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Abstract: Systematic trends in nuclear charge radii are of great interest due to universal shell effects and odd-even
staggering (OES). The modified root mean square (rms) charge radius formula, which phenomenologically accounts
for the formation of neutron-proton (np) correlations, is here applied for the first time to the study of odd-Z copper
and indium isotopes. Theoretical results obtained by the relativistic mean field (RMF) model with NL3, PK1 and
NL3 parameter sets are compared with experimental data. Our results show that both OES and the abrupt changes
across N =50 and 82 shell closures are clearly reproduced in nuclear charge radii. The inverted parabolic-like beha-
viors of rms charge radii can also be described remarkably well between two neutron magic numbers, namely
N =28 to 50 for copper isotopes and N = 50 to 82 for indium isotopes. This implies that the np-correlations play an
indispensable role in quantitatively determining the fine structures of nuclear charge radii along odd-Z isotopic
chains. Also, our conclusions have almost no dependence on the effective forces.

Keywords: nuclear charge radii, neutron-proton correlations, relativistic mean field theory, odd—even

staggering, shell closure

DOI: 10.1088/1674-1137/ac501a

I. INTRODUCTION

The nuclear charge radius R, is one of the most in-
dispensable parameters in characterizing the fundamental
properties of finite nuclei over the entire periodic table.
The evolution of nuclear charge radii along isotopic
chains exhibits particular features, such as odd—even stag-
gering (OES) and abrupt changes across neutron shell
closures [1-4]. Knowledge of these local variations gives
more insight into the information about charge density
distributions p,(r) and Coulomb interactions in nuclei.
Especially, various nuclear structure phenomena are asso-
ciated with charge radii, such as halo structures, shape co-
existence and onset of deformation [5—8]. Also, direct de-
termination of the neutron-skin thickness, which is
known as one of the most sensitive terrestrial probes of
the symmetry energy in the equation of state, usually in-
volves the precise measurement of the charge density dis-
tributions [9—24]. Thus, the accurate description of nuc-
lei charge radii plays an essential role in experimental and

theoretical studies.

Plenty of methods are employed to derive the nuclear
size, such as high-energy elastic electron scattering (e~)
[25, 26], muonic atom X-rays (u~) [27—-29], high-resolu-
tion laser spectroscopy [30], highly-sensitive Collinear
Resonance lonization Spectroscopy (CRIS) [31, 32], op-
tical isotope shifts (OIS) and K, X-ray isotope shifts
(K IS) [33]. Furthermore, the values of charge radii can
also be extracted indirectly from the experimental observ-
ables of a-decay properties [34—38] and cluster or proton
emission data [39]. With the accumulation of detected
data far away from the S-stability line, considerable ef-
forts have been undertaken in recent years to describe the
observed regular and universal behaviors of nuclear
charge radii along isotopic chains.

In general, the charge radius is ruled by the A!/? law
along the stability line [40, 41]. However, pronounced
discrepancies between experimental data and theoretical
results have been gradually found toward neutron- or pro-
ton-rich regions [2]. An improved empirical formula in-

Received 21 November 2021; Accepted 30 January 2022; Published online 14 April 2022
* Supported by the Reform and Development Project of Beijing Academy of Science and Technology (13001-2110); Supported in part by the National Natural Sci-
ence Foundation of China (12135004, 11635003, 11961141004, 12047513). X. J. is grateful for the support of the National Natural Science Foundation of China
(11705118). L.-G. C. is grateful for the support of the National Natural Science Foundation of China (11975096) and the Fundamental Research Funds for the Central

Universities (2020NTST06)
" E-mail: fszhang@bnu.edu.cn

©2022 Chinese Physical Society and the Institute of High Energy Physics of the Chinese Academy of Sciences and the Institute of Modern Physics of the Chinese

Academy of Sciences and IOP Publishing Ltd

064101-1



Rong An, Xiang Jiang, Li-Gang Cao ef al.

