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Abstract: The thermodynamics of charged spherically symmetric AdS black holes in conformal gravity is revis-

ited using the recently proposed restricted phase space (RPS) formalism. This formalism avoids all the bizarreness

arising in the extended phase space formalism for this model. It is found that the charged AdS black holes in this

model may belong to a new universality class that is different from all previously studied cases under the RPS form-

alism. Besides the distinguished isocharge 7' —S and isothermal ® — Q, behaviors, the absence of the Hawking-Page

transition is another notable feature. However, in the high temperature limit, the thermodynamic behavior of the

present model becomes exactly the same as that of the Einstein gravity and black hole scan models, which adds fur-

ther evidence for the universality of the recently reported correspondence between high temperature AdS black holes

and low temperature quantum phonon gases in nonmetallic crystals.
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I. INTRODUCTION

After more than one hundred years since its inception,
Einstein gravity remains the most promising theory of re-
lativistic gravity. However, there are several reasons to
consider alternative theories of gravity, for instance, the
need for a renormalizable quantum theory of gravity, the
interpretation of the expanding universe, and galaxy rota-
tion curves. Among the many extended theories of grav-
ity, conformal gravity has attracted considerable interest,
partly because of its on-shell equivalence to Einstein
gravity and its power counting renormalizability [1], and
partly because its spherically symmetric solution con-
tains a linear term in the radial coordinate, which may
play a role in explaining galaxy rotation curves as an al-
ternative for dark matter [2, 3]. As a physically viable
model of relativistic gravitation, it is natural to look into
more detailed behaviors of conformal gravity, and the
study of its black hole solutions and the corresponding
thermodynamic properties [4—6] is of great importance in
this regard.

There are several formalisms for studying black hole
thermodynamics. The traditional formalism focuses on
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the initial establishment of the basic laws of black hole
thermodynamics and the calculation of thermodynamic
quantities [7—11]. A relatively modern formalism known
as the extended phase space (EPS) formalism emerged
approximately fifteen years ago [12], which takes the
negative cosmological constant (hence it is only applic-
able to AdS black holes) as one of the thermodynamic
quantities (proportional to the pressure) and thus extends
the space of macro states. This formalism has attracted
considerable interest because it reveals various critical
behaviors and the possible existence of different types of
phase transitions in black hole physics [13-36]. There is a
plethora of literature pertaining to this topic, and it would
be impossible to present a full list. Thus, we only cite
those that have had a significant impact on our line of
thinking and research. In particular, the critical phenom-
ena of charged spherically symmetric AdS black holes in
conformal gravity, whose strange behavior is a signific-
ant motivator of this study, is analyzed in [37]. Further
development of the EPS formalism includes the explora-
tion of black hole microstructures [38—40], and the inclu-
sion of the central charge and its conjugate variable in the
list of thermodynamic variables [41—43], which is in-
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spired by the AdS/CFT correspondence.

Although studies based on the EPS formalism prove
to be very fruitful, several issues are inevitable in this
formalism, as first pointed out in [44]. To name a few, the
requirement of a variable cosmological constant leads to
a theory-changing problem, which we call the ensemble
of theories problem, the interpretation of the total energy
as enthalpy instead of internal energy seems to contradict
the thermodynamic understanding of total energy, and
some thermodynamic behaviors in various black hole
solutions of different gravity models are so bizarre that
there are no precedent examples of macroscopic systems
with similar behaviors. The charged spherically symmet-
ric AdS black hole solution in conformal gravity is
among the example cases exhibiting strange behaviors in
the EPS formalism [37], including the intersecting iso-
therms of different temperatures, the discontinuous
change in Gibbs free energy in thermodynamic processes,
the branched or multivalued thermal equations of state
(EOSs), and the appearance of a maximal specific ther-
modynamic volume (or radius of the event horizon) at a
fixed temperature.

