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Abstract: We study 0Qgq and QqQg states as mixed states in QCD sum rules. By calculating the two-point cor-
relation functions of pure states of their corresponding currents, we review the mass and coupling constant predic-
tions of JP€ = 1** 17~ and 17 states. By calculating the two-point mixed correlation functions of 9Qgg and

0qQg currents, we estimate the mass and coupling constants of the corresponding "physical state" that couples to

both 0Qgq and OgQg currents. Our results suggest that for 17 states, the 0Qgq and OgQg components are more

likely to mix, while for 17~ and 177 states, there is less mixing between QQgq and QgQg. Our results suggest the Y

series of states have more complicated components.
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I. INTRODUCTION

In 2003, Belle observed a new state known as
X(3872), which definitely contained a charm-anticharm
pair and could not be explained by the ordinary quark-an-
tiquark model [1]. Since then, more new hadrons contain-
ing heavy quarks have been found and studied in numer-
ous experiments [2]. These hadrons are known as XYZ
states, which contain a heavy quark-antiquark pair and at
least a light quark-antiquark pair; they are naturally exot-
ics [3]. Many structures have been proposed to describe
XYZ states that include molecular, tetraquark, and hybrid
components [4—6]. Like the studies of other mesons with
exotic quantum numbers, convincing explanations of the
observed XYZ states remain an open question in phe-
nomenological particle physics. Recently, a study of
X(3872) by LHCb argued that the compact component
should be required in X states [7]; this result is more
likely to support the tetraquark model of XYZ states but
not exclude the molecular model of all exotic states. In
this paper, we focus on the states in two simple QgQg
and 0Qgq combinations to study XYZ states (Q repres-
ents a heavy ¢ or b quark, while g represents a light u,d
or s quark). These two forms have been extensively stud-
ied previously [8, 9]. However, QqQg and QQgq states

are difficult to distinguish straightforwardly from the de-
cay modes of XYZ states because XYZ states are usually
observed to have both Q0Q+gq like decay modes and
Qg+ Qg like decay modes. Many scenarios were studied
to qualitatively distinguish QgQg and QQgq states
[10—14]. Furthermore, the physical states are usually mix-
tures of different structures, and this makes the problem
more complicated. In a previous study we have de-
veloped a method to estimate the mixing strength of dif-
ferent currents from a QCD sum rule (QCDSR) approach
[15—18]; we use the same technique to study the mixing
of 0qQ0g and QQgq XY states.

In this study, we investigated three kinds of vector
states with different quantum numbers J¢ =1+ 17,
17*. These states have long been considered to be 0gQg
or 00gq molecular states in different studies [19-25].
However, since many of them have abundant decay
modes, mixing scenarios should be taken into account.
Besides, it is generally believed that there is a large back-
ground of two free mesons spectrum in the two points
correlation function of four-quark currents. To avoid such
a large uncertainty, it is especially important to estimate
the mixing strength of OgQg and 0Qgq currents to in-
vestigate the corresponding physical states. The calcula-
tions will show us whether the physical states prefer to be
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0q0g or 0Qgq molecular states, or whether they are
strongly mixed states.

As mentioned above, for the 1 channel, X(3872) has
been extensively studied for a wide variety of structures
[26, 27]. In molecular state schemes, X(3872) has been
usually considered a D*D molecular state [12— 14].
However, although the pure D*D molecular state was
predicted to have a mass close to X(3872), it had too large
a decay width to agree with the experimental results [28,
29]. Moreover, the J/yp and J/yw states have a similar
mass, since the sum of the masses of their two constitu-
ent parts are close to X(3872). Hence, the mixing of these
two molecular states is naturally possible. Furthermore, in
a recent observation of X(3872) by LHCb [7], the com-
pact component was found to be required. Hence, we will
consider another state ¢c in the mixing; this has been
studied in [28].

For the 17~ channel, many 17~ states are found in the
range of 42004700 MeV, permitting an abundance of
possible pure or mixed molecular states. Some 17~ states
have very similar masses like Y(4220)/Y(4260) and
Y(4360)/Y(4390) [30, 31]. Hence, it is interesting and
meaningful to investigate the possible mixing of molecu-
lar states, which has not been previously studied.

For 1™ sector, no confirmed heavy hadrons with 1~
quantum numbers have been observed. Some potential
candidates include X(3940), X(4160), X(4350) [2]. The
constructions of 1~ molecular states in the QgQg and
00gq scenarios are possible. As outlined below, we cal-
culate the mass spectrum of these states and estimate their
mixing strength in both the u,d and s quark cases to help
guide searches for these states in the 1~ sector.

Our methodology is introduced in Section II. Then,
we discuss the 17* states, 17~ states, and 1" states in
Sections III, IV, and V, respectively. We discuss the im-
portance of non-perturbative terms in calculations that
evaluate the mixing strength in Section VI. Finally, we
present our summary and conclusions in the last section.

II. QCDSR APPROACH AND MIXING
STRENGTH
In QCDSR, we normally construct a mixing current

that combine two state interpretations. The two-point cor-
relation function of the mixing currents can be written as

() =i f d'xel (O] {(a (0 + N5 O + e O} 0)
=I4(¢°) + 2cTlap(¢°) + Tl (g?),

M

where j, and j, have the same quantum numbers; ¢ is a

real parameter related to the mixing strength (not the mix-
ing strength itself, since ¢ may not been normalized), and

M () =i [ dtee (0]t 50)] ).

1, (¢°) =i f d*xe'* (0|T(jo(x)j; (0))]0),

My (47) =5 f d*xe (O[T (ja(x) 5 (0) + jo(x) 5 (0))] 0).
@)

Here, we consider the mixed correlator Il,, because it
provides a signal that indicates which states couple to
both currents. One can insert a complete set of particle ei-
genstates between j, and j,, and the state with a relat-
ively strong coupling to both these currents will be selec-
ted out through the QCDSR. By estimating the mass and
coupling constants as well as taking experimental results
into account, one can obtain insight into the constituent
composition of the corresponding states. This method
worked well in our previous study on vector and scalar
meson states [15] and has been successfully applied in
other systems [16—18].

