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Hadronic coupling constants of the lowest hidden-charm pentaquark state,
using QCD sum rules with rigorous quark-hadron duality”
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Abstract: In this article, we illustrate how to calculate the hadronic coupling constants of the pentaquark states with
QCD sum rules based on rigorous quark-hadron quality. We then study the hadronic coupling constants of the low-

1
est diquark-diquark-antiquark type hidden-charm pentaquark state with spin-parity J” = 3 in detail, and calculate
the partial decay widths. The total width T'(P.) =14.32+3.31 MeV is compatible with the experimental value
Ip.4312)=9.8% 2.73:; MeV from the LHCb collaboration, and favors assigning the P.(4312) to be the [ud][uc]c
1-
pentaquark state with JF = 5 The hadronic coupling constants have the relation |Gpp-5:+| = ﬁlGPDDE:|>>

|Gppoa:l, and favor the hadronic dressing mechanism. The P.(4312) may have a diquark-diquark-antiquark type
pentaquark core with the typical size of the ggg-type baryon states. The strong couplings to the meson-baryon pairs
DX, lead to some pentaquark molecule components, and the P.(4312) may spend a rather large time as the DX mo-
lecular state.
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I. INTRODUCTION

In 2015, the LHCb collaboration observed two
pentaquark or pentaquark molecule candidates, P.(4380)
and P.(4450), in the J/yp invariant mass spectrum in
AY — J/yK~p decays [1]. In 2019, also in the J/yp in-
variant mass spectrum, the LHCb collaboration observed
a new narrow pentaquark or pentaquark molecule candid-
ate, P.(4312), and confirmed the old structure P.(4450),
which consists of two narrow overlapping peaks,
P.(4440) and P.(4457) [2]. There have been several pos-
sible interpretations for the quark structures of the
P.(4312), P.(4440) and P.(4457), such as pentaquark mo-
lecular states [3-30], compact diquark-diquark-antiquark
type pentaquark states or diquark-triquark type
pentaquark states [31-47], color-octet-color-octet type
pentaquark states [48], hadrocharmonium pentaquark
states [49], etc.

In Refs. [36-40], we performed comprehensive in-

. o 1F 3F 5%
vestigations of the spin-parity J" == , = and 3
diquark-diquark-antiquark type hidden-charm pentaquark
states with QCD sum rules, by carrying out operator

product expansion up to the vacuum condensates of di-
mension 10 in a consistent way and explicitly separating
the contributions of the positive parity pentaquark states
from those of the negative parity pentaquark states. We
reproduced the experimental values of the masses of the
P.(4380) and P(4450) as coPlpact pentaquark states with

. . 3 .
spin-parity J* = 3 and - , respectively. Furthermore,
we obtained the lowest masses, 4.29+0.13 GeV and
4.30+0.13 GeV respectively, for the scalar-diquark—scal-
ar-diquark-antiquark type and scalar-diquark-axialvector-

diquark-antiquark type hidden-charm pentaquark states
with spin-parity J? :% [40], which are all consistent
with the mass of the P.(4312) observed later by the LH-
Cb collaboration [2]. We then updated the old analysis by
taking into account the vacuum condensates up to dimen-
sion 13 in a consistent way [44], and obtained flatter
Borel platforms and better predictions of the masses and
pole residues. The new analysis indicates that the lowest
scalar-diquark—scalar-diquark-antiquark type and axi-
alvector-diquark-axialvector-diquark-antiquark type com-

pact hidden-charm pentaquark states with spin-parity
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-
JP = 3 431+0.11 GeV  and
4.34+0.14 GeV, respectively, which are all consistent
with the mass of the P.(4312). The scalar-diquark-axi-
alvector-diquark-antiquark type hidden-charm pentaquark
state  with spin-parity J¥ = 3 has a mass of
4.45+0.11 GeV rather than 4.30+0.13 GeV [44].

In Ref. [13], we performed detailed investigations of
the DX., DX, D*I. and D*Y; pentaquark molecular
states with QCD sum rules, by carrying out operator
product expansion up to the vacuum condensates of di-
mension 13 in a consistent way. The theoretical predic-
tions of the molecule masses favor assigning the P.(4312)
to be the DX, pentaquark molecular state with spin-par-

. 1 . _
ity JP =5 » assigning the P.(4380) to be the DX}

. . . 3
pentaquark molecular state with spin-parity J = 7 and
assigning the P.(4440/4457) to be the D*X. pentaquark

have masses

. . . 3 _
molecular state with spin-parity J* = 5 or the D*%}

pentaquark molecular state with spin-parity J” = 5 In

the works of other theoretical groups, the P.(4312),
P.(4380), P.(4440) and P.(4457) are taken as pentaquark
molecular states, and their masses are studied with QCD
sum rules by carrying out operator product expansion up
to the vacuum condensates of dimension 8 [4, 15, 23] or 6
[11]. There are few works on the decay widths of the
P.(4312), P.(4380), P.(4440) and P.(4457). In Ref. [29]
and Ref. [30], the P.(4312) is assigned to be the
pentaquark molecular state, and its two-body strong de-
cays are studied with the QCD sum rules by carrying out
operator product expansion up to the vacuum condens-
ates of dimension 10 and 8, respectively. In Ref. [12], the
P.(4380) is assigned to be the pentaquark molecular state,
and its two-body strong decays are studied with QCD
sum rules by carrying out operator product expansion up
to the vacuum condensates of dimension 6.

It is odd that the experimental values of the masses of
the P.(4312), P.(4440) and P.(4457) can be reproduced
in the scenarios of both pentaquark states and pentaquark
molecular states with the QCD sum rules. A hadron has
definite quantum numbers and several Fock states. Any
current with the same quantum numbers and quark struc-
tures as a Fock state in a hadron potentially couples to
this hadron. In this respect, we can construct several cur-
rents to interpolate a hadron, or construct a current to in-
terpolate several hadrons. However, we should bear in
mind that a hadron has one or two main Fock states. We
call a hadron a pentaquark (molecular) state if its main
Fock component is of the diquark-diquark-antiquark type
(color-singlet-color-singlet type), and try to choose the
pertinent current to interpolate it. In the present case, the
diquark-diquark-antiquark type local pentaquark current
with definite quantum numbers potentially couples to a

definite compact pentaquark state, though this local cur-
rent can be re-arranged into a special superposition of a
series of color-singlet-color-singlet type currents, which
potentially couple to the pentaquark molecular states or
meson-baryon two-hadron scattering states with the same
quantum numbers [44]. The diquark-diquark-antiquark
type pentaquark states can be taken as a special superpos-
ition of a series of color-singlet-color-singlet molecular
states and embody the net effects, and vice versa.