Above all, the lack of complete Euler homogeneity in
both the traditional and EPS formalisms of black hole
thermodynamics is considered the most severe problem
constituting a barrier in understanding the zeroth law of
black hole thermodynamics. To solve the problem of
Euler homogeneity, we proposed a novel formalism for
black hole thermodynamics known as the restricted phase
space (RPS) formalism by fixing the cosmological con-
stant but including the effective number of microscopic
degrees of freedom and its conjugate chemical potential
in the list of thermodynamic variables. The application of
the RPS formalism to the cases of RN-AdS [44] and
Kerr-AdS [45] black holes in Einstein gravity indicated
that this new formalism is free of all the issues men-
tioned above. Subsequent studies revealed that the RPS
formalism also works for non-AdS black holes [46, 47]
and is applicable to a large class of higher curvature grav-
ity models known as black hole scan models [48]. Ac-
cording to the behaviors of charged spherically symmet-
ric AdS black holes in different black hole scan models,
these models can be subdivided into two universality
classes: the Einstein-Hilbert-Born-Infield class and
Chern-Simons class. Most recently, we found that the
high temperature limit of (D +2)-dimensional Tangher-
lini-AdS black holes can be precisely matched to the low
temperature limit of the quantum phonon gases that ap-
pear in nonmetallic crystals residing in D-dimensional
flat space [49]. Moreover, this AdS/phonon gas corres-
pondence does not appear to be limited to Tangherlini-
AdS black holes because the high temperature limit of the
heat capacities of charged AdS black holes in black hole
scan models also behaves similarly to that of the low tem-
perature Debye heat capacities of D-dimensional

quantum phonon gases [48]. More applications of the
RPS formalism can be found in [50-53].

The aim of this study is two-fold. First, we present the
applicability of the RPS formalism to the case of four di-
mensional conformal gravity and resolve the bizarreness
that appeared in the EPS formalism for the thermodynam-
ic behaviors of charged AdS black holes in this model.
Second, we wish to take conformal gravity as yet another
example case for the AdS/phonon gas correspondence.
These two aims are perfectly accomplished, as described
in the following sections.

II. MODEL AND THE SOLUTION

The model considered in this study is best described
by its classical action,

1 1
S = a/d4.x V_g (Ecﬂvpacﬂypd-{_ gF#VFyV) s (1)

where the unusual sign in front of the Maxwell term is in-
spired by critical gravity [4] and is necessary for Einstein
gravity to emerge in the infrared limit [1].

The static charged AdS black hole solution for this
model is found in [5], with the metric

dr?

2_ 2 2 102
ds” = —f(r)dt” + 70 +r°dQ; ., )
f(r):—lAr2+c1r+c0+g, 3)
3 r
and the Maxwell field
A= —th. 4

r

The parameter € can take three discrete values, —1, 0,
1, which correspond, respectively, to the hyperbolic,
planar, and spherical geometries of the two-dimensional
"internal space" characterized by the line element dQj .
The solutions with e=0,—1 are known as topological
black holes, which exist only in AdS backgrounds. The
other parameters Q,co,c1,d,A are all integration con-
stants that must obey an additional constraint

3cid+ €+ Q* = cl. (5)

The above solution describes a charged AdS black
hole, provided A <0 and the equation

f(ro)=0 (6)
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has a nonvanishing real positive root ry, which corres-
ponds to the radius of the event horizon. Note that the
function f(r) does not contain the term Q?/r> as in the
usual RN-AdS black hole solution. The parameter Q (re-
lated to the electric charge) only affects the geometry of
the spacetime implicitly through constraint condition (5).
Because O appears only in squared form in Eq. (5), the
spacetime geometry does not discriminate between posit-
ive and negative values of Q. Therefore, in this study, we
exclusively consider the choice Q>0. The opposite
choice is permitted but makes no difference regarding the
geometry and thermodynamic behaviors.

In the absence of the parameter ¢; (which represents a
massive spin-2 hair [5, 6]), metric (2) looks similar to that
of the standard Schwarzschild-(A)dS black hole, provided
d takes a negative value. Let us stress that unlike in most
other gravity models, the cosmological constant A arises
purely as an integration constant; therefore, this model
was once considered very appropriate for pursuing ther-
modynamic analysis following the EPS approach be-
cause a variable cosmological constant in this model does
not cause the ensemble of theories problem, which ap-
pears in other theories of gravity.

