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Gauging universe expansion via scalar fields
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Abstract: In this study, we investigate the expansion of the FRLW universe in the open, closed, and flat geomet-

ries. The universe is dominated by a scalar field (spatially homogeneous) as a source of dark energy. We consider the

three different classes of scalar fields — quintessence, tachyonic, and phantom field — for our analysis. A mathematic-

al analysis is carried out by considering these three scalar fields with exponential and power-law potentials. Both po-

tentials give exponential expansion in the open, closed, and flat FRLW universes. It is found that quintessence, ta-

chyonic, and phantom scalar fields are indistinguishable under the slow roll approximation.
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I. INTRODUCTION

Astrophysical and cosmological observations [1- 6]
indicate accelerated expansion of the universe. Recent
Planck data [7—10] indicate that nearly 70% of the total
contents in the universe are exotic, showing repulsive
gravity dubbed as dark energy. The observed accelerated
expansion of the universe at the present epoch can be ex-
plained by dark energy as modified matter in the energy-
momentum tensor. Apart from the dark energy model the-
ory of modified geometry in Einstein's field equations,
there are alternatives to accelerated expansion. Two ap-
proaches to dark energy are popular in cosmology. In
one, dark energy is constant, and the cosmological con-
stant is one of the simplest candidates for it. The cosmo-
logical constant, having an equation of state w = —1, does
not evolve with time and suffers from a serious issue
called the cosmological constant problem. The decaying
cosmological constant [11-16] is one step toward the res-
olution of this issue. In the other approach, dark energy is
not constant. This is commonly known as the dynamical
dark energy model, which has been studied by several au-
thors [17-21]. A cosmic real scalar field is a candidate for
dynamical dark energy. A detailed study of the cosmolo-
gical behavior of the scalar field is available in literature
[22-29].

The exact form of the scale factor of expansion has
yet to be constrained by observations. It may be possible
that we have encountered another inflationary era apart
from the early inflationary phase of the universe. In this

article, we obtain the cosmic expansion in the dynamical
dark energy model by considering three classes of scalar
fields. In section II, we consider quintessence and obtain
the expansion factor for two specific potentials: exponen-
tial and power law form. In sections III and IV, we con-
sider the same forms of potential for the tachyonic scalar
field and phantom, respectively.

The non-canonical Lagrangian of scalar field ¢ is giv-
en as [30-36]

£=X(A);)M V(). (1)

where M is a constant with the dimension of mass, a is a

. . 1. 1 d
dimensionless parameter, and X = ~¢* = 7(—(?)2. The
Friedmann—Robertson—Walker (FRW) metric is given as

2 ) dr? 2102 1 2 i 2
ds* =dr" —a“(¢) 1 k2+rd® +7r°sin”@dO- |, (2)
— Kr

where a(r) is the scale factor for expansion, and % is the
Gaussian curvature parameter with values —1,0, +1 as-
signed for the open, flat, and closed universes. The en-
ergy-momentum stress tensor takes the following form:

v _ 0L
9(0u)

"p—g" L. )

One can obtain the pressure and energy density of the
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scalar field from Eq. (3) as follows:

po = (%) (X)L, (4a)

Py=L. (4b)

Using the Lagrangian (Eq. (1)) in Egs. (4a) and (4b), one
can obtain the following expression for the pressure and
energy density of a non-canonical scalar field:

Py=X (%)0_1 -V(¢), (5a)

X a—1
ps = 2o — l)X(M4) + V(@) (5b)

The Friedman equations without the cosmological con-
stant A are

P+k 1 X \*!
i 1 X \!
P = 3 ((Za’ 1)X(M4) - V(([))), (6b)
1
where m% =——andc=1.

T
The action for the scalar field is given as

ﬂz/d4x\/—_g

1 X a-1
§R+X(W) —V(¢)+Lm}, @)

where R is the Ricci scalar and £, is the Lagrangian of
the matter field. The equation of motion can be obtained
from the variation of action (Eq. (7)) as

. 3HP  (2MN\TT' 0 vig) g

Ot i ( @? ) (a(za—l)) =0, ®
where V'(¢) = ¢ and H(t) = % is the Hubble paramet-
er.