Chin. Phys. C 46, 064101 (2022)

cluding isospin and shell corrections has been proposed,
with which the root mean square (rms) deviation o in
nuclear charge radii falls to 0.022 fm [42]. Also, an ef-
fective five-parameter formula considering the Casten
factor and OES effect provides an almost comparable rms
deviation, o = 0.0223 fm [43]. Another set of phenomen-
ological formulas, called the Garvey-Kelson (GK) rela-
tions, produce an rms deviation o ~0.01 fm [44].
However, the GK relations rely on the adjacent nuclei of
known size [45, 46], which results in limited extrapolat-
ive ability [47, 48]. Another alternative form as a func-
tion of Z!/3 has also been proposed, with which the rms
deviation decreases to 0.007 fm [49], and corresponding
improved versions have also been derived [50, 51]. A re-
cent study shows that the considered 6R;,_j, relations
(i,j=1 or 2) also produce a similar rms deviation
(0-=0.0072 fm) in nuclear charge radii [52].

The mean-field approach, such as the non-relativistic
Hartree-Fock-Bogoliubov (HFB) model [53, 54] and re-
lativistic mean-field (RMF) theory [55, 56], can describe
nuclear charge radii in a self-consistent way. Both kinds
of models can produce the nuclear binding energies well,
but quantitatively fail to follow the fine structure of
charge radii along isotopic chains. Ab initio many-body
calculations with chiral effective field theory (EFT) inter-
actions encounter the same issues [57—-60]. Recently de-
veloped Bayesian neural networks can produce powerful
predictions for nuclear charge radii [61—63]. However,
the detailed trend of local variations, especially OES be-
haviors, cannot be reproduced well. In Ref. [64], the OES
in charge radii has been supplemented into a Bayesian
neural network. The strong OES behaviors of nuclear
charge radii are modelled very well for calcium isotopes.

Many possible mechanisms are employed to investig-
ate the systematic evolution of nuclear charge radii. The
intriguing features of OES and inverted parabolic-like be-
haviors in nuclear charge radii are clearly observed along
the calcium isotopic chain [2, 59, 65]. A good fit result
for neutron-proton radii differences can be obtained if the
core polarization caused by valence neutrons is taken in-
to account theoretically [66, 67]. For regions beyond
N =29, the results are not so clear. In Ref. [68], the soph-
isticated Fayans EDF model which considers a novel
density-gradient term in pairing interactions can almost
reproduce the OES of charge radii in calcium isotopes.
This means surface pairing interactions play a dominant
role in reproducing the fine structure of nuclear charge
radii. Nevertheless, a large deviation still exists beyond
N > 30. The latest study on mercury isotopes shows that
nuclear charge radii can be described predominately at
the mean-field level, in which pairing does not need to
play a crucial role in the origins of OES [69]. This may
suggest that many-body correlations can be gradually
captured by a mean-field approach with increasing mass
number.

Other possible mechanisms may have an influence on
nuclei size, such as quadrupole vibrations [70], a-particle
cluster [71], three- or four-body interactions [72, 73],
higher order radial moments (+*) [74, 75], deformation
[76—78], and especially the isospin symmetry breaking
results in the violation of Coulomb interactions [79]. As
argued in Ref. [80], the influence of isospin symmetry
breaking needs to be considered carefully in theoretical
studies. This reflects that the neutron-proton (np) correla-
tions at low density regions make contributions to the
nuclear charge radii. In fact, the formation of the OES in
nuclear charge radii due to four-particle correlations sug-
gests that np-correlations play an indispensable role [71].
A recent study has determined that the role of np-correla-
tions have a non-negligible impact on nuclear size [81].