We can borrow some ideas from the nature of the
light flavor scalar mesons, which are the subject of an in-
tense and ongoing controversy in establishing the meson
spectrum. The most elusive aspect is the quark configura-
tions of the f;(980) and ay(980), which have almost de-
generate masses. In the scenario of the hadronic dressing
mechanism, the scalar mesons f(980) and a((980) have
small or large gg cores of typical gg meson size, or large
[9q)5[Ggls cores in the relative S-wave with some ¢g
components in the relative P-wave. The bare ¢g or
[99]5[gg]s cores are dressed by hadronic interactions with
the pseudoscalar mesons. The strong couplings to the
hadronic channels or nearby thresholds enrich the pure gg
or [gql5[ggls states with other components, and they
spend part or most of their lifetime as virtual K*K~ or
KOKO states [50-55]. The QCD sum rules indicate that the
nonet scalar mesons below 1GeV are two-quark-tetra-
quark mixing states with large or small two-quark com-
ponents [56, 57]. Without introducing mixing effects, it is
difficult to reproduce the experimental values of the
masses of the nonet scalar mesons below 1 GeV [58, 59],
and account for the decays. In summary, the QCD sum
rules favor the hadronic dressing mechanism [54-57].

The hadronic dressing mechanism also works in inter-
preting the exotic X, Y and Z states. In Ref. [60], we
chose the [sc]p[5c]a — [sclal5¢]p type tetraquark current to
study the hadronic coupling constants in the strong de-
cays of the Y(4660), with the QCD sum rules based on
rigorous quark-hadron quality. The numerical values in-
dicate that for the hadronic coupling constants |Gy, | >
IGyssl, which is consistent with the fact that the
Y(4660) is observed in the ¥'n*x~ invariant mass distri-
bution, and favors the ¢’ f,(980) molecule assignment
considering the decay chains Y(4600) — ¢ f5(980) —
Y'ntnm [61, 62]. A similar mechanism may exist for the
pentaquark states and pentaquark molecular states, i.e. the
pentaquark states may have a diquark-diquark-antiquark
type pentaquark core with the typical size of the ggq-type
baryon states, the strong couplings to the meson-baryon
pairs lead to some pentaquark molecule Fock compon-
ents, the valence quarks are rearranged into color-singlet-
color-singlet periphery structures, and rather a large time
is spent as molecular states.

In this article, we study the hadronic coupling con-
stants of the lowest scalar-diquark-scalar-diquark-anti-
quark type hidden-charm pentaquark state with the QCD
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sum rules based on rigorous quark-hadron duality. We
study its two-body strong decays and estimate the mag-
nitude of the total decay width, examine the hadronic
dressing mechanism for compact pentaquark states, and
try to find a compromise between the scenarios of the
pentaquark states and pentaquark molecular states.

The article is arranged as follows. In Sect. II, we illus-
trate how to calculate the hadronic coupling constants of
the hidden-charm pentaquark states with the QCD sum
rules based on rigorous quark-hadron quality. In Sect. III,
we derive the QCD sum rules for the hadronic coupling
constants of the lowest hidden-charm pentaquark state

. . . 1
with spin-parity J” = = . In Sect. IV, we present the nu-

merical results and discussion, and Sect. V is reserved for
our conclusion.

II. HADRONIC COUPLING CONSTANTS OF
HIDDEN-CHARM PENTAQUARK STATES

In this section, we illustrate how to calculate the had-
ronic coupling constants of the hidden-charm pentaquark
states with the QCD sum rules. Firstly, let us write down
the three-point correlation functions I1(p, q),

M(p,q) =i’ f d*xd*ye e OIT {J(x)T () Tp(0)}10),
(1)

where Jp(0) = J;(O)yo, the current Jp(0) interpolates the
hidden-charm pentaquark state P., and Jy(x) and Jg(y)
interpolate the traditional meson M and baryon B, re-
spectively:

(OLTp(O)IP:(p")) = ApU(P',5) ,
OuO)IM(p)) = An

(0173(0)[B(q)) = A8U(q. s) , @

where Ap, 1y, and Ap are the pole residues or decay con-
stants, and U(p’, s) and U(g, s) are the Dirac spinors.

On the hadron side, we insert a complete set of inter-
mediate hadronic states with the same quantum numbers
as the current operators Jp(0), Ju(x), Jp(y) into the three-
point correlation functions Il(p,¢), and isolate the ground

ApAyAsGpus 1

state contributions of the pentaquark state P., traditional
meson M and baryon B to obtain the hadronic representa-
tion [63, 64],

(g +mp)Gpyupl’ (@ +mp)
(m3, — p?)(m% — g?)(m% — p’?)

I(p,q) = —idpAu s

>

)

where p’ =p+q, the Gpyp are the hadronic coupling
constants defined by

(M(p)B@)IP(p")) = GpupU(@)TU(p"), 4)

and the I" are some Dirac y-matrixes.