III. EPS THERMODYNAMICS REVISITED

Before getting to the RPS formalism for the thermo-
dynamics of the above black hole solution, let us first
briefly review the EPS description and point out some of
its pathologies.

To begin with, we present the relevant thermodynam-
ic quantities in the EPS formalism. First, the total energy
E of the black hole spacetime, as calculated using the No-
ether charge associated with the timelike Killing vector
[6], reads as

awy (co— e)(Ar% —3c¢p) N (2Ar(2) —co+eyd

5 . (D

24n 3rp 15

E =

which is regarded as the enthalpy, where ry >0 repres-
ents the radius of the event horizon of the black hole and
is a real root of f(r), and w; is the volume of the internal
2d space designated by the line element dQ%’E. The pres-
sure P and its conjugate, the thermodynamic volume V,
are respectively given as

__A V:_awzd

8n’ 3

Next comes the black hole temperature and entropy,
which are given by [5]

B Arg +3coro + 6d

_ awr (Ero —Colo — 3d)
127702 ’ 61 '

®)

The electric charge (defined as the conserved charge as-
sociated with the U(1) gauge symmetry of the electro-
magnetic field) and conjugate potential are respectively
given as

0.=222  ¢--L ©)

127 ° o

The parameter c; is a massive spin-2 hair, which is also
taken as one of the thermodynamic variables. This vari-
able is denoted as = = ¢y, and its conjugate ¥ is given by

awy (co—€)
247 ’

Y=

In the above expressions for thermodynamic quantities,
the parameter ¢o is considered to be implicitly determ-
ined using relation (5), and thus it cannot be taken as a
simple constant while considering thermodynamic beha-
viors. Conversely, the coupling constant o is always kept
as a real constant in the EPS formalism.

We can check that the energy £ obeys the following
relations:

dE=TdS +®dQ,+¥Yd=+VdP,
E=2PV+V¥YE.

These relations are interpreted as the first law and Smarr
relation, respectively, in the EPS formalism.

As mentioned in the introduction, the behavior of EPS
thermodynamics, as outlined above, appears to be very
strange, and the problems may be attributed either to the
gravity model itself or the EPS formalism. We find that
with new insights from the RPS formalism, the problems
can be perfectly avoided; therefore, it is clear that the
problems arise from the EPS formalism.

IV. RPS FORMALISM

The entire logic of the RPS formalism reads as fol-
lows: First, we must introduce a new pair of thermody-
namic variables, that is, the effective number N of the mi-
croscopic degrees of freedom (or dubbed black hole mo-
lecules) of the black hole and its conjugate, the chemical
potential . These two objects are universally defined as

P GTIg
N = — /«l = LD s

(10)

where L is an arbitrarily chosen constant length scale, G
is the Newton constant, and Ig is the on-shell Euclidean
action, which corresponds to the black hole solution. The
arbitrariness of L may be attributed to the fact that we do
not know what a black hole molecule is; however, this
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does not prevent us from describing the macroscopic
properties of the black hole, just like in studies on the
thermodynamics of ordinary matter systems, in which the
precise nature of individual molecules does not matter,
and the total number of molecules can be taken as an ar-
bitrary number as long as the entire system remains mac-
roscopic, which means that L should be sufficiently large
in our case.
In the present case, D =2 and [5]

_aw [Z(CO —€)erg+(3e— Ar(z))d]
- 247T}’(2)T

. (11)

E

Since the Newton constant does not explicitly appear in
action (1), we must relate the coupling constant a to G in
some way. Because G has the dimension [L]?, whereas a
has the dimension [L]°, this relationship cannot be
a =1/162G but rather must be modified by a factor of the
dimension [L]?. Therefore, we assume that

LZ

“= TenG’ (12)
owing to the arbitrariness of L. This assumption is not an
absolutely necessary step. What actually matters is that
the number of black hole molecules N should be propor-
tional to the overall factor in the action to ensure that NV is
the thermodynamic conjugate of the chemical potential u
(which in turn is defined in terms of the Euclidean action
Ig). Assumption (12) is introduced simply to illustrate
that the overall factor 1/16xG in Einstein gravity and the
factor a in conformal gravity play similar roles in the
RPS formalism.