As mentioned above, changes to nuclear size are de-
termined by many possible mechanisms. Therefore, a uni-
fied approach is necessary to describe the systematic
evolution of nuclear charge radii. In contrast to Fayans
EDF model, a phenomenologically-modified charge radi-
us formula associated with Cooper pair condensation has
been established in RMF theory [82]. This proposed mod-
el, namely the RMF (BCS) approach, yields results con-
sistent with experimental data not only for calcium iso-
topes, but also for 10 other even-Z isotopic chains. It is
necessary to further check our ansatz along odd-Z isotop-
ic chains. In this work, charge radii of copper and indium
isotopes are studied. Precise knowledge of nuclear charge
radii is essential for the understanding of the nuclear
force [75]. Therefore, theoretical results obtained by
NL3, PK1 and NL3' parameter sets are compared with
experimental data. The results obtained from a non-re-
lativistic Skyrme Hartree-Fock model with the SV-bas
force are also shown for comparison [83].

This paper is organized as follows. In Sec. II, a brief
outline of the theory is given. In Sec. III, the numerical
results and discussions are provided. Finally, a summary
is given in Sec. IV.

II. THEORETICAL FRAMEWORK

Relativistic mean field (RMF) theory with different
parameter sets has made considerable success in describ-
ing ground or low-excited state properties of finite nuclei
[84—102]. In the nonlinear self-consistent Lagrangian
density, nucleons are described as Dirac particles which
interact via the exchange of o, w and p mesons. The elec-
tromagnetic field is mediated by photons. The effective
Lagrangian density is defined as follows,

-, N -1
L=y |iyfo,—M—-goo—" (gwa)/,+gp7'-pﬂ+e 3A/,)}l//

2
+ 2(9“0'6”0' SMa0 = 38207 — 1830

064101-2



Evolution of nuclear charge radii in copper and indium isotopes

Chin. Phys. C 46, 064101 (2022)

1 1 1
- ZQWQ’” + = 2 wwﬂa/‘ + 46‘3(&)”0)”)
15 1
- ZR R 2 mzﬁ" Pu+ dg,(ﬁ"p,l)2
1
- ZF 0 P )]

where M is the mass of nucleon and m,, m,,, and m,, are
the masses of the o, @ and p mesons, respectively. Here,
8os 8w 8p» 82, 83, ¢3 and dz are the coupling constants
for o, v and p mesons. The field tensors for the vector
mesons and photon fields are defined as Q,, =0,w,
—0ywy, ﬁpv = yﬁv _avﬁy _gp(ﬁp xp,) and F=0,A,
—-0,A,.

The Dirac equations can be deduced from Eq. (1) and
expressed as

{-aV+V(r)+BM Wi = e, 2

where M* = M + S (r) is the effective mass of the nucleon,
which is significantly smaller and space dependent be-
cause of the o-meson field [103]. The fields S (r) and V(r)
are connected in a self-consistent way to densities. y; rep-
resents the spinor wave function, which yields the expect-
ation values of total energies, root-mean-square (rms)
radii, etc. The corresponding Dirac equations for nucle-
ons and Klein—Gordon equations for mesons and photons
are solved by the expansion method with the harmonic
oscillator basis [55, 104]. In the present work, 12 shells
are used for expanding the fermion fields and 20 shells
for the meson fields.

In the conventional RMF model, the mean-square
charge radius is calculated in the following way (in units

of fm’ ) [55, 104]:
frzpp(r)d3r

fpp(r)d3r

where the first term represents the charge density distri-
bution of point-like protons and the last term takes into
account the finite size effect of the proton [104]. To ac-
count for the experimentally-observed odd-even stagger-
ing of nuclear charge radii, a modified formula has been
proposed in Ref. [82], which is written as (in units of fm’ )

f r2p p(r)d3 r
f pp(dr

In this expression, the last term on the right hand is
related to the Cooper pairs condensation [105]. The quan-

R = +0.64 fm?, (3)

R = +0.64 fm? + 2L AD fm2. (4)
ch \/Z

tity A is the mass number and q is a normalization con-
stant. The quantity AD =|D, - D,| represents the differ-
ence in Cooper pairs condensation between neutrons and
protons. It is calculated self-consistently by solving the
state-dependent BCS equations [55, 106]. More details
are shown in Ref. [82].