In the QCD sum rules, irrespective whether they are
two-point or three-point QCD sum rules, we take the
quark-hadron duality to match the hadron representation
with the QCD representation of the correlation functions,

g(p.q) = ocp(p.9) (%)

where we add the subscripts H and QCD to denote the
hadron side and QCD side, respectively. We expect the
equality,

1 1
ZTr [Mu(p.g"] = ZTY (Mocp(p, I ], (6)

survives after multiplying both sides by I and obtaining
the trace in the Dirac spinor space, where the I” are some
Dirac y-matrixes. If we choose I'=1 and I = o, then
we obtain:

%Tr [HH(p,q)wv] =u(p”, p*.q4) (Pﬂqv _vaIﬂ> ;
%Tr [HQCD(p, q)O',w] =Toen (P, P47 (I’Mv - qu/z) > (D

where Ty (p?, p?,q%) and Tocep(p?, p?,q*) are the relev-
ant components of the correlation functions Il(p,q) we
want to study on the hadron side and QCD side, respect-
ively. Let wus write down the components of
y(p"?, p?,q%) explicitly:

u(p, p.q*) =

pPM’(P,Za [9 qz)

+
(m3, — pP)my —g*)mp —p?) ~ (my, — p*)(m3— p’?)

f‘x’ dtpPB’(plzapzat)
s [_qZ

peut, 0% q) +prst. %4 |

1 f‘x’
+ dr
(my —g»)mp—p') Js, t-p?

s

1 f“’
dr
(m3, — pP)(my—q*) Jg 1—p”

®)
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where we introduce the four formal functions ppg(p’?,
P20, peu (P .47, ppu(,p*.q*) and ppp(t’,p*.q*) to
parameterize the complex couplings or transitions
between the ground states and the higher resonances or
the continuum states. In Ref. [12], the P.(4380) is as-
signed to be a pentaquark molecular state, and its two-
body strong decays are studied with the QCD sum rules,
with the second, third and fourth terms in Eq. (8) all neg-
lected. In Refs. [29, 30], the P.(4312) is assigned to be a
pentaquark molecular state, its two-body strong decays
are studied with the QCD sum rules, and all the terms in

Eq. (8) are taken into account, just as suggested in Ref.
[29]. In Refs. [65, 66], the ®*(1540) is assigned to be a
pentaquark state, and its two-body strong decays are stud-
ied with the QCD sum rules, where the second, third or
fourth term are neglected in one way or another. We
should take into account all four terms in Eq. (8) to de-
scribe the transitions between the ground states and the
first radial excited states in a robust way.

We rewrite the correlation functions Iy (p’%, p%,¢%) on
the hadron side as

9 sS, s9 ’ 00 S5, 9 ’
u(p?, p*. 4% =f ds’f dsf du— ZH(S ,s,zu) > +f ds’f dsf du— ZH(S ,s,zu) e
1y +my ) : 2 (S =p)s—pHu—-q°) Jg » x (& =pP)s-p)u-g7)
)
through the triple dispersion relation, where the pg(s’, s, 1) are the hadronic spectral densities,
Imy ImIm, [y (s’ +i6, s +ie,u +1
(s’ 5.1) = lim Tim lim my ImgIm,, IT5 (s 3163 s+ie,u+ie) ’ (10)
6—0 6—0 ¢— T
[
where A2 and A2 are the thresholds of the s and u chan- the QCD side in the deep Euclidean region
nels, respectively, and s, s9,, s are the continuum  P?=-p*>Adq, and Q®=—¢>> A% HOWGVCT, we
threshold parameters. cannot write the correlation functions Hocp(p?, p?,¢%) in
Now we carry out the operator product expansion on the form
s 59 s ’ X s
’ ! ’ " ’ pQcp(s’, s,u) K pacp(s’, s, 1)
11 CD(pz,p2,q2)=f dsf dsf du f dsf dsf du +oee,
° ey Jx - Jx o =pDs=pIu-g7) Jg (=P PP

(11)

analogously through the triple dispersion relation, because the QCD spectral densities pqcp(s’, s,u) cannot exist,

Im, Im, Im, IT s’ +ies, s+ie,u+ie

pocp(s’,s,u) = lim lim lim ————~ el R 2 D _p. (12)

&—0 6—0 ¢

We have to write the correlation functions

Hocp(p'?, p?,¢%) in the form

'

through the double dispersion relation, where the

PQCD(P s,u)

Hoco (P2 p*.4%) (S G-Pu-p)

)

(13)

pacp(p’?, s,u) are the QCD spectral densities,
Im,Im,I1 2 s+ie,u+ie
pacn (5,10 = lim lim MM TTocp(P AL D
6—0 ¢—0 T

(14)

Henceforth, for simplicity we will write the QCD

T

[
spectral densities pocp(p’?, s,u) in the form pocep(s, u).

As the duality below the three continuum threshold
parameters s%, s, and s% cannot exist simultaneously,

fsg ds’ fsz dsfsgdu PH(S', 8, 1)
(my+my)* 2 2 (S’ - ’2)(S - pz)(u - ‘]2)

d d pacp(s’, s,u) ’
;&f(mmey ’ f : Sf e e Y
(15)

we first carry out the formal integral over ds’, then match
the hadron side with the QCD side of the correlation
functions II(p%,p*,q>) below the two continuum
threshold parameters s9, and s% simultaneously to obtain
the rigorous duality [29, 60, 67-70],
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f dsf du(s p2)(u 9°) [f
where A2 = (my +mp)?.

°°d ,PH(S, 5, 1)
A2 s s _p12

densities in Eq. (10) to make the calculation rigorous and

We carry out the integral

according to the hadronic spectral

PG M)] f f
ds
s — 2 A

0 0
S, M SB
ds
2 2

__Pacp(s,u)

16
- (16)

robust, rather than just selecting or modeling the hadron
representations by hand as in Refs. [12, 65, 66]. Now let

us write down the quark-hadron duality explicitly,

ou(s’,s,u)

__pacp(s,u) f f fm , "8,
d d d
W= Je B e TP

where we introduce the parameters Cpy and Cpp to
parameterize the net effects by neglecting the depend-
ence on the variables 7, p’?, p? and ¢°,

_ ApAyuAsGpup Cpu+Cpp a7
(m%— p)(m2, - p)(my—q?) (- pP)(mh—q*)’
[
baryons B and mesons M,
5)
/ll-z exp (—Tml-z) = f dspqcp(s)exp(-7s), (19)
A

t,
Cpos = f dthP,zq),
59

I-p
t,
Cpp :f dt"Lp/zq). (18)
s t-p

From Eq. (17), we can see that the duality below the
continuum threshold parameters s, and s is rigorous.

In Egs. (16)-(17), the continuum threshold paramet-
ers 59, and 5% appear in both the hadron side and QCD
side of the correlation functions. As the spectroscopy of
the traditional mesons and baryons is known much better
than that of the pentaquark states, even though the
pentaquark states have not been established yet, we can
consult the experimental data from the Particle Data
Group and the theoretical predictions from the two-point
QCD sum rules to choose suitable continuum threshold
parameters 59, and 5%, which should be large enough to
fully include the contributions of the ground states, but
small enough to exclude the contaminations of higher ex-
cited states and continuum states.