I1,, usually can be decomposed into a different
Lorentz structure

(@) = ) T An, 3)

where n=1,2,3..., TI,(¢%) is the mixing state correlation
function with specific quantum numbers, and A, is the
corresponding Lorentz structure. The forms of A, are re-
lated to j, and j,, and we will define them in the sec-
tions below. For simplicity, we assume a specific ITy(g*)
represents a mixed-state correlation function and is one of
the possible I1,(¢%). We also assume that I1(¢°) obeys
the dispersion relation [32]

0 s
Mg = f as 210 (4)
s S—qP—ie

where the spectral density py(s) = }TImHH(s), Smin TEpres-
ents the physical threshold of the corresponding current,
and the dots on the right hand side represent the polyno-
mial subtraction terms to render I;(¢?) finite. The spec-
tral density pg(s) can be calculated using the operator
product expansion (OPE). In this paper, we calculate the
spectral density py(s) up to dimension-six operators,

(5)+p80(5)+ {7 (s)

+05990 (5) +pS17 (5)+ ..., (5)

(pert)

OPE
Py (s) =Py

then
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00 (OPE)( 5)
I P (g% = ds— e (6)
S —q?—ie
On the phenomenological side, by using the narrow
resonance spectral density model,

/l A+ Ay 1

(phen)
My O 2 M3 - ¢

oo (cont)
+ f ds—() (7
So s — q —1€

where A, and A, are the respective couplings of the
ground state to the corresponding currents; My repres-
ents the mass of the mixed state, which has relatively
strong coupling to the corresponding currents; p'S™" rep-
resents continuum contributions to spectral density, and
so 18 the continuum threshold. By using the QCDSR con-

tinuum spectral density assumptions
P (8) = 0l ()05 = 50), ®)

and equating the OPE side and the phenomenological
side of the correlation function, the“)(qz) = H;?PE)(qz),
we obtain the QCDSR master equation

qu is (OPE>( s) Ag Ay, + A, 1 )
—_—t...= .
B s—q*—ie 2 MIZJ —q?

‘min

After applying the Borel transformation operator B to
both sides of the master equation, the subtraction terms
are eliminated, and the master equation can be written as
[32, 33]

DA
f dSp(OPE) (s) e 5T = bTbe—MHT’ (10)
K

min

where the Borel parameter 7= 1/M?, and M is the Borel
mass. The master equation (10) is the foundation of our
analysis. By taking the 7 logarithmic derivative of Eq.
(10), we obtain

fm ds spg)PE) (s)e T

M3 = :
(OPE) _
fs dspy 7 (s)e T

(11)

One can set a =b in Egs. (7), (9), and (10) to obtain
the original pure state QCDSR.

Eq. (10) is not valid for all values of 7 because of the
OPE truncation and the simplified assumption for the
phenomenological spectral density; thus, the determina-
tion of the sum rule window, in which the validity of (10)
can be established, is very important. In the literature, dif-
ferent methods are used in the determination of the 7 sum
rule window [34, 35]. In this paper, we follow similar

previous studies to restrict the resonance and high dimen-
sion condensate contributions (HDC), i.e., the resonance
part obeys the relation

f:” & p(OPE) We ™ 40% (12)
= > 0,
[ ds o™ (e

while HDC (usually (gg)* in molecular systems) obeys
the relation

f ds p<IM> (S) e—ST|
[ ds p™ ()€

< 10%. (13)

Furthermore, the value of sy is also very important in
QCDSR methods. It is often assumed that the threshold
satisfies +/so = My +A;, with A; = 0.5 GeV. This is espe-
cially the case in molecular state QCDSR calculations
[36, 37].

The approximation +/so = My + A, can be understood
in QCDSR because the parameter s, separates the ground
state and other excited states' contributions to spectral
density. Hence, one can set sy less than the first excita-
tion threshold in the case of involving excited state con-
tributions in the spectral density, and A; represents the
approximate mass difference between the ground and first
excited states. We assume that the first excited state is ap-
proximately equal to an excited constituent meson and
another ground state constituent meson. Then, we can es-
tablish 5o by comparing the mass difference between the
ground constituent meson and the first excited constitu-
ent meson of the corresponding state (like the charmoni-
um and D meson family in our case). We have listed
some experimental data for the charmonium and D meson
families in Table 1 and Table 2. One can easily find that
the mass difference between the ground state and first ex-
cited state are all around 0.5*)] GeV,and the fluctu-
ations are all acceptable in the QCDSR approach.

In order to estimate the mixing strength of the physic-
al state strongly coupled to both of the two different cur-
rents, we define

Table 1.
the u,d quark. The e symbol indicates particles that have con-

Charmed meson (c = +1) states, where g represents

firmed quantum numbers.

Possible Ground Possible 1st
PDG name . As/MeV
structure state excited state
D Cysq eD(1865) D(2550) ~685
D CYuYsq oD (2420) - -
Dj cq *D;(2300) D7,(2600) ~300
D* CYuq e D*(2007) D*(2640) ~633
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Table 2. Charmonium (possibly non-¢c states). The e sym-
bol indicates particles that have confirmed quantum numbers.
Possible Ground Possible 1st excited
structure state/MeV state/MeV As/MeV
cysc 1:(15)/2984 ©1:(25)/3637 ~653
CYuysc ox.1(1P)/3510 *x1(3872) ~362
cc ox0(1P)/3415 Xc0(3860) ~445
CYuc oJ/y(18)/3097 o/(25)/3686 ~589
T
N = W, (14)
a"p

where A, and /l'b are coupling constants of the relevant
current with a pure state (i.e., the coupling that emerges
in the diagonal correlation functions I1,, I1,). Eq. (14) is
analogous to the mixing parameter defined in Ref. [38].
By using appropriate factors of mass in the definitions of
A, and A,, we can compare the magnitude of coupling
constants and estimate the mixing strength self-consist-
ently. The mixing strength depends on the definition and
normalization of the mixed state. For example, in Ref.
[39] the definition of the mixed state is

|[M) = cos6|A)+sinf|B), (15)

where |[M) is a mixed state composed of pure states |A)
and |B), and € is a mixing angle. In this definition and
normalization of the mixed state, we see that N =

1
cosfsind, and Nego,z . We use Eq. (14) as a robust

parameter to quantify mixing effects because of the dif-
ferent possible normalizations and mixed state defini-
tions. Furthermore, because the behavior of N is not lin-
ear, we define N under the scenario of Eq. (15):

N
2

N = sinz(M). (16)

The quantity N gives the approximate proportion of
the pure part of the mixed state. A comparison of the the
mixed state mass with the two relevant pure states sug-
gests that the mixed state is dominated by the part whose
pure state mass prediction is the closest to the mixed state
mass. Different decay widths can also help us to distin-
guish the dominant part of the mixed state.