Before checking the thermodynamic relations in the
RPS formalism, there is something else to be fixed in
solutions (2) and (3). To guarantee the existence of a
reasonable weak field limit with an attractive Newtonian
potential, we must require that

1/ V=A > ro,

1/ley] > ro, d<0. (13)
Moreover, in the extremal case with ¢; =d =0, the solu-
tion must fall back to that of the vacuum AdS back-
ground. Therefore, for each choice of e =-1,0,1, ¢y must
always be equal to €.

Let us remark that in previous studies, ¢y was con-
sidered an implicit function in ¢1,d, and Q. The present
choice ¢y = € is more physically motivated, which makes
a big difference. In fact, if ¢y and € were kept independ-
ent besides constraint (5), the first law to be introduced
below in the RPS formalism would not hold.

In the following, we work exclusively with the choice
co = € = 1, which corresponds to the spherically symmet-
ric case with w; =4x. Inserting co=€e=1, wy, =4n and

Eq. (12) into Egs. (7)—(11), we get

AL?
E= —d, (14)
48nG
L2d ro(A 13 —3)+6(d +19)
S =- , T=- , 15
8Gry 12712 (13)
0= EC -0 (16)
¢ 487G’ Con
I? (Ar2 =3)d
N = = = 16na, =0 7 17
G g s 96711’8 a7

It is now more transparent that to ensure non-negativity
of the entropy and total energy, d and A must both be
negative. This is why the solution is considered an AdS
black hole solution from the very beginning.

In the above equations, d,Q,G, and ry are considered
implicit functions in the thermodynamic variables.
However, these objects are not all independent owing to
constraint condition (5) and the equation for the event ho-
rizon (6). The joint system of Egs. (5) and (6) has two
different sets of solutions for d and ¢;, among which only
one ensures the negativity of d,

a=" Ard-3- \arg-32+1207), (18)
o= Arg-3+ (arg-32+1207] . (19)
6r0

The other solution with reversed signs in front of the
square roots corresponds to strictly non-negative values
of d, which results in a non-positive entropy and is there-
fore henceforth dropped.

Note that in the RPS formalism, we do not introduce
the (E,¥) variables. The reason behind this choice is the
symmetry principle. Let us quote C.N. Yang's celebrated
dictum: "Symmetry dictates dynamics." Here, we would
like to extend this statement a step further: Symmetry dic-
tates thermodynamics, which means that different ther-
modynamic systems with the same underlying symmet-
ries should be described by the same set of thermodynam-
ic variables, although their detailed thermodynamic beha-
viors may differ. The black hole solution under study
bears the same spherical symmetry and U(1) gauge sym-
metry as the well-known RN black hole solution in Ein-
stein gravity; thus, the space of macro states for these two
black hole systems must be spanned by the same set of
macroscopic variables. This may help to understand why
we exclude the variables (Z,%) from the list of allowed
thermodynamic quantities in the RPS formalism. Let us
stress that it is the underlying symmetries, rather than the
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number of integration constants, that determine the di-
mension of the space of macro states. One may wonder
why conformal symmetry is not considered here. The
reason is clear: any concrete choice of metric in conform-
al gravity automatically breaks the conformal symmetry.
Therefore, no charges associated with conformal sym-
metry can enter the thermodynamic description for black
holes in conformal gravity.