II. QUINTESSENCE WITH EXPONENTIAL AND
POWER LAW POTENTIAL

The non-canonical Lagrangian (Eq. (1)) leads to its
canonical (quintessence) form for « = 1; thus, from Eqs.

(5a) and (5b), we obtain the following form of the energy
density and pressure for a spatially homogeneous quint-
essence field:

_L _Llo
= 28+ V@), = LPVe. O

The Friedman equations (6a) and (6b) with =1 and
Gaussian curvature parameter k are expressed as follows:

at+k 1

0 = (10)
?+k 1 (1,
@0 " (36+v). (an

Under the slow roll approximation, the potential term
of quintessence dominates over the kinetic term (¢* < 1,
~ V(¢)). Thus, we have

a+k 1

Pl (12)

and the Hubble parameter H is given by

1 k
H = —V($)———. 13
'O 26 (13)
The energy conservation equation is given as
pg+3H(1+wy)py =0, (14)

and the equation of motion for the scalar field (Eq. (8))
with @ =1 is

é+3Hp+V' =0. (15)

Becuase the slow roll approximation demands ¢ =~ 0,
the time derivative of quintessence is

. V'
P C) R (16)

3 9%k
miﬁ Vig)- 20

A. Cosmic expansion with exponential potential
We consider the exponential form of the potential

V(¢) = Voexp(-f¢). (7
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so that

Vi(¢) =-BV(#). (18)

The scaling solution of ps can be obtained from the
continuity equation (Eq. (14)) by considering the con-
stant equation of state wy as

o[ a —3(1+w,)
= — , 19
Py =Py (ao) (19)

where pg and a are the present value of the energy dens-
ity and scale factor. Under the slow roll approximation,
the scaling solution (Eq. (19)) is reduced to the following
form:

a0 ~ E2(V($)) ™7, (20)

2
Bn=2)

+ VTefd — Ue—Bn-29) (—(n —1),F, (

and for n = 2, the solution is

g NTeft — U — NTeft — U + VU (tan-‘ (

3 9I<V6"2
Here T = 2V U= 72

metric functlonal series [37] defined as

, and ,F; isthe hypergeo-

Fipagrs=3 Pn @n 5" (25)

7y m!
m=0 m

where (p,,) =1 for m=0, and (p,,) = p(p+1)..(p+m—1)
for m > 0. For small value of ¢, the Binomial expansion
in Eq. (22) gives

3k \/3m2 vy

/05(1 ) ( 3 5

exp(58/2)-
exp(~(n-3)39/2) ) 46 = 26)

where ¢(1) =¢o at t=0. After the integration, the last
equation becomes

where E = ag(p) ™= . From Egs. (16), (18), and (20), we
have the following form of the kinetic term for spatially
homogeneous quintessence:

2 B
#=— ok @

mZV(¢) E* V()P

where n = . With the exponential potential (Eq.
(17)), Eq. (2%) is reduced to the following form:

3 9kV” 2
ﬁdt=\/ exp (B¢) - exp[—(n—2)B¢] dp. (22)
mpV

The general solution of the above equation for n # 2
can be obtained as

1 n

\/Te%ﬁ — Ue—¢o,3("—2) ((n — ])2F1 (

Tt
¢ )—n+2)

2(n —1) 2(n—1) U

—1)’ z(nn_ 1’ Te(’;]”ﬁd)) +n—2>} =pt,

(23)
Te\ﬁ/%— U> —tan™! (Tej(%_ U) ) } =pt. (24)

2 20
FEPBIO/D+

B .2 20
= e B+ 5

exp(=(2n—3)Bp(1)/2)

exp(=(2n—3)B¢o/2), (27)

3km2 V!