We use the following numerical values of vacuum
condensates consistent with other QCDSR analyses of
XYZ states: (Gg)= (-0.23+0.03) GeV3, (ggs0Gq) =
mi(aq), mi=08 GeV’, (a,G*)=007 2002 GeV',
and(ss) = (0.8 £0.2){gg) [40, 41]. In addition, the quark

1
masses m. =127 GeV, m,= E(m” +myg) =0.004 GeV,

and m; =0.096 GeV, at the energy scale u=2 GeV [2],
are used.

III. MIXED STATE IN 17 CHANNEL

We start from the following three forms of currents:

500 == [y, (DT, (x)

\2
= c(x)yyc(X)G(x)yuq(x)],
i
2
= g(xX)yuc(x)e(x)ysq(x)],

() =—=[E(x)Y,g(X)G(x)ysc(x)

i) =%[E(x)7y7561(X)51(X)C(X)

+q(xX)yuysc(0)(x)g(x)],
1

o2 (Gq) c(x)yuysc(x), (17)

Jpe) =

where X denotes the 17 state, the subscript 4 of X de-
notes the OQgq scenario, B denotes the QgQg scenario, C
denotes the QQ scenario, and the corresponding mesonic
structures of these currents are listed in Table 3. We note
that the former two currents can be decomposed into two
constituent meson currents, and the mass prediction of
each corresponding pure state are usually close to the sum
of the masses of these two constituent mesons. The cur-
rent jffg can be decomposed into J/y(15)(3097) and
p(770) currents; Jf"‘ (x) can be decomposed into D*(2007)
and D(1865) currents. The sums of the masses of the two
constituent mesons are both close to X(3872). Hence, we
choose these two currents to study X(3872). The current
]f"z has the same quantum numbers, and it cannot be ex-
cluded in 1** mixing state structures. Besides, jfff(x) is
normalized according to Ref. [28]. Since the mixing
between i (x) and 0Qgq is suppressed (gq in 0Qgq be-
comes a bubble and vanishes), we only consider the mix-
ing between jff“(x) and Jff"‘ (x) or Jf”z (x).

To study the pure QQgq, 0qQg, and QQ states, the
respective two-point correlation functions can be decom-
posed into different Lorentz structures.

I, () =TT} (qz)%(fgﬂpgw ~ G 8uo8up
= qu4p8vo + Qudo8vp — 4o 8up + 4vqp8uc)
+11) (qz)%(—qﬂqum + QudoGup
~4vq4o8up + 4vdp8uc)s

(@) (—g,w + %)

X5 /C, o [ Duy
+H(()) (q )( q2 )3

X, /C, > X, /C
H,uv @) =H(1)

(18)
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Table 3. Summary of results for 17+ states. 1= M when mixed cases are involved, the same below.

State Current structure Mass/GeV 1074 Gev'° Vs0/GeV 7 window/GeV
Xa J/p 3.7980.00 1.49%0:31 4.4 0.30-0.31
X5, DD 3.857+00¢ 2.24%08 4.4 031-0.39
Xp, DD}, 5.31070:94 69.013:0 5.8 0.20-0.29
Xc Xel 3.5117092 0.022970:9017 4.5 0.29-0.31
My, Jyp - D*D 3.987+000 0.168+0049 Gev'! 44 0.30 - 0.32
My, J/up - D1 D 4.945+008 0.760*02 GeV' 5.45 0.22 - 0.24
Mc Xel - D*D 3.8187093 0.0282+0:9027 45 0.28-0.30

where k=1,2; Hff‘ and Hf‘ describe the pure molecular
state contribution with respective quantum numbers 17+

and 17*; and Hf(l”)"/ € and Hf;‘;k/  describe 1** and 0~

state contributions, respectively. In the mixing scenario,
we start from the off-diagonal mixed correlator described
in the previous section, i.e.,

My,

i e,
i) =5 f d e OIT (% (012 (0)
o ()5 (010,
X 1 ig- . Ap,
M) = f dxe T OIT (5 (05 (0)

+ Jo" (05T 0))10), (19)

where My , k=1,2, are mixed states assumed to result
from the corresponding currents. These mixed correlat-
ors have the Lorentz structure

My
(g% = T (¢*)(qa€apuror)- (20)

Furthermore, when we consider the two-quark states
jfff(x), the mixed correlator and its Lorentz structure are

i ig- . X,
T (¢%) =5 f dixe 0T (jy ()" (0)

Xz X
+ " ()5 (0))[0),
_ . quq . quq
Y (q%) =Hf‘f)(q2)(—gw+%)+H?§)(q2)( gzv), 1)

where 17 and T1{; describe the 1** and 0~* state contri-
butions, respectively. Here, we just consider the state
mixed with jff" and j¥=; this state is a candidate for
X(3872).

We follow the 40% —10% sum-rule window and A,
methods mentioned in Section II. After establishing the ¢
window by the 40%—-10% method at a specific sy, we use
Eq. (11) for each state to plot the 7 behavior of My for
the chosen sy (see Appendix A for details). The mass pre-
diction My and sy are then compared with the constraint

VS0 = Mp+A,. Then, sy is adjusted, and the analysis is
repeated until we find the best (My, so) solutions that sat-
isfy the relation +/so = My +A;. The coupling constants
are naturally obtained through the predicted My and s
according to Eq. (10). The mass and coupling constant
prediction and associated QCDSR parameters are presen-
ted in Table 3. All the parameters are the average values
in the corresponding T window.

