(x’ k) = f(x’ k) + Ef];’(ﬁ k— a) (szk)2

1
~5 5 (B-k—a) (@ -n,)’, (148)

where f(x,k) is the distribution function for scalar field as
expressed in Eq. (48). It should be noted that this second-
order expression holds only for linear polarization in-
dices r,s =1,2,3.

As we all know, the spin density matrix for vector
particles such as ¢ and K* mesons can be measured by
their two-body decay channels ¢ — KK and K** — K, in
which the distribution of the decay products is related to
the elements of spin density matrix by

ﬁgf*dqﬁ = 837 [1 —poo + (3poo — 1) cos’ 6"
- V2Re (0+0 — po_) sin@* cos ¢*
+ V2Im (0+0 — po_) sinf* sin¢*
—2Rep,_sin’ 6" cos(2¢")

—2Imp, _sin’ 6" sin(2¢")| (149)

where 6" and ¢* are the polar and azimuthal angles of the
momentum of one final meson in the rest frame of the ini-
tial vector mesons. When we approximate the spin distri-
bution function up to the first order as given in Eq. (145),

all the non-diagonal elements vanish and the diagonal
element py becomes 1/3, which means that there is no
spin alignment. At the second order, the spin alignment
receives a nonzero contribution because the local spin
alignment can be expressed as

1 l 1’ 1
Joo 1 1A (Qk~n3)2—§(9k)2 :

PR = e 3 6/
(150)

Note that whether the spin alignment is less or great-
er than 1/3 depends on the balance between the contribu-
tion (€ -n3)* and (Qy)* /3.

B. Polarization along the momentum direction

Next, let us consider the helicity polarization with P
as the spin quantization direction:

n;=e, M=e¢, N =e,. (151)
To calculate the last term in the second identity in Eq.
(135), we need the following relations:

0

o (152)

n, =Zxn,,

n, =0, P g™ = € XM

With these relations, some additional terms contribute to
the commutation relation:

(6 K+w-J.a] = (Ay+6AY) a, (153)

where A" is given by Eq. (136) and the additional term

OA) is given by

(Ep-e4)2-(n,;xn,)
(154)

iE iE
SAT=-"2(&,- -(nyXn,)— L=
; . (Ep-€9) €4-(n,xn,) sing

From the definition

f;-s(-x’ k) — /d3qe—i(EkHl/z—Ek,q/z)I+iq-x

1 Sr
X {ebOEqu/Z_b‘(k_q/z)_U_Aqu/Z_5Ak—q/2,H -1 } 6((1) ’
(155)

we obtain the distribution function up to the first order:

frs=Ta—ifg {Qk_ %(8k~e9)e¢,— Fﬁ@ (Sk'e¢) 4

- (ngxm}). (156)
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from which we find that all the non-diagonal elements of
the spin density matrix vanish and there is no spin align-
ment. To obtain nonzero spin alignment, we need the
second-order result for the diagonal elements:

1 E E 2
fr=Js+ Efé’ {Qk_ 71( (Ek-eg) e, — 71{6 (Ex-ey) 2}

ksin
1 4 E E A 2
~ 5/ {{Qk—?k(ak'ee)%—ﬁze(Sk-eqj)z} -n,} )

It follows that the spin alignment is given by

LA (g, B - B ) r
,000_3 6 fB{ & k Ei-enes ksin@ (Sk e¢)z s

1 E E Nk
o Rewa- 06

(158)

C. Polarization perpendicular to the momentum

Finally, let us consider the transverse polarization,
which is orthogonal to the momentum. Similar to the Dir-
ac particle, we have two independent basis vectors. We
can choose one group of basis vectors as

n;=e;, Mm=¢, N =e, (159)
and the other group as
n; =ey, N, =¢, N =¢,. (160)

For both groups, we follow the same procedure used for
the helicity polarization and find that all the results coin-
cide with those expressed in subsection IV.B by Eqgs.
(152) to (158). The only difference is that we need to re-
place n;,ny,n; in Eq. (151) by either Eq. (159) or Eq.
(160).

V. SUMMARY

We have revisited the spin polarization by thermal
vorticity and proposed another formalism to calculate
them directly from the spin-dependent distribution func-
tion. We have calculated these spin-dependent distribu-
tion functions for spin-1/2 and spin-1 in global equilibri-
um with thermal vorticity. For the Dirac field with spin
1/2, the local polarization along the fixed direction nj is
given by

P(x,k) =

i (o

exk
_2fF )l’l'; (161)

Ek+m

For a vector field with spin 1, the spin alignment and all
the diagonal elements of the spin density matrix are ab-
sent up to the first order. At the second order, the local
spin alignment along the fixed direction n; is given by

1 1fg{K sxk) r
H=---2& - .
Poo(x, k) 376 fi w Ex+m n;
1 ( exk )2}
-z |\w-— .
3 Ex+m

Besides, we have found that when the spin quantiza-
tion direction is dependent on the momentum, an addi-
tional contribution emerges, departing from an earlier
prediction. It will be valuable to conduct numerical simu-
lations with these results and quantitatively study the dif-
ferences in the future.