2E? m, Vo

Power series approximation of the exponential in Eq.
(27) provides the following expression for ¢(r)

where Q =

00 == 51515 (1-exp6our)
- ﬁ {1 —exp[-(2n - 3),8¢0/2]} } (28)

Using the Friedman equations (6a) and (6b) with
a =1, the Gaussian curvature parameter k, and Eq. (28),
one can obtain the Hubble parameter:
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kVy
E2

4 pe) -
HO= 5= 3 PP

exp(-nB¢).  (29)

Under the Binomial approximation, Eq. (29) can be
simplified as

4 Vo kVE13m?
ol ﬁ exp(—B4/2) {1 - % exp(—(n— 1),6’¢)} :

(30)

By defining

W{exp{ P (Et+A

A:-%(l—exp(ﬂ%/z))

20
T 2n-3)B (1 —exp(—(2n— 3)ﬁ¢o/2)), (31)

the functional form of ¢(¢) (Eq. (28)) can be written com-
pactly as

o(t) = ﬁ <§I+A> , (32)

where A is a constant.
Thus, Eq. (30), together with Egs. (31) and (32),
provides the following analytical form of the scale factor:

)} ~exP L(Iﬁ—AQ)} }

3m2 2(1-0) \A
a(t) =apexp 5
-B
2A(1-0)
kv /3m B (B BA
T {eXp {_(2”_1)2(1 ~0) (KHA” —exp _(2"_1)2(1—@}} )

-(2n—1)8*
2A1-0)

.. 1 1 . .. ..
For the condition n = X we have wy = 3 and the quintessence mimics the radiation. The scale factor a(f) and con-

stant A are reduced to

a(t) = apexp

3‘/'72%{6"1’{2(1_5;@(”A)}‘epr(zﬂf@}} ky3m;, (349
VL
2A4(1-Q) )
v Ve, (36)

A= —2 1 exp(Bon/2)| + % 1 exp(Bn/2).
(35)

B. Cosmic expansion with power law potential

In the previous section, we showed that the quint-
essence field with exponential potential leads to the expo-
nential expansion of the universe. In this section, we con-
sider the power law form of potential, which several au-
thors have used for different reasons.

2
T(x—4)

Here, x is a real number. Using Egs. (16), (20), and (36),
we obtain

X
i ¢_x_9kV3_2 ¢x(,,_2)'
m%V() E2

The general solution of Eq. (37) is obtained in the
form of curvature parameter &

¢=- 37

2x —2nx 2x-2nx = T

11 (g2-x . 3nx—4x+4  2nx-3x+4 Uy "
{aﬁol(% (T-ugy ”’“))3/22F1<1,- . . Udg
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—¢*! (¢2_x (T - U¢(n_])x))3/2 2 Fq (l, -

n—2
s and U = okVs .
mp V() E2
Using the Friedman equations (6a) and (6b) with
a =1, the Gaussian curvature parameter k, and the slow
roll approximation of the field, the scale factor can be ob-
tained as

where T =

t ‘r ‘7
0 X k (’)l 11X
= - dr|. 39
a(t) aoexp{/0 3 %¢ E2¢ t (39)

The form of the scale factor again becomes exponen-
tial. The quintessence field for both forms of potential
(exponential and power law) leads to the exponential
form of the scale factor, indicating the exponential expan-
sion of the universe.

III. TACHYON WITH EXPONENTIAL AND
POWER LAW POTENTIAL

The Lagrangian for the tachyonic scalar field comes
from string theory [38—40], whose action is given as

R :
ﬂz/d“x\/—_g(mﬂG—V(¢)\/1—6’¢65¢>. (40)

The Lagrangian for the tachyonic scalar field is
defined as L =-V(¢) V1 -2X; thus, the energy density
and pressure of the field are given as follows:

Py=-V($)\/1-¢2 (41)

o V@
VIE

The equation of motion of the tachyonic field is

oo dv
b=-a-d) a0l @

3nx—4x+4 2nx—3x+4‘U¢("‘1)")}_ .
2x—2nx -

2

BSn

1
— (S =ReP"1?) VRe o — SeP-md, F, (1, 1+

9k V!
E?