Using the results presented in Egs. (14)—(17), we can
check by straightforward calculations that the first law

dE = TdS +®dQ, +udN (20)

and Euler relation

E=TS +®Q,+uN (21)

simultaneously hold, which ensures that E is a first order
homogeneous function in (S, Q.,N) and T,®,u are zeroth
order homogeneous functions in (S, Q,,N). The last two
equations constitute the fundamental relations for the
RPS formalism of black hole thermodynamics. As a dir-
ect consequence, the Gibbs-Duhem relation

du = —sdT — gd® (22)
also holds, where
S = E = —i = % = g
N8 17N T asn

where both are zeroth order homogeneous functions in
(S,0.,N). The Gibbs-Duhem relation indicates that the
intensive variables yu,T,® are not independent of each
other, whereas each is independent of the size of the
black hole.

V. THERMODYNAMIC PROCESSES IN THE RPS
FORMALISM

The explicit values of the various thermodynamic
quantities collected in the last section allow for a detailed
analysis of the thermodynamic behavior of the black hole
solution under consideration. To proceed, we must first
re-express the parameters ry,G,Q in terms of the extens-
ive variables N, S, Q, or, better yet, in terms of N and s,q.
The latter set of variables has the advantage that the
EOSs re-expressed in these variables are independent of
N, which is a characteristic property of standard extens-
ive thermodynamic systems, known as the law of corres-
ponding states.

To rewrite ry,G,Q as functions of (N,s,q), we must

solve the first equations in Egs. (15)—(17) as a system of
algebraic equations for ry,G, Q, which yields

L2
G= N ro= fs_]/z(Ssz—s—967T2q2)]/2,

(23)

0 =48ngq,

3\ .
where ¢ = (X) > 0. The condition for r( to be real and

positive reads as

852 — 5 —961°g* > 0. 24)

Since ¢* > 0 and s > 0 (a macro state of zero entropy can-
not be understood as a black hole), we can deduce that
s> 1/8 using the above inequality. In other words, there
are no black hole states with s < 1/8.

There is another, negative-valued, unphysical, solu-
tion for ry, which is omitted.

Inserting Eq. (23) into Eq. (14) and the remaining
equations in Eqgs. (15)—(17), we have

&E=s5"28s*-s-961%¢»)"?, (25)

125% — s —48n%¢?
T= ,
s1/2(852 — s —9672g2)1/2

(26)

3 96m2gs'/?
(852 — s—96m2g>)1/2°

¢= @27

12(2 _ 19722
P 4s5'1(s*—12n°q~) ’ (28)
(852 — s —96m2¢2)1/2

where, for convenience, we introduce the new variables

2
g-2g,

T=21nlT, ¢ =2nlD,
N

m=2rlu, (29)

each with the dimension [L]°. The first order homogen-
eity of E and the zeroth order homogeneity of 7,®,u are
transparent in the above expressions. Note that condition
(24) automatically ensures the non-negativity of 7, there-
fore, there is no further constraints over the parameters s
and q.

Besides the above thermodynamic quantities, we also
need the explicit expression for the Helmholtz free en-
ergy F = E—TS, which, in terms of the rescaled variable
f=2nlF/N, is given as follows:
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4512(s2 4 12712612)

= 8— = — .
e T Iy T PIVIE

(30)

The first thing to note from the above results is the
absence of the Hawking-Page (HP) transition in the
present case. The HP transition is a phase transition from
an AdS black hole to a pure thermal gas, which occurs at
the zero of the Gibbs free energy (or equivalently of the
chemical potential) for neutral AdS black holes [54].
Such a transition is known to exist in most AdS black
hole solutions in four and higher spacetime dimensions.
However, in the present case, the chemical potential is
strictly negative in the neutral limit, as can be inferred
from Eq. (28). This seems to indicate that the AdS black
hole solution in conformal gravity belongs to a novel uni-
versality class that differs from the classes of AdS black
holes in both Einstein-Hilbert and Born-Infield like theor-
ies and Chern-Simons like theories.

The concrete thermodynamic behaviors of the black
hole can be graphically illustrated by plotting the EOS
(26)—(28).

