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Abstract: In this paper, a version of the Polyakov-Nambu-Jona-Lasinio (PNJL) model based on nonextensive stat-

istical mechanics is presented. This new statistics summarizes all possible factors that violate the assumptions of the
Boltzmann-Gibbs (BG) statistics to a dimensionless nonextensivity parameter g. Thus, when ¢ tends to 1, it returns
to the BG case. Within the nonextensive PNJL model, we found that as g increases, the location of the critical end
point (CEP) exhibits non-monotonic behavior. That is, for ¢ < 1.15, CEP moves in the direction of lower temperat-

ure and larger quark chemical potential. However, for ¢ > 1.15, CEP turns to move in the direction of lower temper-

ature and lower quark chemical potential. In addition, we studied the moments of the net-baryon number distribu-

tion, that is, variance (0%), skewness (S), and kurtosis (x). Our results are generally consistent with the latest experi-
mental data reported, especially for S yy > 19.6 GeV, when q is set to 1.07.
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I. INTRODUCTION

Since the discovery of quark-gluon plasma (QGP) at
the Relativistic Heavy-Ion Collider (RHIC) and Large
Hadron Collider (LHC), the determination of the QCD
phase diagram at high quark chemical potential, espe-
cially the search for the location of the critical end point
(CEP), has been the focus of experiments such as the
BES-II program at RHIC and CBM experiment at FAIR.
Theoretically, owing to the "sign problem" encountered
by the lattice QCD, various effective models are used to
study the QCD phase diagram, such as chiral perturba-
tion theory [1], finite energy sum rules [2], Dyson-
Schwinger Equations (DSEs) [3—5], Nambu-Jona-Lasin-
i0 (NJL) model, and Polyakov-Nambu-Jona-Lasinio (PN-
JL) model [6-10].

It is worth noting that Boltzmann-Gibbs (BG) statist-
ics are often used in the study of the QCD phase diagram.
However, in relativistic heavy ion collisions, this is not

satisfactory. The collision system is small enough and
evolves so rapidly that global equilibrium is difficult to
establish. As a result, the probability distribution is no
longer the standard e-exponential distribution in BG stat-
istics but becomes the so-called power-law tailed distri-
bution (i.e., the Tsallis distribution introduced next),
which is supported by an increasing number of relativist-
ic heavy ion collision experiments [11-17].

The most notable difference between Tsallis statistics
and BG statistics is that the former replaces the probabil-
ity distribution as follows [18-20]:

PBG(X) = Cexp(x) — pg(x) = Cqexp, (%), (1

where

1

exp,(x) = [1+ (1 —g)x], 2)
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and the inverse function is

3)

As g — 1, BG statistics is recovered.

In fact, the Tsallis distribution appears not only in re-
lativistic heavy ion collision systems, but also in com-
plex systems with non-ergodicity, multifractality, long-
range correlations, long-term memory, etc [21-23]. Ref.
[21] shows in a clear manner that owing to a break in er-
godicity, the system has crossed from BG statistics to
Tsallis statistics. Furthermore, Ref. [24] shows that the
renormalizable field theories lead to fractal structures,
which can be studied by using Tsallis statistics. There-
fore, in this study, we used Tsallis statistics to study the
QCD phase diagram. The paper is organized as follows.
In Sec. II, we generalize the PNJL model to its nonex-
tensive version. In Sec. III, we focus on the impact of
nonextensive effects on the QCD phase diagram, espe-
cially on the location of CEP. In addition, we study the
moments of the net-baryon number distribution and com-
pare them with the latest experimental data. Finally, we
briefly summarize our work in Sec. IV.

II. PNJL AND NONEXTENSIVE PNJL MODELS

A. PNJL model

The Lagrangian of the two-flavor and three-color PN-
JL model for equal-mass quark is [25, 26]

Long, =¥y, D' —m)¥ + G [(PP)* + (FiysT¥)’]
—UD,D;T), 4)

where m is the current quark mass, ¥ denotes the quark
field, and G is the four-fermion interaction coupling con-
stant.