3V,
where R = —20 and S =
m

1
(S — RePr=D0) \ReBbr — § 1o F (1, 1+

; 38
2x—2nx T (38)

[
and under the slow roll condition ¢> < 1, ¢ ~ 0, it is re-
duced to

. 1 dv
3Hp+ ——— =0. 43
P Vi) dp )
Therefore,
V@
¢= 3HV(S) (44)

A. Cosmic expansion with exponential potential

Using the exponential form of potential defined by
Egs. (17) and (44), the kinetic term of the tachyonic scal-
ar field is expressed as

b= lﬂ—k (45)
3 % Vig)- 20
Using Eq. (20), we obtain
v= 5 : %k (36)
mif, Vig)- o V(g)

h =—.
where n 3 +wg)

Substituting the exponential form of potential (Eq.
(17)), the last equation simplifies to

OkV{
E2

3V,
~ 5 exp(-p) -

p

exp(—nB¢)d¢ = Adt. 47)

The solution of Eq. (47) is the function of the hyper-
geometric series

n—2 Ren-DB& )
2-21"2(n-1 S

n—2 Re"-DB?
; ; ” =pt,
2-2n"2(n-1) S

(48)

Using the Binomial expansion approximation in Eq. (47), we obtain
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ON T 3 /3m2kvy~!?
[ Shewepsn-—t20—

( P

xexp(—(2n— 1)ﬁ¢/2)} . (49)

The functional form of ¢(r) can be obtained for 2 20
3o F=Zg(1—exp(—ﬁ¢¢/2)> 2n 1)B(1—3XP(—(271—1),3¢0/2)

n#1/2 by considering the substitutions A= —-, (52)
m
3./3m2kvy? B !
B=—"————— and Q= —, as follows: . ..
2E? ’ A’ Recalling the definition of the Hubble parameter (Eq.
(13)),
-2 2
?exp (—,8¢(t)/2)+Bexp(—ﬁ¢¢/2) a V(e kVgy 3)
20 _ 5 a(t) 3m2 E?2
+ 2n-1) exp(—(2n - 1)Be(1)/2)
20 o B For the exponential form of the potential Eq. (17), we
mexp( (2n—-1)B¢o/2) = 3 (50)  pave
a Vo
Power series expansion of exp (—3¢) in Eq. (50) gives a0 - m 3 exp(—B¢/2)
1
_ B } Vi1 3m2 2
o0 57 Gh x(l — L exp(- (n—l)ﬂ¢)) 4
where I is defined as Using the Binomial approximation in Eq. (54), we obtain
« [ W R o 5
a0 { Im 2 exp(-B¢/2) - TGXP[ (n—1/2)B¢]

For n#1/2 or w, # 1/3, the scale factor can be obtained using Eqgs. (51) and (55) as

3E{e p{z(l_fgg) (é +r) _eXP{z(fFQ)”
a(t) =apexp —ﬁ2
24(1-Q)
W {eXp {_(2”_ 1)2(1ﬁ— 0) (%n” —exp {_(2”_ 1)2(1ﬁ—rQ)”
B —(2n- 1)
2A(1-0)

(56)
For n=1/2, we have wy = 1/3, implying that the scalar field mimics the equation of state for radiation. In this case,
Eq. (49) leads to the following form of expansion factor a(r)

;/r%,{e"p {2(1_—'8Q) (gt”ﬂ —exp {%} } k\/3m3

B2 T oE2 e
2A1-0)

a(t) = apexp (57
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and the constant I" becomes

B. Cosmic expansion for power law potential

We use the power law potential defined in Eq. (36).