The uncertainties are mainly from the input paramet-
ers. For instance, <asG2> = 0.07+0.02 GeV' (5s)=
(0.8+0.2)(Gq), and (gq)= (~0.23+0.03)> GeV’. The
quark masses and other parameters included in the calcu-
lations have uncertainties of less than 5% due to substan-
tial numerical fittings by other researchers. There is also
an uncertainty about the value of the threshold sy. Ana-
logous to the studies in Refs. [20, 42], the fluctuation of
threshold is set to be £0.1 GeV( +/sp).

In the pure state calculations, a 7 window of X4 (3798)
state cannot be determined under 40%—10% and the A,
method, and we rearrange the limits of resonance and
HDC to 35%—15% (one may naturally expect that the
pure-state analysis requires such adjustments because of
mixing). The states X4(3798) and Xp (3857) both have
mass predictions close to X(3872). However, the large
mass prediction of the Xp (5310) state is far beyond the
D +Dj threshold, and does not match the observed 1+
states.

The mixing strength can then be estimated by com-
puting the value of N via Eq. (14). Note that the coupling
constants of the two mixed state correlators have the form

My,

M) =3 f d x0T (00 /0 (0)
T o ()54 (0))/0)

/lXA X * *Xsk
~ (M_H €uvapEy’ qﬁ) (/lXHk &5 ")
X4 ® X,
+ (_M Eﬂmﬁswx‘ qﬁ) (/lxﬂk Ex )+ ...
H
/le/l}R +/l§(A/lek

My qa€uvoa +... (22)
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X,/ Xg . .
where k=1,2;¢ %o s a polarization vector; My repres-
alo

ents the ground state mass of X,; and dots represent ex-
cited contributions to the spectral density and polynomial
subtraction terms. In the definition of the mixing strength
Eq. (14), we have omitted the Lorentz structures of cor-
responding currents. The dimension of the decay con-
stant depends on the Lorentz structure we extract in the
diagonal correlator. If the two currents have different
Lorentz structures, we need to compensate the mass di-
mension of the decay constants, which are obtained from
previous works, to make the mixing strength Eq. (14) di-
mensionless. The normal method is to make the Lorentz
structures massless by multipling a factor M}, with a suit-
able n. Hence, we define Ax,/My as the new coupling
constant of the X4 state. The mixing strength can be writ-
ten as

0.168GeV? x My (3.798GeV)

Ny, = =0.349,
" V1.49GeV x V2.24GeV?
NMX =sinz(w) = 14%,
7 Vo x My(3.7 Y,
Nuy, = 0.760GeV® x My (3.798GeV) _ 0.285,
* \/1.49GeV? x V69.0GeV?
N =sin2(arcsm(0;85 XZ)) — 9.0%,
0.0282GeV'!0
Ny, = © =0.125,
10.0229GeV° x V2.24GeV?
— in(0.125 %2
N :S.HZ(M) = 1.6%, (23)

The state Mx, (3987) is a mixture of X4(3798) and
Xp,(3857), which have similar mass predictions close to
X(3872); unsurprisingly, this state also has the same mass
prediction. Due to X(3872), observed decays to
mraJ/y(1S), wJ/y(1S) and D*D°, My, (3987) is a good
candidate to describe X(3872) [2]. We can estimate the
proportions of each constituent and decay width of the
corresponding decay modes by using the parameter Ny, .
Experimental results of X(3872) decay width T'; of the
Qq + Qg like decay mode is >30%, while the decay width
I, of the QQ + gq like decay mode is >5%. By comparis-
on, the parameter Ny, shows that the proportions of the
0q0g and QQgq parts of My, (3987) are 86% and 14%,
respectively. Considering the similar Lorentz-invariant
phase-space of these two kinds of decay modes, we can
roughly equate I';/I’; to the ratio of these two parts,
86%/14% ~ 6, which is consistent with experimental res-
ults. It should be noted that our method can not determ-
ine definitely which constitute dominates the mixing
state. We tend to the one whose pure mass is closer to the
mixing state.

When we consider the two-quark state j,f , the corres-
ponding mixing angle is arcsin (0.25)/2 = 7°, which is

consistent with the result in Ref. [28], and the dominant
part of Mc is jff”. However, we found that this result
strongly depends on the normalization of jff“. Hence, a
proper normalized current is essential in calculations.

For the state My, (4945), its mass prediction is larger
than those for all observed 1** states. However, our cal-
culation suggests that it is relatively strongly mixed. The
dominant part of My, (4945) is more likely to be
X3p,(5310) by comparing mass predictions.

In Ref. [19], the authors calculated the state Xp with
a similar method and obtained the following results: the
mass my, =3.89"000 GeV and the decay constant

009

=2. 96+(1) %% 10 GeV' with /55 = 4.41 GeV, which

is cons1stent with our results.

IV. MIXED STATE IN 1—— CHANNEL
We start from two forms of currents as follows:

YA, /Y 51 (.X') C(x)C(X)q(x)Y#q(x)

YAZ/Y4 2 (x) C(x)'yﬂc(x)q(x)q(x)

Yo () —7 [(x)y,q(0)F(x)c(x)
+ q(x)VyC(X)C(x)q(x)]
YB /Ys,

() =—x
K

= q(x)yysc(x)e(x)ysq(x)], (24)

[e()yuysq(0)g(x)ysc(x)

where Y denotes the 17~ state; the subscript 4 of Y repres-
ents the QQgq scenario, while B represents the QqQg
scenario. The additional subscript s represents the s quark
case, and one can straightforwardly replace the ¢ with the
Y., Y. X Y, .
s quark when j,"', j,**, j,”', and j,” are involved. The
Y(4230) was observed to decay to xc.ow, while Y(4660)
was observed to have both the (2S)r*n~ and
D?D;1(2536)” decay modes [2]. Hence, we especially fo-
Y, Y, . .
cus on the currents j," and j,"*, which are consistent
with the respective decay modes, to describe Y(4230) and
Y(4660), respectively, and discuss the corresponding
mixed states in both the u,d and s quarks for simplicity.
The two-point correlator functions of the pure states
have the Lorentz structures