The effective Polyakov-loop potential U/(®,®;T) that
accounts for gauge field self-interaction is a function of
the Polyakov-Loop ® and its Hermitian conjugate ®

:
®= (TrCL)’ & (Tr.L )’ )
N Nc
where the Polyakov line is
B
L(%) = Pexp (1/ Ay(X, ‘r)d‘r). (6)
0

Following Refs. [27—30], we apply the approximation
L' =L and have ® = ®.
The form of the Polyakov effective potential U is

provided by [31],
% = _@qﬂ +b(T)In[1 — 602 - 30* +80°], (7)
where
al)=ap+a <E>+a (T0>2 ®)
0 1 T 2 T ’
T, 3
b(T)=b3(?0) : ®)

The parameters used to reproduce the pure gluonic lattice
data are listed in Table 1. Following Ref. [32], we adjus-
ted Tp =190 MeV to take into account the dynamical
quarks.

The coupling constant G, as pointed out in Refs. [32,
33], should depend on ®@. Here, we take the form repor-
ted in Ref. [32],

G = g[1 —a;®* —2a,@°]. (10)

The PNJL model with the parameters listed in Tables 1
and 2 is in good agreement with lattice QCD data [32].
The thermodynamic potential density function Q is

defined as

T
Q=——InZ
Vv

1

T
=— —InTr exp (——
\% T

[a-win).

Using the finite temperature field theory and mean

field approximation, Q can be derived as

Table 1. Parameter set used in this study.
ap aj az b3 To/MeV
3.51 —2.47 15.2 -1.75 190

Table 2. Parameter set used in this study.

A/MeV g/MeV~2 m/MeV aj s
631.5 5.498 x 10~° 5.5 0.2 0.2
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(M —m)’
4G

A 43>
d’p E,
(2n)?

o) d3 ﬁ
(2n)?

where M is the dynamical quark mass,

Qu, T,M, ) =U(D;T) +

—2N.N;
0

—2N,T (InF* +InF),  (12)
0

M = m—-2G(®)o, (13)

o =(P¥) is the quark chiral condensate. Moreover, we
have that

F* =1+30(e™EFWIT 4 g 2E50/T)

+ 6—3(E,Fll)/T, (14)

where E, = \/p?+ M? is the single quasi-particle energy.
The finite temperature contribution term is finite, so here
we only impose the cut-off A on the vacuum term [25,
26, 34, 35].

Numerical solutions of physical quantities M and ©
with respect to 1 and 7 can be obtained by minimizing the
thermodynamic potential,

o _o_ (15)
oM " o0

The quantitative study of the QCD phase transition is
based on thermal susceptibility,

oo

= (16)

XT

B. Nonextensive PNJL model

The nonextensive version of the thermodynamic po-
tential density function Q, is defined as [20, 36]

T
Qq =— Vlanq

T 1
=— g Tr exp, (—?/dsx(ﬂ—y!//Tl//)). (17)

&ep M
M=m+4GNCNf/#E—[1—nq—ﬁq],
p

Combining g-algebra and following the same derivation
steps as in Eq. (12), the thermodynamic potential density
function Q, can be derived as

M— 2

Q,(u. T, M, ®) =U(®: T) + (M —m)”
4G
A 3
d’p

_oNNs | SPE

Ny @

e d}ﬁ
. _
~2NsT /0 Gy ey 40P, (18)
where

Fj =1+30(ey(—(E, Fu)/T) +ey(=2(E, F1)/T))
+e,(=3(E,Fw)/T). (19)

It should be noted that, as a simplification, the form
of the Polyakov-loop potential remains unchanged. That
is to say, it is only indirectly affected by the nonextens-
ive effects through saddle point equations. Besides, the
parameters of the PNJL model are as usual. Here, we
treat ¢ as a thermodynamic variable on the same footing
as T and u. That is to say, based on the ansatz, the para-
meters determined at T =0, u=0, and ¢ =1 can be used
to study the whole region. The same simplifications also
appear in Ref. [20].

It is worth noting that to ensure that ¢,(x) is always a
non-negative real function, the following condition must
be satisfied:

1+(1—g)x>0. (20)

During the calculations, we found that the g value cannot
be too large, otherwise the CEP position we care about
will fall into the non-physical region. Therefore, in this
study, we mainly focused on 1 < ¢ < 1.2. This is also the
typical region of g values found by high-energy colli-
sions [37—40]. In addition, there are no nonextensive ef-
fects at low temperature. Note that as T tends to zero, Q,
tends to Q as long as g > 1.