In the two-point QCD sum rules for the conventional

d
% f dspqcp(s)exp(—7s)
2 TJIN
m? = . , (20)

1 S’
f dspqcp(s)exp(—7s)
A7

where i=B, M, 7= Lz
The predicted masses mpy and pole residues Ap/m vary
with the continuum threshold parameters s, oy In calcu-
lation, we observe that the uncertainties of the continuum
threshold parameters, s — s?+6s", can lead to uncertain-

, and T? is the Borel parameter.

ties of the masses and pole residues, m; — m;+
6/1 om;

om; and A; - A;+64;, with the relation 7 > ﬂ. In
mj

Egs. (16)-(17), and in other three-point QCD sum rules
for the hadronic coupling constants, we usually take the
physical masses mp/p/y as input parameters and neglect
the small uncertainties. Furthermore, we can factorize out
the pole residues Ag;s from the unknown functions
Cpum = AudpCpy and Cpp = AyApCpp,

ApGpuB Cpu+Cpg

__pacp(s,u)
L dszz o
The uncertainties from the continuum threshold paramet-
ers SS)VI/ p can be approximately absorbed into the pole
residues; considering the integrals ds and du on both
sides of Eqgs. (16)-(17), the net effects due to ¢s% v @
tiny. We choose the ideal values of the continuum

threshold parameters s?WB, which happen to reproduce

= p'A)myy — p?)(my — %)

. 21
(m3,— p*)(mp—gq?) @D

\
the experimental values of the masses myyp approxim-
ately, and neglect the uncertainties for simplicity.

In fact, the QCD spectral densities pgcep(s,u) cannot
be factorized out as pqcp(s)pqep(u), and the continuum
threshold parameters sy and uy are not necessarily those
obtained from the two-point QCD sum rules. We can take
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the values obtained from the two-point QCD sum rules as to obtain the stable QCD sum rules. The parameters Cp
a guide, and vary sy and ug to search for the best para-  and Cpp are not necessarily constants. They may depend
meters in the three-point QCD sum rules via trial and er-  on the Borel parameters, as there are complex interac-
ror. In calculation, we observe that the deviations §sy and tions or transitions between the ground states and the
dup can also be compensated by variations of the para- higher resonances or continuum states. After the double

meters Cpy and Cpg, if we fix the values of the pole Borel transform, some net Borel parameter dependence
residues Ay and Ag. The continuum threshold paramet- may appear

ers so and uy from the two-point QCD sum rules work . . . .
0 0 p Q If M is a charmonium or bottomonium state and B is a

well in the three-point QCD sum rules. . P
In numerical calculations, we can take the unknown  light flavor baryon state, we set p’= = p= and perform the

functions Cpy and Cpp as free parameters, and choose double Borel transform in regard to the variables
suitable values to account for the contaminations of the P2 =-p? and Q% =-¢” respectively to obtain the QCD

higher resonances and continuum states in the s’ channel sum rules,
ApAnAsGrus [ ( mzsz ( mp H ( my ) my  my
—————|exp|——5 | —exp|——= ||exp +(Cpyu+Cpplexp|—— — —
2_ 2 2 2 2 2 2
my, —ny, T T; T; Ty T

fAM dsfég dupqep(s, u)exp[ ] (22)
1

where 77 and T3 are the Borel parameters. On the other
hand, if M is a heavy meson and B is a heavy baryon
state, we set p’?>=4¢*> and perform the double Borel = Q%= —g¢” respectively to obtain the QCD sum rules,

ApAuAGpup my, m m, my m,
T exp| ——=2 | —exp| —— ||exp| ——= [+ (Cpas + Cpp)exp| —— — —2
[ P( 72 Pl=72 |||~ 72 (Cpm+Cpp)exp 72

transform in regard to the variables P?=-p? and

4(%20—’"%;) 2 2 1 Ty
f dsf dupqcep (s, u)exp( 2) (23)
2 2 2
_, mp .
where 7, = == M(p.q) =i’ f d*xd*ye” e (OIT {1, (x)In () Tp(0)}10),
In the QCD sum rules in Egs. (22)-(23), the Borel (25)

parameters 77 and 77 are independent parameters, and

the intervals of dimensions of the vacuum condensates  pore 7,,(x) = J, (x), J5(x), Jp- (1), T50) = Ia-(3), J5 (),
are small. In calculations, we can set 77 = T; = T2 to ob- J5.), and Jy(y):

tain much larger intervals of dimensions of the vacuum ‘

condensates, and therefore much more stable QCD sum

rules and much better accuracy of the predictions. In. (%) = c(0tyse(x),
Jpo(x) = E(x)iysu(x),
III. QCD SUM RULES FOR HADRONIC COUP- Jp-(x) = e(x)iysd(x),
LING CONSTANTS OF THE LOWEST HID- Ju(x) = E(x)yuc(x), (26)
DEN-CHARM PENTAQUARK STATE WITH
’=z InG) = #4ul ()Cysdy ) exy),
_ , _ Iz ) = Ul Cyau;0) Y vscx ),
In the following, we write down the three-point cor- kT o
relation functions T1(p,q) and I1,(p,q) in the QCD sum Jz: () = &7u; ()CYad i)Y 5k ()
rules: InG) = 7 ul (Cyatt; )y ysdi), 27)
H(p,q) = izfd4xd4yeip'xeiq'y<0|T {JM (X)JB(y)J_P(O)} |0> , JP(O) gllagljkglmn T(O)C')/Sdk(o) ul (O)C')/S Cn(O) CCT(O)
(24) (28)
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with a, i, j, --- being color indices. We choose the quark
currents  J, (x), Jpo(x), Jp-(x), Ju(x), Ja:(0), Js-(¥),
Js+(y), Jn(y) and Jp(0) to interpolate the hadrons 7., Do,
D=, J/y, AF, =+, 2F, p and P, respectively. Hence-
forth we will write the proton as A instead of p to avoid
confusion with the four-momentum p,,.