III. RESULTS AND DISCUSSIONS

A. Shell effects of charge radii for Cu and In isotopes

In this work, the nuclear charge radii along copper
and indium isotopic chains are systematically investig-
ated. The pairing strength is generally determined
through the empirical odd-even mass staggerlng [107].
The pairing strength V,, =350 MeV fm’ is employed for
the NL3 set, but Vy =380 MeV fm’ is used for the PK1
and NL3' forces. The parameter ao involved in Eq. (4) is
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Fig. 1. (color online) Charge radii of copper (a) and indium

(b) isotopes with (open diamonds) and without (dashed line)
modified formula are plotted in the relativistic mean field
(RMF) framework with the NL3 parameter set. The experi-
mental data (solid circles) stem from Refs. [2, 4, 108, 109].
The results obtained by Hartree-Fock plus BCS approach with
SV-bas Skyrme parametrization, labelled HF (BCS) (dotted
line), are also shown for comparison [83].
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hereto consistent with Ref. [82], 0.834 for copper iso-
topes and 0.22 for indium isotopes. To facilitate the fol-
lowing discussion, the results obtained by Eq. (3) are de-
noted as RMF (BCS), while RMF (BCS)* represents the
modified results derived from Eq. (4).

In Fig. 1, the rms charge radii of copper and indium
isotopes are obtained by the RMF (BCS) and RMF
(BCS)* approaches. It is clearly shown that the RMF
(BCS) method is unable to give a satisfactory trend of
charge radii along copper isotopes, especially the rising
trend (defined as inverted parabolic-like behavior [110])
in the region between N =28 and N =50. Considering
the modified term, the RMF (BCS)* approach reproduces
the experimental data well. However, the odd—even oscil-
lation behavior is slightly overestimated in 7Cu iso-
topes, which may be attributed to the last unpaired pro-
ton and neutron that violate the time-reversal symmetry
[41]. In our calculations, the neutron-proton (np) correla-
tions coming from unpaired neutrons and protons are not
taken into account. The same scenario can also be found
in the odd-Z potassium isotopes where the OES is still
overestimated in charge radii [78]. As a comparison, the
results obtained by the HF (BCS) approach with SV-bas
Skyrme parametrization are also shown. The HF (BCS)

R.m.s. Charge Radius (fm)

model seems to reproduce the tiny variations between
N =31 and N =44 region, but larger deviation occurs in
neutron (proton)-rich regions, particularly around N =28
and N = 50. The shell effects can be described well due to
the rather small isospin dependence of the spin—orbit in-
teractions [111]. This means the isospin dependence of
the spin-orbit interactions are overestimated in the
Skyrme Hartree-Fock model for the SV-bas force.

As shown in Fig. 1(b), charge radii of indium iso-
topes obtained by the RMF (BCS) approach slightly devi-
ate from the experimental data between A =104 and
A = 122. These results are similar to those obtained by the
HF (BCS) model. As encountered in copper isotopes, HF
(BCS) still overestimates the rms charge radii across
neutron shell closures. The inverted parabolic-like beha-
vior can also be reproduced well by the RMF (BCS)* ap-
proach. As is well known, this inverted parabolic-like be-
haviors of charge radii between two strong filled-shells
are observed generally along isotopic chains, such as in
calcium [59], cadmium [112], tin [113], etc. Ref. [114]
points out that the parabolic-like behavior of charge radii
is formed due to a linear correlation between charge radi-
us and the corresponding quadrupole deformation. In our
study, the np-correlations associated with Cooper pairs
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Fig. 2. (color online) Charge radii of copper (a, ¢) and indium (b, d) isotopes obtained by effective forces PK1 [119] and NL3 [120].
The labels are the same as for Fig 1. The experimental data stem from Refs. [2, 4, 108, 109].
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condensation make a dominant contribution.