According to Eq. (15), the numerical results for M
and @ can be obtained by solving the following nonlin-
ear coupling equations:

1)
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00U _(M-mp oG )\ / &5 { eq(=(Ep = )/T) + e4(=2(E, — )/ T)
77 )o@ 1 +30(e(~(E, =)/ T) + eg(=2(E,, = 1)/ T)) + eg(=3(E, — 1)/ T)14
eq(_(Ep +ﬂ)/T) + eq(_z(Ep +ﬂ)/T) }

+ [1 + 3®(€q(_(Ep +,U)/T) + eq(—z(Ep +lu)/T)) + eq(_3(Ep +,u)/T)]‘7
(22)
where the g-version of the Fermi-Dirac distribution is
_ ef(=3(E,—w)[T)+D(ef(—(Ep — )/ T) +2e(=2(E, — 1)/ T))
nq(T,/,l) = , (23)
[1+43D(eg(—(Ep —p)/T) +eq(=2(Ep — )/ T)) + eq(=3(E,, — )/ T)]4
and
(Topt) = ¢(=3(Ep + 1)/ T) + O(el(—(E, + 1)/ T) +264(=2(E, + 1)/ T)) o0

[1+3D(eq(—(Ep + )/ T) +eg(=2(E), + )/ T)) +eq(=3(Ep +0)/ )14

As expected, for ¢ — 1, the standard distribution func-
tion of the usual PNJL model is recovered.

III. QCD PHASE TRANSITION AND BARYON-
NUMBER SUSCEPTIBILITIES WITHIN
TSALLIS STATISTICS

A. QCD phase transition

Variations of M and @ with temperature for different
parameters g are shown in Figs. 1 and 2. We found that
the pseudo-critical temperature decreases with increasing
q; the same conclusion was reported in Ref. [20]. Be-
sides, even if the nonextensive effects are taken into ac-
count, the pseudo-critical temperature of the chiral and
deconfinement crossover transition is still the same. For
example, at g =1 and ¢ = 1.15, the pseudo-critical tem-
perature is 173 MeV and 148 MeV, respectively.

When considering the finite chemical potential, for

350F =
300
250
% 200}
= o=1
E 150F |~ q=1.05
100F |+ a=141
15 q=1.15
50 q=1.2
100 150 200 250
T (MeV)
Fig. 1.  (color online) Constituent quark mass M as a func-

tion of T"at u = 0 for five values of parameter g.

g = 1, the variation of the constituent quark mass M with
temperature is shown in Fig. 3. It can be clearly seen that
the first-order phase transition and crossover transition
occur at chemical potentials y =190 MeV and u= 150
MeV, respectively. The determination of the CEP posi-
tion is based on the peak of thermal susceptibility x7,
given that at the CEP position, yr is divergent. Accord-
ing to Fig. 4, we determined the location of CEP to be
(ue,Te) = (171 MeV, 159.5 MeV).

The impact of the nonextensive effects on the loca-
tion of CEP, which we are most concerned about, is
shown in Fig. 5. We found that the nonextensive effects
have a significant impact on the CEP position. For 1 < ¢ <
1.08, with the increase of ¢, the CEP position moves rap-
idly on an approximate straight line to the direction of
lower temperature and larger chemical potential.
However, for 1.08 < ¢ < 1.2, we found that the CEP posi-
tion has an evident non-monotonic dependence on ¢. Al-
though T, keeps decreasing with the increase of ¢q, u.
first increases and then decreases. The critical value g, is

0.8f
0.6f
=

0.4f + qg=1
= q=1.05

0.2} + q=1.1 |]
~ q=1.15

q=1.2
0.0k . . =
100 150 200 250
T (MeV)
Fig. 2. (color online) Polyakov-loop expectation value @ as

a function of T at u =0 for five values of parameter g.
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300F 1
250F \ ]
E 200} o :
< 150} L :
b=
100f 1
. =150 MeV
50p .« =171 Mev 3
b _p=190 Mev ) ) |
150 155 160 165 170
T (MeV)

Fig. 3.
tion of T'at ¢ = 1 for three different quark chemical potentials.