2
= B (1 —exp (Bgo/ 2)) - Qdo. (58) The functional form of ¢(z) can be obtained for this po-
tential using Egs. (44), (20), and (13) as
2 lfx\/z—( p x ( 3nx—-2x+4 4nx-3x+4 S¢“X’X))
Rp* — S ¢™) | R(=2 —4)¢* S (nx— Fl1 ; ;
R+4)(—2nx + x—4) {‘p ¢ R =S¢ (REIx+ x =" =S (=)o b \ L= e = o —ox R
N 3nx—2x+4 4nx-3x+4 Sqﬁnx—x) )}
1-x x+2 nx+2 [ _ _ nx . . 0 _ _ X - _
do Ry ™ =S ¢ ( S(nx—-x)¢y 2F1 (1, P x—2r R R(2nx —x+4)¢; xt,
(59)
. 3V, 1., 1.,
where k is the curvature parameter, R="-, and Py = _§¢ +V(©@), ps= —5¢ -V(¢), (61)
Y "
T OE2 . . .
Under the slow roll approximation, the Friedman and the equation of motion for the phantom field is
equation gives
v $+3Hp-V =0. (62)
Vn
a(t) = agexp { / 3V°2 ¢ — E—20¢’”dz ) (60)
0 My Under the slow roll approximation, we have
The analytical form of the scale factor can be ob- _ V()
tained by substituting the field's expression from Eq. (59). o= T o (63)
The noteworthy part is the scale factor's exponential = V(g)- 20
m a=(t

form, which indicates the universe's exponential expan-
sion under the slow roll approximation for the tachyonic
scalar field with power-law potential.

IV. PHANTOM WITH EXPONENTIAL AND
POWER LAW POTENTIALS

The energy density and pressure for the phantom
(negative kinetic term in quintessence) are given by

2
B(n=2)

p

A. Cosmic expansion with exponential potential

We consider the exponential potential defined in Eq.
(17) for the phantom field in this section. Under the slow
roll approximation, the phantom field ¢(r) can be ob-
tained as

1 n

\/Te‘ljoﬁ — Ue_¢t)ﬁ(n_2) ((n — 1)2F1 (1

Te¢n(n_ DB
; ) -n+ 2)

2-1)2m-1 U

+ VTefd — UeBn-2¢) (—(n— 1)2F, (1

2n-1)2m-1) U

Ten-1)50
AR )+n—2”=—ﬁt,

(64)
k n—2
where 7= — andU:9 Vg )
mpV() E
For very small values of the phantom field, i.e., ¢(¢) < 1, the solution of Eq. (64) can be approximated as
% mf,Vo> ~
Vo exp(Bg/2) \/1 T T 3 exp[—(n—1)B¢] d¢ = —pdr. (65)

Using the Binomial expansion and slow roll approximation, the above equation takes the following form:

055102-7
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v P B6/2) ~ eXp[—(n—3/2)ﬁ¢]} dg = —Bdt. (66)

p

{ 3 3k \3m2 Ve~

3
For the case of n # 3 we have

2exp<ﬁ¢<r>/z>+( 2Q3)[),exp[ (20— 3)8o(1)/2] = —§r+§exp<ﬂ¢o/2> (n2Q3)ﬁexp[ Qn-3pgos2, 67

h 3 * 3m%V6’_3/2 B d he value of h h
A= ,B= ,0=—, is t tt 1=0.
where o S5 0 S an ¢ 1s the value of ¢ at the epoc

Power series expansion of the exponential terms (with ¢ < 1) provides the following form of ¢(z)

20
(2n-3)B

8= {-Li 2 1 —expgnnr)| - (1-expr-n-3)800/21) }. (68)

oL A B

Using the definition of the Hubble parameter (Eq. (13)) along with Eq. (20), we obtain

a_{ Vi knl/Z\/%

o BT 2exp( -B#/2) - —— exp(—(n—l/z)ﬁqs)}. (69)

for the phantom field with exponential potential. Using the expression of the phantom field (Eq. (68)), the last equation
is rewritten as

exp

a(r) 2(1-0) 2E2

a 2 5 (B KVG " \f3m}
= 5 €Xp ——t+A)| - ———
3m, A

an e (ia) } o

2 2
where A = _Zg (1 - exp(ﬂ(bo/Z)) - ﬁ (1 —exp(—(2n-— 3)ﬁ¢0/2)>.