YAA/YM Yo /Yo, qu4
(@ =11, <q2>(—g,,v+%)

Yo/ Yay o 2\ [ 4pdy
g g )( P )

YEA/Y” Y /Y, quq
(@) =11, (cf)(—gﬂﬁ%)

Yo /Ys, , o[ 9udy
ol <q>( g ) (25)
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Yo /Y, Ys,
(1) and II)

w1th quantum

where k=1,2;11 [ describe pure state

contributions numbers 177; and
H(};’)‘;/ " and H((;’; Y describe the pure state contribution
with quantum numbers 07~

To study the mixed state, the off-diagonal mixing

two-point correlation functions described in Section II are

@) =5 [ atxe oGy (i o)
+ iy () (0)[0),

M (%) =5 f dxe S OIT (" (x0)y" " (0)
+jv"2(x)jﬁ“(0>>|0>,

My (%) = f dhxe (O (' (0" (0)
+ 7 (), 0)0),

My (¢%) =% f dtxe O (' ()4 (0)

+ i () (O)I0), (26)

where My and My, , with k= 1,2, both represent mixed
states coupled to their respective currents. These mixed
correlators have the same Lorentz structures as the pure
state cases,

MYK/MY,‘ 2 Myk/My‘k 2 CIuCIV
M () =11 (q)( G+ qz)

Myk/My‘k 2 unIv

where k=1,2, and H(l)’k/ “ and H(O)"/ " describe the
mixed states with quantum numbers 17~ and 0*~, re-
spectively.

We follow same method mentioned in the 1** chan-
nel. The mesonic structures, mass and coupling constant
predictions, and the related QCDSR parameters are
presented in Table 4.

In the Y family of states, Y(4160), Y(4260), Y(4415),
Y(4660) are reported to have decay modes including an s
quark in the final states, and Y(4230), Y(4360), and
Y(4390) have not been observed to have decay modes that
include an s quark in the final states. Furthermore,
Y(4260) only decays to the K meson while Y(4415) and
Y(4660) only decay to the Dy meson when an s quark is
directly involved in the final states. The Y(4160) has both
decay modes, including the K and D; mesons in the final
states. In contrast, all Y states have both 00 + gq like de-
cay modes and Qg+ Qg like decay modes, with the ex-
ception of Y(4390). The decay mode Y(4390) to n*n h,
was observed, but the other decay modes of Y(4390) have
not yet been seen. We cannot exclude an s quark in

Y(4230), Y(4360), Y(4390) because the K meson may de-
cay to the m meson and disappear in the final states [2].
Hence, we suggest that Y(4230) has candidates
Y4,(4207), My, (4266), and Y(4360); Y(4390) has a can-
didate Yg, (4385); Y(4415) has candidates Yp, (4494) and
My, (4450); and Y(4660) has candidates Y4,(4621) and
My, (4610). Although the remaining states are not com-
patible with known 17~ states, they still possibly mix
with other states, and their contributions can be estim-
ated.

For the 17~ states, the mixing strengths are given by
the data in Table 4:

1.16GeV!?
Ni, = 0Ge =0.15,

V1.64GeV? x V34.5GeV?
0.373GeV!?

= =0.11,
* V1.64GeV’ x V7.36GeV?

2.56GeV!0
Ny, = =0.09,
" A21.3GeV? x V37.9GeV?

1.64GeV!0
Ny, = =0.11. (28)
? 421.3GeV? x V9.60GeV?

All mixed states have a much weaker mixing strength
compared with the 1** mixed states. We suggest that 17~
states are preferred to be pure and weakly mixed with
other states. This becomes more clear when we convert N
to N,

NM, _sin 2(arcsm(O 15><2)) 23%
NM, _sin 2(arcsm(O 11 ><2)) 129,
NM, s 2(arcs1n(009><2)) 0.82%.
N, =sin (W)_ 1.2%, (29)

where the values of N suggest that the assumed mixed
states with quantum numbers 17~ are actually very pure.
As mentioned above, My, (4770), which contains no s
quark, is close to Y(4660) and cannot be compatible with
known 17~ states. My, (4266), which is a possible candid-
ate for Y(4230), is a mixture of Y, (4207) and Yp, (4385).
By comparing the two mass predictions, My, (4266) is
closer to Y4, (4207) rather than Yp (4385), and it is pos-
sibly dominated by QQgq component. For the same reas-
ons, My, (4610) is possibly dominated by a 0Qgg com-
ponent, while My (4450) is possibly dominated by
0q0Qq. Hence, we suggest that Y(4230) and Y(4660)
prefer a QQgq state, and Y(4415) prefers a QgQg state.

In Ref. [30], authors have calculated the states Yp,
and Yp, with a similar method and obtained the follow-
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Table 4. Summary of results for 17 states.
State Current structure Mass/GeV 21074 Gev"” \s0/GeV  window/GeV >
Ya, Xcow 4.207+508 1.64+0:43 4.8 0.27-0.28
Ya, J/f(980) 4.621790 21.3%52 5.1 0.25-0.32
Yp, Dy D 4.922+004 345781 54 021-034
Yp, DD 4.385+006 736419 4.9 0.27-0.35
Y, DD 4.952+003 37.9%83 5.45 0.21-0.36
Yg, Dy Dy 4.494+008 9.60737 5.0 0.26 - 0.39
My, Xeow - DyD* 4.770*507 1167031 53 0.24-0.25
My, Yeow - D1D 4.266*908 0.37370.17 4.95 0.26-0.27
My, T f(980) - D", D; 4.610*50 2.5670:<7 5.1 0.24 - 0.33
My, J/W£(980) - Dy Dy 4.450*505 1.647033 4.95 0.26 - 0.33

ing results: mass my, =4.78"007 with +/so=5.3 GeV~,

and mass my, =4.36*00% with /55 =4.9 GeV™; these
numbers are consistent with our results. The small differ-
ence in the mass of Yp is caused by the different values
of +/sp. In addition, in Ref. [30], the authors have dis-
cussed different results of the similar states of Y and Y,
in previous papers. For instance, the authors in Ref. [42]
did not distinguish between the charge conjugations and
obtained mass of a Y, like state mp, 5. =4.26 GeV. Our
results are more supportive of the results in Ref. [30].