(color online) Constituent quark mass M as a func-

p=150 MeV |
71 =171 MeV
6x10 1=190 MeV
3
S 4x 107}
<
~
2x107f
* - ;
0 = —
150 155 160 165 170
T (MeV)
Fig. 4. (color online) Susceptibility yr as a function of T at

g =1 for three different quark chemical potentials.

170
160f °
150 u
S 140F
] e =10 ¢
% 130F |= g=1.oz
= + q=1.05
120F [+ 9=1.08 A
v q=1.1 E
e =1.12
110 4115 &
q=1.17 A
100F | g=1.2
150 200 250 300

u(MeV)

Fig. 5. (color online) Trajectory of CEP position with ¢ in
the T-u plane.

1.15. The numerical results are shown in Table 3. This
non-monotonic behavior was also reported in a previous
article of ours [41]. However, compared with Ref. [41],
there is a significant quantitative difference. This is be-
cause for ¢ =1, the coupling constant G(®) doubles the
value of T., and the nonextensive effects become more
pronounced only for sufficiently high temperatures. In
addition, another difference is that in Ref. [41], as ¢ in-

Table 3. Numerical results of CEP for different values of
nonextensivity parameter g. The unit of both 7. and . is

MeV.

q 1 1.05 1.08 1.1 .12 1.15 1.17 12
T. 1595 135 119.8 1157 113 1094 107.7 104.7
He 171 2514 2849 2884 290 2902 2874 281

creases, T. also moves in the opposite direction, and the
corresponding critical value ¢ is 1.1. The reappearance of
this non-monotonic behavior deserves our attention, and
it may be model-independent. The reason why Refs. [19,
20] did not find this phenomenon is most likely because
they only set ¢ to 1.1. Our results are meaningful for the
search of the CEP position in relativistic heavy-ion colli-
sions, where strong fluctuations and long-range correla-
tion lead the system into out-of-equilibrium states, and
BG@ statistics fails. For a wide class of such systems, it has
been shown in recent years that the correct approach is to
alternatively use Tsallis statistics [21, 22]. We found that
in the search for CEP, the nonextensive effects cannot be
ignored. Moreover, the search for CEP in larger or smal-
ler quark chemical potential regions depends on ¢..

B. Baryon-number susceptibilities

In this section, we analyze baryon-number susceptib-
ilities because they are related to the moments of the con-
served net-baryon number distribution, such as variance
o, skewness S, and kurtosis x. Non-monotonic depend-
ence of these moments, especially high-order quantities,
on collision energy /S yy is suggested as an experiment-
al signature of the QCD critical point [42]. The detailed
formulas are as follows:

(3) 2.4
T T
Soz%, ko? = i(zl); . (25)
XB XB

Here, the n-th order of the baryon-number susceptibility,

i.e.,)(gl), is

@ an—l Bn—l
2 = = T,u). 26
XB au';;lpB 3”6;1"*1’0( D) (26)

According to Eq. (18), the quark number density p(T,u)
is

oQ,
p(Tp) == ——% 1
/7

d3p _
2NN, / s (a0 =RgT0). )

Here, for brevity, we omit the subscript ¢ of the quark
number density.

053103-5



Ya-Peng Zhao, Chao-Yong Wang, Shu-Yu Zuo et al.

Chin. Phys. C 47, 053103 (2023)

To compare with experimental results, one needs the
values of T and up along the freeze-out curve as a func-
tion of the collision energy +/Syy. Here, we use the em-
pirical fitting formula reported in Ref. [43] as follows:

1

1 +exp(2.60 —In( VS yy(GeV))/0.45)
1303

HB = 0.286 VSN (GeV)’

T =T\im

(28)

where the limiting temperature is Ty, = 164 MeV.