Therefore, for n #3/2 or wg # 1/3, Eq. (70) leads to the following form of the expansion factor:

3E{e xp b(fg) (‘éHA)

ﬁ2
2A(1-0)

a(t) = apexp

N e [n 2 (o) e an 22 )

~ 2E2 20-0)\ A 2(1-0) 70
Qn-1)B? '
2A1-0)
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When n=1/2, we have w, = 1/3, where the phantom field mimics the equation of state for radiation, and Eq. (70)

gives the exponential expansion

g{e"p {2(1_—’8Q) (

2
14

2118)] exp [ ;28

2(1—Q)H k3

a(t) = apexp

5 (72)

2A(1-0Q)

where A is a constant defined as

A= —% (1-expegaur)) + 2 (1-expegonr2). (73)

B. Cosmic expansion with power law potential

We consider the power law form of potential in this section. Following the same procedure used in the previous sec-
tion, the general time-dependent expression for the phantom field under the slow roll approximation can be obtained as

2
T(x—4)

—g T (¢ (T - U™ )) 5 F, (1, -

. 3
where k is the curvature parameter, T = PRIl and
ny, Vo
_9kVE? b
==

The expansion factor due to the phantom field with
power law potential is obtained as

t
Vo . kV§
H= ¥ — —dt|. 75
a(r) aoexp{/o 3mf,¢ 4 (75)

The time dependence of the scale factor can be ob-
tained by eliminating ¢(r) from Eqgs. (75) and (74).

For the phantom scalar field, the equation of state is
less than —1. Thus, the universe dominated by phantom
fields always shows inflation. We obtained the scale
factor under the slow roll approximation for the phantom
field. However, this field gives the exponential expan-
sion even without the slow roll condition owing to its
equation of state being less than —1. If the phantom field
interacts with background matter (baryonic and dark mat-
ter), the scale factor may change by the factor of interac-
tion coupling strength. Furthermore, in the absence of a
fundamental theory of the dark sector, it will be challen-
ging to constrain the interaction coupling strength.

. - 3nx—dx+4  2nx—3x+4 Ugy "
o7 (65 (r-usg )2 1. Ve

2x—2nx 2x—2nx T

3nx—4x+4  2nx-3x+4 Ugn—bx

2x—2nx

T ) } = xt, (74)

2x—-2nx

V. CONCLUSION

A mathematical analysis was performed, and the im-
plications of three classes of the scalar field, i.e., quint-
essence, tachyonic, and phantom, under the slow roll ap-
proximation were investigated. We considered the two
forms of potential: the exponential function given by Eq.
(17) and the real power, i.e., x of the scalar field, as the
power law potential given by Eq. (36). The expansion
factors in the cases of the exponential and power-law po-
tentials for quintessence are given by Egs. (33) and (39),
respectively. For these potentials, Egs. (54) and (60) give
the expansion factors of the universe dominated by a spa-
tially homogeneous tachyonic scalar field, and Eqgs. (70)
and (75) give the phantom field dominated universe ex-
pansion factors. We found that the quintessence and ta-
chyonic scalar field give the exponential expansion for
both potentials. The exponential nature of the scale factor
for both fields is identical to that in the case of the
phantom field. Therefore, in this regard, the three scalar
fields are indistinguishable under the slow roll approxim-
ation.

In reference [41], it was shown that the form of the
scale factor for the known potential always emerges as
exponential in the case of the spatially flat universe. Gen-
eralizingtheworktosuittheuniversewithdifferentgeometric-
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curvatures, we showed through our calculations that, in

both the open and closed geometries, the expansion factor

of the universe emerges to be of exponential form. The

slow roll condition is bound to make the evolution of the

universe exponential in nature, as evident from the calcu-

lations.
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