On the hadron side, we insert a complete set of inter-

mediate hadron states with the same quantum numbers as
the current operators J;, (x), Jpo(x), Jp-(x), Ju(x), Ia:(»),
Jz: (), Js+(y), In(y) and Jp(0) into the correlation func-
tions Il(p,q) and II,(p,q) respectively to obtain the had-
ronic representation [63, 64], then we isolate all the
ground state contributions and write them down expli-
citly:

oty ApA —i(g+ "+
pyn(p.q) = i 1+ my) @' +mp) Gpyn+--, 29
' 2 2 2 2 "
me (= p2) (i, = p?) (5, — )
fom:ApAn, —i(g+mn,) (P’ +mp)
HPD”A(*(p’q) = D 5 P > > > 5 GPD“A(* +-e, (30)
e (’”P‘p )(mD_l’ )(mAl_q)
2 .
my,Apds: —i(g+ '+
Hppos: (p.q) = fompleds: 2 l(f mzzl)(léz mﬁ) 2 Grprs: +-0 (1)
Me (= p2) (= p?) (m3, ~4?)
2 .
msAp Az —i(g+ "+
HPD’Z}*([’J]) = I D i mz,,)(lﬁ ) GPD’Et* T (32)
) )

(g +my) (GW“ —i

Gr
—U"ﬁpﬁ))’s @ +mp)
mp+my

IL(p,q) = fiymyydpAn

where we introduce the subscripts Pp.N, PD°A}, PDS}
and PD™X}* in the correlation functions II(p,q) to distin-
guish the corresponding hadronic coupling constants, and
we take the standard definitions for the pole residues or
decay constants Ap, Ay, Aa., As., fr., fp, fiw:

OO)IP(p')) = U ,5), OlINOIN(Q) = AnU(g,s),
(OlTA (0)A(@)) = A U(g, 5), (Ol (0)Zc(q)) = A5, U(g, s),
2 2
(01, (0)nc(p)y = ! gm”‘ , {0lp(O)D(p)) = Tom, :
ne; me
O ONI/Y(P)) = frrumippen(p,s),

(34)

and the hadronic coupling constants Gpyn, Gppa:s
Gppz:» Gpps:+» Gy and Gr:

M(PIN@IP(P)) = Gpyn U@U(P'),

(D' (PIAL@IP(P")) = Gppop: U@U(p),
(D (PZL@IP(P)) = Gppys- U@UP'),
(D™ (PEH@IPp')) = Gpps Ul@U(p'),

(J/W(PIN(@IP(p")) = —iU(q)SZ(va”

. G o ,
O, ﬁpﬂ)ys v, (35)
mp+my

(=) 5 =) (=)

PuPc
(—gm ;2)+ (33)

[
where U(p’,s), U(p,s) and U(q,s) are the Dirac spinors,
and g, is the polarization vector of the J/i.

In this article, we choose I = o, ¥5 £, ¥5 in Eq. (6),
and obtain the traces in Dirac spinor space:

Tr [HH(P,q)a',,V] =Tu(p2 P2 g% (p,,qv _ qypv) P

FN I N N

e[ (p.q)ys| = (02, P2 g g+ -+ -
(36)

We choose the tensor structures p,q, —qupy, gup-z and
gu to study the hadronic coupling constants, where z, is
an arbitrary four-vector we introduce to select the pertin-
ent Dirac structures. For simplicity, we neglect the expli-
cit expressions for the correlation functions
HH(p/Z»pzqu)a H;,(P/Z»Pz,qz) and H%,(PIQ,PZ,CIZ) on the
hadron side.

On the QCD side of the correlation functions, we
carry out the operator product expansion up to the vacu-
um condensates of dimension-10. The interval of the va-
cuum condensates is large enough to obtain stable QCD
sum rules in the case of a single Borel parameter. The rel-
evant Feynman diagrams are shown explicitly in Fig. 1.
Moreover, we assume vacuum saturation for the higher-
dimensional vacuum condensates. As the vacuum con-

063104-7



Zhigang Wang, Huijuan Wang, Qi Xin

Chin. Phys. C 45, 063104 (2021)

rd
s/
/’/ /
- /
X coeeem «-
N 4
4
\\\~ y’/
///
-7
-« 4
X ——- ’
Arpinit s
N -y
0
-7
P
-
X -«
—————
o Pid
Sy
rd
s !
/” I
Y 2 4
X ———— ,/
S 7
~ /’
<~
N 4

Fig. 1.

densates are vacuum expectations of the quark-gluon op-
erators of dimension n, we take the truncations O(a¥)
with n< 10 and k<1 in a consistent way, and write
(components of) the correlation functions Tocp(p’,
p*.q*) as

__Pacp(s,u)
N D)

bl

(37)

Moeo @ )= [ ds f
AZ 2

through the double dispersion relation, where for simpli-
city the Igep(p’?, p?,¢%) collectively represent the corres-
ponding correlation functions of the TIy(p’%, p?.q°),

’ - g /
<--
% ‘M
---->
Feynman diagrams contributing to the two-body strong decays. Other diagrams obtained by interchanging of the light quark

lines (solid lines) or heavy quark lines (dashed lines) are implied.

I1;,(p"?, p*.¢*) and I3, (p", p*,¢*) on the QCD side.

Here we take a short digression to discuss the vacu-
um saturation in performing the operator product expan-
sion. In the original works on this topic, Shifman, Vain-
shtein and Zakharov took the factorization hypothesis for
the higher dimensional vacuum condensates for two reas-
ons [63]. One is the rather large value of the quark con-
densate (gGq), and the other is the duality between the
quark and physical states, which implies that counting
both the quark and physical states may well become a
double counting since they reproduce each other [63].

In the QCD sum rules for the traditional mesons, we
always introduce a parameter « to parameterize the devi-
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ation from the factorization hypothesis by hand. For ex-
ample, in the case of the four-quark condensate,

(G9)* — «(gq)* [71-73]. As the (gg)* is always compan-

ied by the fine-structure constant «; = g—s, and plays only
a minor role, any deviation from « :ﬂl, for example,
k =2 ~ 3, cannot make much difference, though « > 1 can
lead to better QCD sum rules in some cases. In fact, the
vacuum saturation works well in the large N, limit [74].

On the other hand, in the QCD sum rules for the tetra-
quark, pentaquark and hexaquark (or molecular) states,
the four-quark condensate plays an important role. A
large value, for example, x = 2, can destroy the platforms
in the QCD sum rules for the current J.z:(x) in Ref. [75].
Furthermore, in calculation, we observe that the optimal
value is k=1, and vacuum saturation works well in the
QCD sum rules for the multiquark states.