First let us look at the isocharge T-S and F-T
curves presented in Fig. 1. Each isocharge T-S curve
contains a single minimum, which divides the black hole
states of the same temperature and charge into two
branches, that is, unstable small black holes and stable
large black holes. Correspondingly, the F —T curves are
also branched, with the lower branch corresponding to the
stable large black hole states. Above the minimal temper-
ature, the transition from the unstable small black hole
state to the large stable black hole state should take place
under small perturbations. There is no equilibrium condi-
tion for such transitions.

From the curves depicted in Fig. 1, the description of
the behavior of the isocharge T-S and F-T curves
presented in the last paragraph does not appear to work in
the case with Q = 0. This is not true. Figure 2 presents the
zoomed-in plots for the isocharge 7—S and F—T curves
near the origin. It is shown that the above branched beha-

50

40 4

30 1

2mlT

20 1

o —————

10 A

0 10 20 30 40 50
S/N

Fig. 1.

vior persists at Q = 0.

The above isocharge T —S behavior is in sharp con-
trast to the case of charged AdS black holes in Einstein-
Hilbert, Born-Infield, or Chern-Simons like theories of
gravity. In the case of Einstein-Hilbert and Born-Infield
like theories, the isocharge T—S processes always con-
tain an equilibrium phase transition, which is of the first
order above the critical temperature and becomes second
order at the critical point, whereas in the case of Chern-
Simons like theories, the isocharge T —-S curves are
monotonic and there is only one stable black hole state at
each fixed temperature and electric charge. The present
model gives a third universality class that interpolates the
Einstein-Hilbert-Born-Infield and Chern-Simons classes.

The branched behavior of the isocharge processes can
also be revealed from the behavior of the isocharge heat
capacity Cyp,. In the present case, the isocharge specific
heat capacity ¢, = Cg /N can be calculated explicitly us-
ing EOS (26),

r(2)-
()
ds/,
K [s(Ss— 1) —96ﬂ2q2] [s(lZs— 1) —487r2q2}
8 (288mtq* + 144n2¢2 s —6s* +53)

€2))

Based on this result, the isocharge heat capacity versus
temperature curves are plotted in Fig. 3, wherein the right
figure is the zoomed-in plot of the curve with Q, = 0. The
branched behavior is transparent, and only the large black
hole branch has positive heat capacity, which indicates its
stability.

The branched behavior also appears in isovoltage
T —S processes, as depicted in Fig. 4 along with the iso-
voltage u—T curves. The isovoltage T—S curves are
qualitatively similar to those of charged AdS black holes
in the Einstein-Hilbert-Born-Infield class of theories.
However, in the isovoltage processes, u is strictly negat-

—100 A
—200 -
—300 -

—400 -

20nF/N

—500 -
—600

—700 A

—800

(color online) Isocharge T—S and F-T curves.
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Fig. 2. (color online) Zoomed-in plots of the isocharge 7-S and F-T curves.
1 4
100 - Qe=00N v o0 i . Q. = 0.0N
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50 9 4
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3 3
U 251 S
------ 17
0 o
0 -
725 -
750 T T 71 T - T T
5 10 1.0 1.5 2.0 2.5 3.0
2mlT 21T
Fig. 3. (color online) Isocharge heat capacity versus temperature.

ive for any choice of T, which is consistent with the earli-
er statement on the absence of the HP transition.

Besides the T —S processes, one may also be inter-
ested in ® — Q, processes. There are two possible types of
® - Q, processes: adiabatic and isothermal. The corres-
ponding ® - Q, curves are depicted in Fig. 5. In the adia-
batic processes, the electric potential decreases monoton-
ically as the charge increases, and there is an upper bound
for Q. at each fixed S, as shown by Eq. (24). The iso-
thermal ® — Q, processes appear to be more involved. Be-
sides the existence of an upper bound for Q, at each fixed
T, at each fixed 7, the black hole may experience a cyclic
charging-discharging process, which makes the black
hole a potential battery. This type of charge-potential pro-
cess has not previously been found within the RPS form-
alism for the thermodynamics of charged AdS black
holes.

Let us now examine the isothermal u—® curves
presented in Fig. 6. As expected, the isothermal u—®
curves also possess a branched behavior at each fixed 7,
with the lower branch being the stable large black hole
branch.