In Ref. [8], the authors have calculated the states Y4,
with a similar method and obtained the following result:
mass my, =4.671000 with /so=5.1 GeV; this is con-
sistent with our result.

V. MIXED STATE IN 1-* CHANNEL

We start from two forms of currents as follows:
J) =),

o () =%F2[E(x>yﬂc<x>s(xms<x)
— E )y ()T,

Py, L

ARRIOE ST

— GG,
! () =%[a(x>7ﬂysq<x>zf<x>ysc(x>
+ G0 ysc(OE)Ysg(D)], (30)

where P denotes the 17+ state; the subscript 4 of P rep-
resents the QQgq scenario, while B represents the QgQg
scenario. The additional subscript s represents the s quark
case, and one can straightforwardly replace g with s when
jl[:"“ and j:"" are involved. The structures of these cur-
rents are similar to the 1** and 17~ cases, and it is inter-

2

esting to compare the mass predictions of these currents
to the 1** and 17~ states.

To study the pure QQgg and QqQg states, the two-
point correlation functions have the respective Lorentz
structures,

Py/Ps, PP, 1
o (‘12) =11, ? (ng,lpg vo — 6]28;408 vp

— Guqp8vo + quqo8vp — Avdco8up + Avdp8uc)

p/P,, 1
+Hb ’ ;(_qHngva +quqas8vp
= 4vq08up + Avp&uc)s
Py, [Py, Py [Py, quqd
Hyv (42) =H(1) (f]z) (_gﬂv + %)

Py [Py, 2 qudv
+H(0) (q )( qz )’

(31
where k=1,2; H?/ Pi and Hf"/ i describe the pure state
contributions with quantum numbers 17+ and 17*, re-
spectively; and Hﬁ")‘/ Prc and Hf:)";/ Prc describe 17+ and
0**, respectively. In mixing scenarios, we start from the
off-diagonal mixed correlator described in the previous
sections, i.e.,

) = [ater ol @ o)
+i"" @ 1o,

s ) = f dhxe O Gy ™ (g ™ (0)
+ o ™ Opjo), (32)

where Mp /Mp,, withk = 1,2, are mixed states assumed to
result from the corresponding currents. The correlators
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have the Lorentz structure

My |IM,
™ (g2) = T Mo () (=80 + 8ro ). (33)

We follow same method used in previous sections.
The mesonic structures, mass and coupling constant pre-
dictions, and related QCDSR parameters are presented in
Table 5

All pure states have mass predictions of over 4.5 GeV
and cannot be compatible with those known states, which
are probably 1~ candidates [2].

The mixing strength can then be estimated by com-
puting the value of N. Note that the coupling constants of
the mixed state correlator has the form

Py i X Bk
Mis(a®) =3 f dx e OIT (50 i (0)

+ i (0t (0)[0)
apA

« #Pp,
(sf"qy—s 4 (Ap, €5 ")

P, *P %
+Le(gfig, e
My * v

* *
APA/le'A +/1PA/1PBA

ZM—H(_g’qu +&oquw)t..,  (34)

Py,
Prg)(p, 85" ) + ...

where k= 1,2; & and &"» are polarization vectors; and
My represents the ground state mass of P4. Analogous to
the 17" channel, the values of N obtained from Table 5
can be written as

0.401GeV? x My(4.658GeV)
Nu, = =0.09,
" 413.1GeVO x V34.1GeV?
0.240GeV® x My (4.658GeV) 0
MP = = U. ,

? V13.1GeV? x v9.7GeV?

_0.405GeV? X My;(4.694GeV)

N = 0.08,
M T T T2.0GeVS x VA2.8GeV’

0.269GeV? x My (4.694GeV
Ny, = eV X M V) 009, (35)

V14.0GeV? x V13.0GeV?

where My represents the corresponding 0Qgqg ground
state mass. Like the 17~ channel, all the mixed states that
have quantum numbers 17* are weakly mixed with cor-
responding currents; this becomes clearer when we con-
vert Nto N s

NM,, e 2(arcsm(O 09><2)) 82%.
2(:;«1rcsm(0 10><2)): 1.0%.

NMP s 2(ar(:sm(O 08><2)) 0.64%,

Ny, =sin (M) 0.82%.  (36)

For the same reasons mentioned in the 17~ channel,
Mp (4505) and Mp, (4494) are dominated by the 0Qgq
components; Mp, (4544) and Mp, (4536) are more likely
dominated by the OgQg components.

In Ref. [30], authors have calculated the states Pp,
and Pp, with a similar method and obtained the follow-
ing results: mass mp, =4.73*007 with +/so=5.2 GeV~,
and mass mp, =4.60*008 with +/so=5.1 GeV?;
numbers are consistent with our results. The small differ-
ence in the mass of Pp, is caused by the different values
of +/so. Moreover, the authors in Ref. [43] obtained the
mass of state Pp,, mp, =4.19 GeV. Our results are more

supportive of the results in Ref. [30].

these

Table 5. Summary of results for 1=+ molecular states.

State Current structure Mass/GeV 1074 GeV'"’ Vs0/GeV T window/GeV
Pa Ilvp 4.658+005 13.173% 5.15 0.24-0.29
Py, J/yf(980) 4.694+00 14.0%33 52 0.24-0.32
Pp, DD 4.927+09 34.1*17 5.4 0.21-0.30
Pp, DD 4.528+00¢ 9.7+39 5.05 0.26—0.31
Pg,, D, D; 4.9997004 42,882 55 0.21-0.33
Pp,, Dy1 D 4.642+005 13.0%34 5.15 0.25-0.34
Mp, J/yp - DyD* 4.505+0:00 0.401709% Gev'! 5.05 0.21-0.30
Mp, Jwp - D1 D 4.494+006 0240099 Gev" 5.05 0.23-0.27