Up to now, all the multiquark states have been stud-

ied with QCD sum rules by tacitly assuming vacuum sat-
uration for the higher dimensional vacuum condensates in
performing the operator product expansion, except for
some cases where the parameter « is introduced for the
sake of fine-tuning. The true values (also the next-to-
leading-order perturbative corrections) of the higher-di-
mensional vacuum condensates, even the four-quark con-
densates (gI'qgl”’q), where the I" and I stand for the Dir-
ac y-matrixes, remain unknown or poorly known, and we
cannot obtain robust estimations of the effects beyond va-
cuum saturation.

Now we come back to the correlation functions
I(p", p,4%), and integrate over ds’ first on the hadron
side, using Egs. (16)-(17), then match the hadron side
with the QCD side of the -correlation functions
TI(p", p?,4%) to obtain the rigorous duality. We then write
down the quark-hadron duality explicitly:

0 o0 L‘N
fsm, q fé,y q anCD(S’ u) f,,‘_m%( ApAN GP?]‘.N N Cp/n( +Cpn (38)
s u = )
4m? 0 (s=p*)(u—q?) 2me (m% - p'z) (m,% - pz) (mjzv - qz) (m72]( - P2)(m12V -4
0 0 DOA: 2
Sp S/\L pQCD (S, M) fDmD/lP/lA( GPDOA: CP/DU + CP/A’*
ds du > = ts— NG (39)
m? m (s—pH)u—q°) me (m]zD —p’2) (m% —pz) (mf\ - q2> (mp, = p?)(my —q°)
0 0 DUZ:’
f.sp ds fAEL d pQCD(S M) fDmD/lP/lz+ GPDOZ* + CP’D” + C‘P/ZL+ (40)
m m? (s=pH(u- ‘12) me (m% - p’z) (mD - pz) (m% - qz) (sz - pz)(mé -4 ,
0 0 D
ffn ds f% Pocn (8:1) fDmD/lpxlz Gpp-s: Cpp-+Cpx- @1
w e =D T T e (e ) - ) ) PP )
J/YN,1
S v Pocp (8:u) Gr -Gy Cpipi+Cpn,
f dsf “ R (s=pHu—g?) = Jarumapdrdn o 2\ (2 _ 2 2 - 2Ym2 —q?)’ (42)
4 S=pr)u—q (mP—p )(mj/w—p )(mN—q) (mj/w—l? )my, —g°)
2 M,
S50 5\ pggg (s,u) (mp—mpy)Gy —Gr ra—— Cpr]/,p’z + CprN,z
A ) A Ty T ma A > 2 R — o) (43)
4m S=pr)u—q (mP—p )(mj/w—p )(mN—q) (mj/w—l? )my, —g°)

where the parameters Cp, +Cpn, Cppo+Cpar, Cppot
Cry:, Cpp-+Cpyx, Cpypy1+Cpyy and Cpyyo+Cpip
are defined according to Eq. (18).

We perform a double Borel transform with respect to
the variables P> = —p* and Q? = —¢* respectively, using
Egs. (22)-(23) to obtain the QCD sum rules:
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2

fom2 Apdy Gpy [ [ m,z,b) ( mp]] ( mN) my  m,
- - exp| —— |—exp|—= ||exp| —— +(Cp,7 +CpN)exp —-—
2 _ 2 2 2 2 2 2
2me - mp—my, Ty Ty T T
XVOI( S?V s u
= dsf dup"‘N (s,u)exp(————), (44)
f4m; 0 Qcb le T22
_ 2 =2 2 2 2
fszD/lPﬂ/\( GPDOA+ |: ( mA ] ( mP]:i ( mDJ mA mD
= — |exp| ——> | —exp|——5 ||exp| ——= +(CP,DD+CpfA+)exp —-—— -
2 _ 2 2 2 2 ( 2 2
ame  mp—my Ty T3 n r; T
s 9 _
D Ac DAY Ky u
:f dsf dupQCD‘ (s,u)exp[——2 - —2) , (45)
"; "; T T
_ 2 ) 2 2 2
fDmf)/lp/ly Gpps: [ ( mz.) ( mp ]] ( mD] ms - myp
- — — |exp| ——" | —exp| —= ||exp| ——= +(CP,DO+Cpfz+)exp -— -
2_ 2 2 2 2 : 2 2
dme mp—mg, T3 T3 T; T3 T;
X?, ‘Yglv D"Z* u
=f dsf du,oQC]‘)(s,u)exp(——2 - —2) s (46)
2 ~2 2 2 2
fom3Apds: Gppgs- l [ ms, ] ( m )} ( ) my  mj,
— = — |exp|—— | —exp|—— ||exp| ——= +(Cp,D7+Cp/z++)exp -— -
2 _ 2 2 2 2 : 2 2
ame  mp—mg Ty Ty h ry T
59 9
D P D>+ S u
:f dsf dupQCﬁ (s,u)exp(——z——z) s (47)
" " T
2 2 2 2 2
Gyt My mp my My my
f]/wm]/w/lp/lj\]ﬁ exXp Y —eXp ey exp e +CV/T exXp R e
my—nmy,, T; T; T; Ty T;
fS‘}/wd fSONd V/T (s.0)e s u (48)
= s u s,u)expl-— - —= |,
A2 0 Paco P T? T}
mi/ mp+m
pt+my
Cv=|— — (CP'J/w,l + CP'N,I) + (CP’]/lﬁ,Q + CP'N,Z) DR 5
mp+nmpy mP—mj/w—mN
mp+my
Cr= [(mP - mN)(CP'J/c//,l + CP'N,I) + (CP'J/w,z + CP'N,Z)] R >
mp—my,, —ny
m%/w mp+m
v J/YN,1 J/YN,2 pt+my
Pocp(8su) = | ———p (s,u)+p, (s,u) ,
QCD mp+my’ QP QCD mf,—mi/w—mlz\,
J/YN,1 JIYN,2 mp+my
Pocn(5:1) = [(mp—mn) poin (5,10 +poen (510)] pr—— (49)

In t!qe isospin  limit, Ay = \/E/lz;, and p8§§(s, u)
= 2p8czl‘)(s, u). Then we can obtain the relation
Gpp s = \/iGpDoZ;, and neglect the QCD sum rules in
Eq. (47) in the numerical calculations. The explicit ex-
pr_essions of _the QCD spectral densities pg}CVD(s, u),
DA pUs: J/yN,1 JJYN2
,OQCD‘(S,M), PQCb(S,M), PQ/gD (s,u) and PQ/gD (s,u) are
given in the Appendix. We set the two Borel parameters

to be T?=T; =T?, following the arguments after Eq.
(23).