As a final remark, let us consider the special case
¢1 = Q =0. The metric function f(r) now becomes

f =1+ d_ 1\
r 3

With negative d, the corresponding metric takes the same
form as that of the four-dimensional Schwarzschild-AdS
black hole solution in Einstein gravity. However, this
similarity does not imply that the thermodynamic behavi-
ors should also degenerate to those of the four-dimen-
sional Schwarzschild-AdS black hole solution in Einstein
gravity because only part of the thermodynamic quantit-
ies (for example, the temperature 7 and electric potential
@) of the black hole is determined solely by the solution,
while the other part of the thermodynamic quantities, in-
cluding the energy F, entropy S, charge Q., and chemical
potential y, is determined by the action of the underlying
gravity model. Thus, the same metric as the solution of
different gravity models does not necessarily have the
same thermodynamic behavior. This final statement is
justified by the absence of the HP transition in the case of
conformal gravity, as illustrated in Fig. 4, and the pres-
ence of the HP transition in the case of the neutral limit of
RN-AdS black holes in Einstein gravity [44].
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VI. HIGH TEMPERATURE LIMIT IN THE
STABLE BRANCH

Our recent study [49] on the Tangherlini-AdS black
hole solution in Einstein gravity revealed a remarkable
connection between the high temperature limit of AdS

0
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[
[
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(color online) Isovoltage T-S and u—T curves.
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(color online) Adiabatic and isothermal ® — Q, curves.

black holes and the low temperature limit of phonon
gases in nonmetallic crystals. It is natural to test whether
this AdS/phonon gas correspondence still holds in the
case of charged spherically symmetric AdS black holes in
conformal gravity.

Note that the AdS/phonon gas correspondence re-
vealed in [49] holds only in the stable large black hole
branch. Therefore, we also consider the high temperature
limit of the stable large black hole branch. Using the res-
ults presented in Egs. (25)—(30), we can easily get

& 1 . f 1
Mme e MmE T 2
s 1 g 1
Mty Mty ©33)

In the stable large black hole branch, s— co implies
T — oo. Therefore, the above limits can be easily trans-
lated into the following high temperature limits for the
thermodynamic quantities:
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(34)
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(35)

The high temperature limit means that the physical tem-
perature is high above some constant characteristic tem-
perature. In the present case, the characteristic temperat-
ure can be chosen as

3V2
Ton = S (36)

With this choice, the above high temperature behaviors
can be rewritten as

E~2NT(T>2 F~ 1NT(T)2 (37)
T3 Ton/ ~ T3 Ton/ ’
T \? T \?
cor(I) (L)
Ton e Ton %)

under the condition 7 > Ty,. These behaviors coincide
precisely with what we obtained for Tangherlini-AdS
black holes in the generic spacetime dimensions
D+2>4, and even the numerical coefficients are the
same if we set D =2. As mentioned in [49], such high
temperature asymptotic behaviors also coincide with the
low temperature behaviors of quantum phonon gases in
nonmetallic crystals. Moreover, we examine the cases of
four dimensional Kerr-AdS and Kerr-Newman-AdS black
holes and find that the high temperature asymptotic beha-
viors of the above thermodynamic quantities are exactly
the same. For different choices of AdS black holes, the
high temperature asymptotic behaviors differ the most
based on the choice of different characteristic temperat-
ures.

VII. CONCLUDING REMARKS

The thermodynamics of charged spherically symmet-
ric AdS black holes in four dimensional conformal grav-
ity theory is reconsidered using the RPS formalism. The
strange thermodynamic behaviors found previously with-
in the EPS formalism completely disappear, including the
strange multivalued and intersecting isotherms, and the
zeroth order phase transitions with discontinuities in the
Gibbs free energies. Instead, the complete Euler homo-
geneity, which is known to be absent in the EPS formal-
ism, is restored in the RPS formalism. Therefore, the res-
ults of the RPS formalism look simpler and are physic-

ally more reasonable.