These nuclei with N =50 and N =82 closed-shells
are more difficult to be excited than their neighbors,
which is evidenced by their relatively high excitation en-
ergies and low excitation probabilities [115—117]. The
other intriguing phenomenon is a sudden increase in the
slope of the change of charge radius across the magic
numbers [2, 3], known as the kink. The abrupt change of
charge radii beyond the N =50 neutron shell closure is
shown in Fig. 1(a). A similar case was also studied earli-
er in RMF within the NL-SH parametrization set [118].
In Fig. 1(b), this rapid increase can still be reproduced by
the RMF (BCS) approach across the magic number
N =82. These characteristic phenomena are found dra-
matically in the latest studies of cadmium [112], tin
[113], mercury [69], etc. The shell closures have been
identified by this discontinuity in the slope of the change
of rms charge radii as a function of the neutron numbers
along isotopic chains. As mentioned in Ref. [113], the
pronounced kink at the N =82 shell results from the re-
duced neutron pairing. This has been attributed to the
rather small isospin dependence of the spin—orbit term in
the RMF model [111].

Precise knowledge of nuclear charge radii plays an
critical role in understanding the nuclear force [75]. In
Fig. 2, therefore, charge radii of copper and indium iso-
topes obtained by PK1 [119] and NL3 [120] forces are
presented. From the figure, one can find both parameter
sets describe the inverted parabolic-like behaviors well
for copper and indium isotopes if the np-correlations are
taken into account. Moreover, the abrupt changes of
charge radii are matched remarkably well across the
N =50 and N =82 neutron magic shells. However, the
odd—even oscillations of nuclear charge radii are overes-
timated in copper isotopes. Also, the modified results
with the PK1 force sli%htl?/ diverge with respect to the ex-
perimental data for R 1 isotopes. Overall, the rms
charge radii of nuclei can be described well by the NL3,
PK1 and NL3 parameter sets only if the contributions of
np-correlations are considered. The independence of the
results from the effective forces means that np-correla-
tions are the essential ingredient in describing the rms
charge radii. This is in agreement with the conclusion of
Ref. [82].

B. OES in nuclear charge radii for Cu and In isotopes

As is well known, OES of nuclear masses is gener-
ally observed throughout the nuclear chart [121]. The
same situation is encountered in nuclear charge radii
[1-3]. This staggering describes the fact that the nuclear
charge radii of odd-N isotopes are smaller than the aver-
ages of their even-N neighbours. In order to emphasize
these local variations, a three-point formula has been em-
ployed to extract the odd—even oscillation behaviors of
nuclear charge radii along a specific isotopic chain [68].

The definition is written as follows,

AN, Z) = %[R(N ~1,Z)-2R(N,Z)+RIN+ 1,Z)],  (5)

where R(N,Z) is rms charge radius for a nucleus with
neutron number N and proton number Z.

In Fig. 3, the degree of OES of the nuclear charge
radii along the copper and indium isotopic chains is plot-
ted as a function of neutron numbers. The results ob-
tained by the HF (BCS) method with SV-bas Skyrme
parametrization are also shown for comparison [83]. In
this figure, the RMF (BCS)* approach is able to repro-
duce the OES of nuclear charge radii along these two iso-
topic chains. However, this modified expression slightly
overestimates the results along the copper isotopic chain.
The trend of comparison is also evidently shown in Fig. 1(a)
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0.02 —
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0.04 = 1 | 1 | 1 | 1 | 1 | 1
£ 28 32 36 40 44 48 52
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N
i i 5
0.000 ':'% 1; ) 2 - .i
-0.004 |- i
[ o) In(Z=49), NL3 1
-0.008 —
11 1 1 l 11 1 1 l 11 1 1 l 11 1 1
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Neutron Number (A-Z)
Fig. 3. (color online) Odd-even staggering of nuclear charge

radii obtained by the RMF (BCS) (dashed line) and RMF
(BCS)* (open diamonds) approaches with the NL3 force along
copper (a) and indium (b) isotopic chains. The experimental
data (solid circles) stem from Refs. [2, 4, 108, 109]. The res-
ults obtained by Hartree-Fock plus BCS approach with SV-
bas Skyrme parametrization, labelled HF (BCS) (dotted line),
are also shown for comparison [83].
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Fig. 4.