IV. NUMERICAL RESULTS AND DISCUSSION

On the hadron side, we take the hadronic parameters as
myp, = 3.0969 GeV, my = 0.93827 GeV, m, =2.9839 GeV,

mp = 1.86484 GeV, mp =2.28646GeV, and my =
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2.4529 GeV from the Particle Data Group [76], and

S0, =3.6GeV, \[s) =35GeV, [ =13GeV, fi, =
0
N

0.418 GeV, f, =0.387GeV [77], =25GeV, fp=
0.208 GeV [78], Ay =0.032GeV? [79], =3.1GeV,
Aa, = 0.022 GeV? [80], \/g =3.2GeV, A5 =0.045 GeV?
[81], mp =4.31GeV, and Ap = 1.40x 1073 GeV® [44] from

the QCD sum rules.
On the QCD side, we take the standard values of the
vacuum condensates (7q)=—(0.24+0.01 GeV)?, (Gg,0Gq) =
m2(Gq), m} = (0.8£0.1) GeV?, ;GG =(0.33 GeV)*
at the energy scale u=1GeV [64 63, 82] and choose the
MS mass m.(m.) = (1.275+0.025) GeV from the Particle
Data Group [76]. Moreover, we take into account the en-

ergy-scale dependence of the parameters from the re-nor-
malization group equation,

(1GeV) |7
<c7q><u>=<qq><16ev>[w} :

ag(u)
_ . a,(1GeV) |*
(GgsoGq)(u) = (qGgs0Gq)(1GeV) [— ,
as(.u)
)
mc(ﬂ) mc( c)[ Y((H)} s
) = 1 bilogt b(log*t—logt— 1)+ bobs
S bt | TR bir ’
(50)
2 33-2n; 153 - 19n;
u / 1
h t=log—, bg= b = by =
where og— 0 a2 a2
2857_50933nf 3225 2
T2  and A=210, 292 and
12873

332 MeV for the flavors ny =5, 4 and 3, respectively [76,
83], and evolve all the parameters to the acceptable en-
ergy scale y with ny =4 to extract the hadronic coupling
constants Gpyn, Gppa+>» Gppys:» Gy and Gr, as the hid-
den-charm pentaquark state, charmonium states, charmed
mesons and charmed baryons are involved.

The best energy scale of the QCD spectral density in

ApAyAsGpup

2_ 2
mP mM

Sy S}
= f dsf dupqcp(s, u)exp (—ts—Tu) ,
A A

ApAyAGpup [ p( 2

4 (%fg - m%)

Sy 5
=f dsf dupqcep(s,u)exp(—ts—Tu),
A A

—‘rmB) —exp (—T%fo)] exp (—Tm,zw) +(Cpy+Cpp)exp (—

the QCD sum rules for the lowest diquark-diquark-anti-
quark type l}ldden -charm pentaquark state with the spin-

parity JF = 5 isu= 2.3 GeV [29], which is fixed by the
energy scale formula u = \/ X/v/z/P —(2M,)? with the ef-
fective c-quark mass M, = 1.82 GeV in the case of the
constituents being the charmed diquark (antidiquark)
states in the color antitriplet (triplet) [84-87]. The energy
scale u=2.3GeV is too large in the QCD sum rules for
the mesons 7., D°, D™, J/¥ and baryons A}, £ =F N.
In this article, we take the}:n energy scales of the QCD spec-
tral densities to be u= 7" =1.5GeV, which is accept-

able for the charmed mesons and charmonium states, at
least based on our previous studies [88]. In Ref. [89], R
Albuquerque et al. try to obtain energy-scale-independ-
ent QCD sum rules for the tetraquark (molecular) states.
However, they choose too-large continuum threshold
parameters and too-large energy scales of the QCD spec-
tral densities. For example, for the DD molecular state
with the quantum numbers J7¢ = 0**, they choose the en-
ergy scale u = 4.5 GeV and continuum threshold paramet-
er /5o =2Mp+(1.1~19)GeV =3.739+(1.1 ~ 1.9) GeV,
and obtain the mass of the molecular state Mpp.) =
3.898 £0.036 GeV, which already includes contamina-
tions from the higher resonances and continuum states.

In the two-point QCD sum rules for the hidden-charm
pentaquark states P., conventional baryons B and mesons
M (see Egs. (19)-(20)), the predicted masses mp;p;y and
pole residues Ap/p; vary with the input parameters on
the QCD side, such as the vacuum condensates, quark
masses and continuum threshold parameters. If we
choose the masses mp;p/y and pole residues Ap; g/ as in-
dependent parameters, which have their own uncertain-
ties, we should overestimate the uncertainties. Following
the arguments in Section II, we neglect the uncertainties
of the hadron masses and continuum threshold paramet-
ers for simplicity, and take into account the uncertainties
from other input parameters besides the Borel parameters
on the QCD side.

In the three-point QCD sum rules, we usually set
T?=T;=T? by merging the two Borel parameters in
Eqs (22) (23) to obtain stable QCD sum rules:

[exp (—Tm,zw) —exp (—Tm%,)] exp (—Tm%) +(Cpy +Cpp)exp (—ijzw - Tsz)

(51)
2 2
‘rmB—TmM)

(52)
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1
where 7= . We can choose ¢ to stand for the vacuum
T a,GG

condensates (Gq), {Ggs;0Gq), <—> or c-quark mass.