In Fig. 6, So and ko are shown as a function of
VSwn. The latest experimental data come from Au+ Au
collisions at RHIC [44]. By varying the ¢ value
(1<g<12, Ag=0.01), it can be concluded that our res-
ults are generally consistent with the experimental data at
q = 1.07, especially for vSyy >19.6 GeV, which fits the
experimental data well. However, for VSyy = 11.5, 14.5
GeV, there is a larger deviation. The results of ko> are
qualitatively consistent with those of Ref. [45]. This non-
monotonic variation with /S yy shows that the chemical
freeze-out points cross the crossover transition line, as
shown in Fig. 7. Furthermore, their intersection is approx-
imately VS yy =20 GeV. However, it should be noted
that, according to our model results, So also has a non-
monotonic dependence on the collision energy, which is
qualitatively different from the experimental data and de-
serves further study. This non-monotonic behavior is also
seen in the NJL model [46]. In addition, we also tested
the dependence of our results on 7 and g, taking

1.5f

1.0f
c% ! ¢ s }
0.5F
" i
2
0.0 . .
e STAR
3F } B ¢PNJL(q=1.07) ]
A
2 Wt } i ]
LT
0 4 %
10 20 50 100 200
VS (GeV)

Fig. 6.
ults and latest experimental data [44] for So, ko2 at VSyy =
7.7, 11.5, 14.5, 19.6, 27, 39, 54.4, 62.4, and 200 GeV. The red
circles represent the experimental data whereas the blue
squares represent the results from our qgPNJL model.

(color online) Comparison of the qPNJL model res-

170
165 e, o o
160 R,
Z 155 LN
2
e 150
145
o
® Andronic et al.
140
----- qPNJL(q=1.07)
135
0 50 100 150
1 (MeV)
Fig. 7.  (color online) The dotted blue line represents the

crossover transition line. The red circles represent the chemic-
al freeze-out temperature as a function of the quark chemical
potential at VSyy = 7.7, 11.5, 14.5, 19.6, 27, 39, 54.4, 62.4,
and 200 GeV. Their intersection is approximately vSyy = 20
GeV.

T(VSyn)+1MeV and u(+/Syy)+4 MeV. According to
Figs. 6 and 7, it can be concluded that there is a large un-
certainty in the results near the intersection. This is due to
a large uncertainty of quark-number susceptibility in this
region. All in all, our results generally agree with the ex-
perimental data at ¢ = 1.07, which to some extent indic-
ates that the nonextensive effects are worth considering in
relativistic heavy ion collisions. This may also provide
some useful clues for related research to interpret experi-
mental data from a nonextensive perspective.

IV. SUMMARY AND CONCLUSION

In this study, combined with the Tsallis statistics and
PNJL model, we first investigated the sensitivity of the
QCD phase transition to deviations from usual BG statist-
ics. At zero chemical potential and finite temperature, we
found that the pseudo-critical temperature of the chiral
and deconfinement transition decreases as g increases. At
finite chemical potential and finite temperature, the most
interesting point is that we found the non-monotonic de-
pendence of CEP on ¢q. At the beginning, as ¢ increases,
CEP moves rapidly toward a lower temperature and lar-
ger quark chemical potential. However, when ¢ > 1.15,
CEP turns to move in a direction with lower temperature
and quark chemical potential. This means that searching
for CEP in larger or smaller quark chemical potential re-
gions in relativistic heavy-ion collisions depends on a
critical value g..

Secondly, we studied the moments of the net-baryon
number distribution and obtained that So, ko? are gener-
ally consistent with the experimental data when ¢ =1.07.
This indicates that the nonextensive effects may be worth
considering in relativistic heavy-ion collisions. In addi-
tion, quark stars, as candidates for observed massive stars
(=2My), have attracted much attention in astronomy
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[47-50]. Therefore, studying the influence of nonextens-
ive effects on the structure and evolution of protoquark
stars is a meaningful topic [51].

Finally, how to introduce the nonextensive effects dir-
ectly into the pure gluonic sector is a problem that de-
serves further study. As mentioned above, in the standard
Polyakov-loop potential, there is no space to introduce
nonextensive effects because this potential is based on

group integral rather than momentum integral. We could
consider other gluonic potentials, for example the Mei-
singer-Miller-Ogilvie model [52], which can qualitat-
ively describe the confinement-deconfinement nature of
QCD. This will be definitely a brand new attempt, and
these issues will constitute directions of our future re-
search.
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