(color online) Odd-even staggering of nuclear charge radii obtained using the PK1 [119] and NL3 [120] parameter sets for

copper (a, ¢) and indium (b, d) isotopes. The labels are the same as Fig 3. The experimental data stem from Refs. [2, 4, 108, 109].

where the amplitudes of OES in nuclear charge radii are
slightly exaggerated. The same scenario is reported in
Ref. [78], where the OES is also overestimated along the
potassium isotopic chain. We deem that this discrepancy
is associated with unpaired nucleons [77, 122, 123]. In
the present study, the np-correlations coming from the
unpaired neutron and proton are excluded. One can also
find that both RMF (BCS) and HF (BCS) models cannot
reproduce the OES well, and even give inverted trends.
On the other hand, as shown in Fig. 3(b), the RMF
(BCS) approach can reproduce the OES of charge radii
of indium isotopes well. RMF (BCS) fails to reproduce
that below N =60, and even gives an inverted sign
around N =73. The HF (BCS) model fails to give a reas-
onable description of these variations.

In Fig. 4, the degree of OES of charge radii for cop-
per and indium isotopes is shown with effective forces
PK1 and NL3'. One can find that the RMF (BCS) ap-
proach with these two parameter sets cannot give the odd-
even oscillation behaviors in copper isotopes. Toward the
neutron-rich region of indium isotopes, the same scenari-
os are encountered in both forces. By contrast, the RMF
(BCS) approach with the PK1 and NL3 parameter sets
can reproduce the general OES behaviors along copper
and indium isotopic chains, but slightly overestimates the
amplitudes of OES in copper isotopes. As discussed

above, this may result from the np-correlations originat-
ing from unpaired neutrons and protons.

As discussed above, there is a signal that locates the
strong shell effects, namely the abrupt changes of charge
radii across the neutron-rich shell closures [2, 82]. This
results in the apparently inverted parabolic-like behavior
of nuclear charge radii along isotopic chains between two
strong neutron closed-shells. The exact description of the
nuclear charge radius is still a long-outstanding and open
topic in nuclear physics. As one of the important input
quantities in astrophysics, reliable predictions of charge
radii of finite nuclei play an important role in theoretical
studies [124]. It is therefore necessary to give a unified
approach for predicting the nuclear charge radii through-
out the whole nuclear chart.

IV. SUMMARY AND OUTLOOK

In this work, firstly a modified formula is extended to
study charge radii of odd-Z copper and indium isotopic
chains. The NL3, PK1 and NL3 parameter sets are em-
ployed to investigate the systematic evolution of charge
radii with increasing neutron numbers. The RMF (BCS)*
approach with these effective forces can reproduce the
trend of changes well in copper and indium isotopes. Our
results show that the abrupt increases of charge radii oc-
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cur naturally in copper and indium isotopes beyond
N =50 and N = 82, respectively. This conclusion is con-
sistent with the latest data of nuclear charge radii along
cadmium and tin isotopic chains, where a discontinuity
aspect appears naturally across neutron-rich closed-shells
[69, 112, 113]. The inverted parabolic-like behaviors
between two neutron shell closures are also reproduced
well. The results obtained by these different parameter
sets show that our conclusions are almost force-independ-
ent.

The modified formula can reproduce the odd —even
oscillation behaviors (defined as A,), whereas RMF
(BCS) and HF (BCS) approaches fail to describe these
local variations. As argued in Refs. [80, 81], the neutron

-proton (np) correlations play an important role in de-
termining the fine structure of nuclear charge radii. In our
recent works [78, 82], the modified term associated with
Cooper pairs condensation is employed to capture neut-
ron-proton interactions phenomenologically. The odd-
even oscillation behaviors, however, are overestimated in
copper isotopes, especially close to the N =50 shell. This
can be attributed to the omission of the mp-correlations
originating from unpaired neutrons and protons in odd-Z
isotopes. Meanwhile, one should note that the OES is
well reproduced in odd-Z indium isotopes. This indicates
that np-correlations coming from unpaired neutrons and
protons are reduced with the increasing mass. Further
study is urgently required.
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