My, J/wf(980) - D}y D; 45441553 0.405*0955 Gev! 5.1 021-0.33

Mp,, J/W£(980) - Dy Dy 4.53600¢ 0.26970067 Gey! 5.1 0.22-031

—0.055
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VI. NON-PERTURBATIVE EFFECTS OF MIXING
STRENGTH

We can convert the 0Qgq and QqQg states to each
other through the Fierz transformation. Generally,

(OT'10)(3Iq) =ZCi(ijq)(éFkQ)

ijk

+ ) CUQT WA Q)G A Q),

Imn

(OT19)(@Q) = Y CAQOT Q)T k)

ijk

+ ), CH(OT, A Q)(@T %),

Imn

(37)

where T'; are gamma matrices, C; are the parameters cor-
responding to the related currents, and A* are Gell-Mann
matrices. That is, QQgq currents can be decomposed into
a series of QgQg currents and a series of QgQg color-oct-
et currents, and vice versa. In this study, we have com-
puted two-point correlation functions of 0Qgq and QgQg
currents. One can convert one current to a series of other
kinds of currents and make calculations analogous to a
series of calculations of pure currents. For instance,

—(cc)(cmq)
) \/- \/_ —[©yu@)(Ge) +(gyuc)(cq)]
3 \/— \f[(cwysq)(quc) (@Yuys0)(Cysq)]
4.
=%jzg' + %]ﬁ +os (38)

B,/B

where Jﬂ "and j,""™ are defined in Section IV. When we

AI YRl/”z
b

compute two-point correlation functions of j," and j,
it seems that the result may highlight states Y3 /Y3,, and
the parameters of the current decomposition are likely to
be directly related to mixing strength. However, our cal-
culations show different results. Although the contribu-
tions in perturbative terms from different currents (e.g.,
Yg, and Yp,) will be suppressed, QCDSR calculations are
sensitive to the changes of borel window and threshold
so, which depend on the contributions of non-perturbat-

ive terms. Moreover, the mixing strength is related to
both decay constants and parameters of the correspond-
ing currents from the Fierz transformation, and the decay
constants are also sensitive to the Borel window, which
again depends on non-perturbative terms. To clarify this,
we have computed another two QQgqg and QqQg cur-
rents and their mixed state,

Jorx) =E<x>y#c<x)q<x>ysq(x>

Jix) = 7 [c(x)y.g(x)g(x)yye(x)

— q(X)yuc(0)e(x)yyg(x)], (39)
where Z denotes the 1*~ state, and the subscript 4 of Z
represents the QQgq scenario, while B represents the
0qQg scenario. The mixed state is described by

H%‘(r(qz)=i f d*xe N OIT (j% ()" (0)

+ () ji(0))I0), (40)

where M7 is assumed to be mixed from corresponding
currents. The hadronic structures along with results of
mass, coupling constant, and mixing strength predictions
are presented in Table 6.

AlBy

Compared to the 1** currents Jf and their mixed

two-point correlator Hlm,(qz), which are given in Eq. (17)
and Eq. (19), j Z“‘* and H%,Zg(q ) have similar structures.
According to our previous calculations in Section II, My,
is relatively strongly mixed with different components,
and My is supposed to have similar properties. However,
the resulting mixing strength of Mz is

0.054GeV® x My (4.018GeV)
Ny, = =0.125,
V1.04GeV? x V2.90GeV?
— in(0.125x2
Nu, =sin2(w) = 1.6%. 1)
Compared to My,(Ny, = 0.349, NMX‘ = 14%), the

mass predictions of two parts of the mixed state M dif-
fer, and although the contributions of the perturbative
terms in two-point correlator functions are similar, the
mixing strength of the two states are quite different.
Hence, we suggest that the mixing strength is consider-

Table 6. Summary of results for 1~ states.

State Current structure Mass/GeV 11074 GeV" VS0/GeV r window/GeV >
Za J/ym 3.57870.08 1.04+23¢ 4.2 0.33-0.34
Z D*D* 4.018*906 2.90+038 455 0.29-0.36
Mz J/ym - D*D* 3.5637000 00540017 GV 41 0.31-0.35
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ably sensitive to the Borel window, threshold sy, mass
prediction, and decay constant, which are all influenced
by non-perturbative terms in QCDSR calculations.

VII. SUMMARY

In this study, we used QCD sum-rules to calculate the
mass spectrum of QQgq and QqQg states. Such states
strongly couple to 0Qgg or OqQg currents. Therefore,
state components of QQgq and QgQg can be mixed with
each other. Such mixing can be studied via the mixed cor-
relators of 0Qgg and QqQg currents. Our studies focus
on the mixing strength, which may determine whether the
mixing picture accommodates candidates that have more
than single dominant decay modes.

We list all the mixed state results in Table 7. The un-
certainties of the masses are less than 5%, and the uncer-
tainties of the coupling constants are approximately 25%,
which are induced by the uncertainties of the input para-
meters and threshold sq. The relations +/so = My + A, and
40% —10% are required to determine the window of 7.
These two conditions are not always satisfied well. In
some cases, the windows of 7 are very narrow. If higher
dimension condensates are considered, we may recon-
sider the constraint of 40%—10%, and the situation may
change.

For the 1** channel, we find that the two states
Myx,(3987) and My, (4945) are relatively strongly mixed
with the 00Qgg and OgQg components. Furthermore, we
estimate the ratio of decay width of two kinds of decay
modes of My, (3987); this ratio is roughly consistent with
the experimental results for X(3872). When we consider
the mixing state combined with QQ and QqQg, we revis-
it the result in Ref. [28] with the new technique in Ref.
[15]. The result argues that QQ is the dominant part of
X(3872), which can explain the latest observation to
X(3872) of LHCb [7]. Our calculations just support that

these two components can relatively strongly mix with
each other in quantum numbers 1*+.