A detailed study on the thermodynamic processes
seems to indicate that the RPS thermodynamics of
charged spherically symmetric AdS black holes in con-
formal gravity theory may belong to a brand new univer-
sality class as opposed to the classes of charged spheric-
ally symmetric AdS black holes in Einstein-Hilbert/Born-
Infield like and Chern-Simons like theories of gravity.

Let us recall that the major difference between the lat-
ter two universality classes lies in the following: In the
case of Einstein-Hilbert/Born-Infield like theories,
isocharge T —S processes contain a first order supercrit-
ical phase transition, which becomes second order at the
critical point, whereas in the case of Chern-Simons like
theories, isocharge T —S processes contain no phase
transitions at all. The common property of these two
classes of theories is that in both cases, each of the iso-
voltage T —S§ curves contains a single minimum, indicat-
ing the existence of non-equilibrium and noncritical
phase transition from the small unstable black hole
branch to the large stable black hole branch. Moreover, in
the high temperature limit, the thermodynamic behaviors
of the black holes can be precisely matched to those of
the low temperature limit of the quantum phonon gases
residing in D dimensional flat space, where D is equal to
the dimension of the bifurcation horizon of the black
holes. Another common feature of the above two univer-
sality classes is the existence of the HP transition in the
neutral limit.

The results presented in this paper indicate that the
thermodynamic behavior of the present model is differ-
ent from those of the above two universality classes.
Here, we can list three distinguished features of the
present case. First, each of the isocharge T-S curves
contains a single minimum, just like the isovoltage 7' - S
curves, indicating the existence of non-equilibrium and
noncritical phase transitions even in isocharge processes.
Second, the adiabatic and isothermal ® — Q behaviors are
also distinct. Finally, the present model does not allow for
the HP transition in the neutral limit. There are also sev-
eral features that are common to the present model and
the other two universal classes, for example, the iso-
voltage T—S curves are all similar, and, more import-
antly, the high temperature limit of the present case
agrees precisely with those of the other two classes of
theories, even up to constant numerical coefficients. With
further evidence from studies on Kerr-AdS and Kerr-
Newman-AdS black holes in Einstein gravity (details not
presented here), it appears that the recently reported
AdS/phonon gas correspondence [49] is universal, irre-
spective of the spacetime dimensions, the gravity models,
the symmetry of the event horizons, and the amount of
charges carried by the black hole solutions.

Over the course of our series of studies on the RPS
formalism for black hole thermodynamics, we have re-
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peatedly encountered the question of what is meant by a
variable gravitational coupling constant. The answer is
two-fold. On the one hand, in a full theory of gravitation
in which the quantum features of gravity are considered,
the gravitational coupling constant can indeed be vari-
able along the renormalization group orbit. In such a set-
ting, it is natural to consider the effect of a variable grav-
itational coupling constant on the macroscopic behavior
of black holes as macroscopic objects. On the other hand,
a variable gravitational coupling constant is necessary to
make the thermodynamic description of black holes ex-
tensive, that is, to ensure Euler homogeneity holds [46].
Without Euler homogeneity, the thermodynamic proper-
ties would become scale dependent. In particular, the in-
tensive properties of black holes would become depend-
ent on the size or mass of the black hole, which contra-
dicts the meaning of the word "intensive." This has long

been a problem in black hole thermodynamics, which is
also the underlying reason behind us proposing the RPS
formalism.

Despite the necessity of considering the gravitational
coupling constant as a variable to make the thermody-
namic description extensive, there is still a possibility of
keeping it fixed, such as in our observational universe. In
such a scenario, the udN term in the first law may be re-
moved, just like in the thermodynamic description of a
closed thermodynamic system consisting of ordinary mat-
ter. Even in such cases, the Euler relation (21) must still
contain the uN term, albeit as a constant term. The only
consequence of fixing the coupling constant is consider-
ing black holes as closed thermodynamic systems. In oth-
er words, in a universe with a fixed gravitational coup-
ling constant, all black holes as thermodynamic systems
must be closed.
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