To finish this study, we would like to discuss on the
source of these differences. When we predict the spin po-
larization in heavy-ion collisions by the relativistic hydro-
dynamics, we need the local spin distribution function in
phase space, which depends on both the coordinates and
momentum. However, as we all know, such distribution
functions in quantum mechanics are not unique. Differ-
ent distribution functions might lead to different predic-
tions for some physical results. We do not know which
distribution function is more appropriate to describe the
realistic physics in heavy-ion collisions. More research
on this topic is needed in the future.

(162)

APPENDIX A: THE PARTICLE DISTRIBUTION
FUNCTION AND WIGNER FUNCTIONS

In this appendix, we relate the distribution functions
with spin used in this work to the Wigner functions. We
take the Dirac field as an example. From the free Dirac
field given in Eq. (55) with the following normalization
relations:

' (P’ (p) = v (P (p) = 2E,6", (AD)
u (P (=p) = v (P’ (-p) =0, (A2)
we have
1 -
=2, / xe T (P (), (A3)
4
ay = ;E / d*xe™ "y (' (p). (A4)
p

Substituting these expressions into the spin distribution

053114-13



Jian-Hua Gao, Shi-Zheng Yang

Chin. Phys. C 48, 053114 (2024)

function in Eq. (69), we obtain

1

frs(-x’ k) = (27_[)3

3 o a—i(Exiq/2—Ex—q/2)t piqX /5T r
/ d’qe " a2 e (ak_q/zak+q/2>

— / d3 qd3y1 d3y Zeiq'xei(qu/ 2)y1 efi(k+q/ 2)y2
(2n)}

1 1
X
V2Exiqp \/2Exqp
xu (K +q/2y(t,y,)).

W' yu'(k-q/2)

(A5)

With the definitions y = (y;+y2)/2 and z=y, -y, the
distribution function becomes

frs(x,k) = / d*qe' PP yd’ze%e Y

1 1
X
\/2Ek+q/2 \/2Ek—q/2
XTe[( Ly + Ly =)

xu'(k—q/2)ut (k+q/2)], (A6)

(2m)?

where we have expressed the spinor matrix into the trace
form. Recall that the equal-time Wigner function is
defined as

d3 P
Y Wy =30 (A7)

Wab(t9yak):/(2

We can relate the distribution functions with spin to this
Wigner function by

Jrs(x,k) = / d’q / d*yeld*e ¥
V2Ex:qi2 \/2Exq2
X Tr [W(ty. Ky u'(k—q/2u" (k+q/2)].
(A8)

It is evident that the distribution function with spin and
the usual Wigner function are related to each other in a
nontrivial manner.

It is convenient to compare this result with the usual
definition given in [48], which leads to the relation
between the Wigner and distribution functions:

3
CL (Wt x Ky w@u'®)].  (A9)

frs(xK) = = E.

Evidently, these two definitions only coincide with each
other after integration over the whole coordinate space
dx. It is easy to show that this definition can lead to con-
ventional results. To extract the polarization, we only

need to consider the diagonal elements, which can be re-
cast into

fis(x,k) = (523 Tr [y’W(t x, Ky v ®0i°K)] . (A10)
Using the identity in [50] for the spinor u’(k)
CORE =5 (147 DU +m] (Al
with the polarization vector s* defined by
st = (k’;3 s+ m((lr(n:)ll;k)) , (A12)

and the Wigner function's decomposition in Clifford al-
gebra

1 1
W(t,x,k) = 7l {7—‘+ YP+y'V,+y YA, + EO"WSW} ,

(A13)
we obtain
2 3
fue10 = E (T 4T v,
8E\
1
+mTr [yoy“yo )é} A, + ETr [75 yoa”vyos(];q S#V)

_ Qn)?
T 2F,

( mF —k'V, +2EVo—ms" A, + 2ms° A,

1
- Ee’mﬂ SaksS,y + soeo”mkaSW - Ekeo""”s,,Sw> .
(A14)

Using the Wigner equations [51, 52] up to the semiclas-
sical limit, we finally obtain

E
k (A15)
m

fulwk) = 0= (F-5'a,)

The conventional result for the polarization is as follows:

“A,

P(x,k) = —s?f . (A16)

It should be noted that only positive energy parts are in-
cluded in the Wigner functions.
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