In other quantum number channels, states are found to
be weakly mixed. However, the calculations of these
states is still meaningful to help us establish the physical
structure of a corresponding state. For instance, pure
00Gq Ya, (4207) and Y, (4610) configurations are good
candidates for Y(4230) and Y(4660), respectively.
However, by checking the assumed mixed states that mix
with 00gq and OgQg molecular states, we find that these
candidates have small components of QgQg; this is in-
consistent with the fact that Y(4230) and Y(4660) have
more abundant decay modes. Thus, we can establish the
dominant part of Y(4415). Our result suggests that
Y(4415) is dominated by QgQg and agrees with the ab-
sence of the K meson in observed decay final states.
However, Y(4415) still has a small component of 0Qggq.
These states may therefore have a more complicated con-
struction; for instance, gg could be a color-octet state.
Other models, such as the tetraquark model, could be
valuable. By using the Fierz transformations, tetraquark
currents can be decomposed into various molecular cur-
rents and color-octet currents, to show more mixed ef-
fects of different possible states [44]. Since the mixing ef-
fects are normally small, the studies via tetraquark cur-
rents cannot distinguish the details of mixing between the
different currents and only give the average of those cur-
rents. As such, the tetraquark model is not a self-verify-
ing because it cannot show which parts (via the Fierz
transformations) interact with each other strongly and
which ones do not. It may also address challenges in the
quantitative descriptions of XYZ states.

The calculations based on pure molecular currents
have been criticized because there is a large background
of the two free mesons spectrum. If the states indeed have
an absolutely dominate decay mode [45], there is no
problem (actually, the mass of the molecule state is close

Table 7. Summary of mixed state results.

Mixed state Mass/GeV N N Dominant part Possible Candidate
My, 3.987+006 0.349 14% 090G X(3872)
My, 4.945+008 0.285 9.0% 0904 -
Mc 3.818903 0.125 1.6% 00 X(3872)
My, 4770097 0.15 2.3% 0904 -
My, 4.266+098 0.11 1.2% 004q ¥(4230)
My, 46107005 0.06 <1% 0049 Y(4660)
My, 4.450*005 0.11 1.2% 0q0q Y(4415)
Mp, 4.505+99 0.09 <1% 004q -
Mp, 4.494+00¢ 0.10 1.0% 0q0q -
Mp, 4544005 0.08 <1% 004q -
Mp,, 4.536%09¢ 0.09 <1% 0q0q -
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to that of two free mesons). Otherwise, the mixing pat-
tern must be taken into account. The mixing of the typic-
al molecular currents 0Qgq and QgQg are suppressed
(perturbatively) by the small coefficients of Fierz trans-
formations, so the background of the two free mesons
spectrum is also suppressed. Non-perturbative correc-
tions play more important roles in the mixing correlator,
which can distinguish the real four-quark resonance from
the two free mesons. It should be the essential feature of
the mixing pattern. Our calculations show that the mix-
ing pattern is consistent with some of the XYZ states but

My2iGeV2
>

14
0.290 0.295 0.300 0.305 0.310 0.315 0.320

7GeV2

(a) MIQ-I dependence on 7 for My, . The solid line represents
/S0 = 4.4GeV, and the dashed line and the dotted lines
respectively represent /sg = 4.4 +0.1GeV .

fails for many others. Since the mixing correlator is nor-
malized by the two diagonal correlators, which may be
affected by a large background of two free meson spec-
trum, the real mixture may be larger than our estimate.
How to remove the background of the two free meson
spectrum is still a major problem.

APPENDIX A: QCDSR ANALYSIS RESULTS

Here, we show the 7 dependence of Mf, defined in
Eq. (11) for all mixed states.

28 ‘
27
26
25

24

My2iGeV2

23
22

21
0.220 0.225 0.230 0.235 0.240
7GeV2

(b) M?—I dependence on 7 for Mx,. The solid line represents
/S0 = 5.45GeV, and the dashed line and the dotted lines
respectively represent /sg = 5.45 £+ 0.1GeV.

Fig. A1. (color online) M, behaviors on 7 for 1** mixed states.

25

24

My2iGev2

22

21

0.240 0.242 0.244 0.246 0.248 0.250
7GeV2

(a) M121 dependence on 7 for My, . The solid line represents
V/50 = 5.3GeV, and the dashed line and the dotted line
respectively represent /sp = 5.3 £ 0.1GeV.

23

22

My2/GeV?

My2iGeV?
N
o

20

023 0.24 025 0.26 027 0.28 0.2¢
UGeV2

(c) M? dependence on 7 for My,,. The solid line
represents y/sg = 5.1GeV, and the dashed line and the
dotted line respectively represent \/sgp = 5.1 £0.1GeV.

20

0.2620 0.2622 0.2624 0.2626 0.2628 0.263(
GeV2
(b) ]\/IEI dependence on 7 for My, . The solid line represents

VS0 = 4.95GeV, and the dashed line and the dotted line
respectively represent /sg = 4.95 £ 0.1GeV.

22

21

0.26 0.28 0.30 0.32 0.34
UGeV2
(d) M%I dependence on 7 for My, ,. The solid line

represents /5o = 4.95GeV, and the dashed line and the
dotted line respectively represent /so = 4.95 £+ 0.1GeV.

Fig. A2. (color online) M2 behaviors on 7 for 17~ mixed states.
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22

0.20 0.22 0.24 0.26 0.28 0.30
GeV2

a) M2 dependence on 7 for Mp, . The solid line represents
H 1
4/S0 = 5.05GeV, and the dashed line and the dotted line
respectively represent /so = 5.05 £ 0.1GeV.

22

21

My2IGeV?

19

18

020 022 024 026 028 030 032 034
7GeV2

(c) M?% dependence on 7 for Mp_,. The solid line
represents 1/sp = 5.1GeV, and the dashed line and the
dotted line respectively represent /sp = 5.1 £ 0.1GeV.

22

21

My2iGev2
N
o

19

0.22 0.23 0.24 0.25 0.26 0.27
GeV 2

ependence on 7 for Mp,. e solid line represents
b ]M?{ d d for Mp,. The solid li
v/S0 = 5.05GeV, and the dashed line and the dotted line
respectively represent /sop = 5.05 & 0.1GeV.

22

0.22 0.24 0.26 0.28 0.30 0.32
GeV 2
(d) M?% dependence on 7 for Mp,_,. The solid line

represents /so = 5.1GeV, and the dashed line and the
dotted line respectively represent /sg = 5.1 £ 0.1GeV.

Fig. A3. (color online) M behaviors on 7 for 1-* mixed states.
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