The uncertainties & — £+6¢ lead to the uncertainties

ApAyApGpyp — ApAyApGpyp +0ApAyAgGpup, Cpu —
Cpy+06Cpyr, Cpp— Cpp+6Cpp, where
ol o4
5/lp/lM/lBGPMB =/1P/1M/lBGPMB £ + =
Ap Ay
64p 5GPMB)
+ —+ . 53
A Gpus (53)

In the two-point QCD sum rules, we can also choose

£ to stand for the vacuum condensates (gq), {Gg,0Gq),
a,GG

> or c-quark mass, and the uncertainties & — &+ 6&

lead to' the uncertainties Ap = Ap+81p, g — Ag+61g,
Ay — Ay +6 Ay The uncertainties may have the rela-
tions A; # A; or A; = 4; with i = P, B, M. In calculation, we
Sdp  6dy _ Odp

can take the approximation = =
Ap Ay Ap
oG . . od od
VB in Eq. (53), or equivalently, set LE_TM
Ap Am
. ... oG
B _ 0, and obtain the uncertainties PMB, then take
B PMB
the replacement,
oG 16G
pup _ 10Gpus (54)

Gpup 4 Gpup '’
to avoid overestimating the uncertainties of the hadronic
coupling constants.

We choose the values of the free parameters as
Cpy +Cpn =—1.167x1075GeV®,  Cppo+Cpp: = 1.24x
107%GeV'T?, Cpp+Cpy: ==5.14x1079GeV'T?, Cy =
2.406% 1075 GeV?, and Cr =4.12x 1076 GeV® VT2 to ob-
tain flat platforms in the Borel windows
T2 =@4.7-57)GeV?, (23-3.1)GeV?, (1.9-2.7)GeV?,
(3.5-4.5)GeV? and (3.1-4.1)GeV? for the hadronic
coupling constants Gp, n, Gppe Ass Gppos:» Gy and Gr, re-
spectively. We fit those values to obtain the same inter-
vals of flat platforms T2, -T2 =10GeV? and
0.8 GeV? for the hadronic coupling constants Gpyz in the
case of M = charmonium states and D mesons, respect-
ively [60, 67-70], where T4, and T2, are the maximum
and minimum values of the Borel parameters, respect-
ively. As the uncertainties & — &+ 6¢ lead to uncertain-
ties of the unknown functions (or free parameters)
Cpy— Cpy+6Cpy, Cpp— Cpp+d6Cpp, we have to
vary Cpy and Cpp accordingly to obtain stable QCD
sum rules for the hadronic coupling constants Gpyp With
variations of the Borel parameters.

In the QCD sum rules for the hadronic coupling con-
stants between the pentaquark (or tetraquark) states and
two conventional hadrons, we have to introduce the para-
meters Cpyp (or Cx/y/zmm) to subtract the contributions
from the higher resonances and continuum states in the

channel s’. In fact, we have no knowledge about the val-
ues of the parameters Cpyp and Cxjyjzmm, even of
whether or not they depend on the Borel parameters 72.
We resort to the same criterion in all the QCD sum rules
to choose the Borel parameters T2, i.e. we vary the para-
meters Cpyp or Cxyyjzmm Via trial and error to obtain the
same intervals of flat platforms T2, -T2 =10GeV?
and 0.8 GeV? for the hadronic coupling constants Gpyp
(Gx/yjzmum) 1n the case of M = charmonium states and D
mesons, respectively [60, 67-70]. This works well in all
the QCD sum rules.

Finally, we take into account the uncertainties of the
input parameters on the QCD side, and obtain the values
of the hadronic coupling constants Gpyn, Gppop-» Gppos-»
Gy and Gy, as shown in Fig. 2: L (

IGpyn| =0.40£0.16
—0.40+£0.04,
Gppon: =0.24£0.06
—0.24+0.02,
Gpyz.| = 1.15+0.31
— 1.15+0.08,
Gy =035+0.16
—0.35+0.04,
Gr=0.11+0.03
—0.11+0.01. (55)

Now it is straightforward to calculate the partial de-
cay widths of the two-body strong decays:

(P, > n.N) =31.3972G3, y MeV,
=5.02+1.00MeV,

[(P.— D°A})=49.4472G},, MeV,

=2.85+047MeV,

[(P.— J/YN) =29.5806G%-97.1516GyGr+80.2825G?,,

=6.45+1.84 MeV.

(56)

If we saturate the decay width of the P, with the two-
body strong decays to n.N, D°A} and J/yN, we can ob-
tain the total width I'(P.) =14.32+3.31 MeV, which is
compatible with the experimental value TI'p4312) =
9.812.71’3; MeV from the LHCb collaboration [2]. The
present calculations also support assigning the P.(4312)
to be the diquark-diquark-antiquark type hidden-charm

pentaquark state with spin-parity J” = % . The P.(4312)
may have a diquark-diquark-antiquark type pentaquark
core with the typical size of the gqg-type baryon states,
the strong couplings to the meson-baryon pairs DT} and
D~X!* lead to some pentaquark molecule components ac-
cording to the large hadronic coupling -constants
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Fig. 2.
respond to Gpy.v, Gppops» Gppogt» Gv and Gr, respectively.

IGpp sl = V2IGpis.|> [Gppya:l, and the P.(4312) may
spend a rather large time as the DL} and D~X/* molecu-
lar states, just as in the case of the f;(980), ao(980) and
Y(4660). In Ref. [29], we tentatively assigned the
P.(4312) to be the DX, pentaquark molecular state with

. . 1 .
spin-parity J* = 3 explored its two-body strong decays
with the QCD sum rules, and obtained the partial decay
widths r,.(4312) - n.N) =0.255MeV and
[(P.(4312) - J/yN) =9.296 MeV. The P.(4312) has

quite different branching fractions in the scenarios of the
pentaquark state and pentaquark molecular state. We can

T’ (GeV?)

(color online) Hadronic coupling constants with variations of the Borel parameters 72, where (1), (1), (III), (IV) and (V) cor-

search for the P.(4312) in the n.N, DA} and J/¥N in-
variant mass spectrum, and measure the branching frac-
tions Br(PC(4312) — nN, DYA, J/a,l/N) precisely. This
may unambiguously shed light on the nature of the
P.(4312), test the predictions of the QCD sum rules, and
examine the hadronic dressing mechanism. If the hadron-
ic dressing mechanism works, the P.(4312) has both
diquark-diquark-antiquark type and meson-baryon type
Fock components, and we should introduce mixing ef-
fects in the interpolating current and fix the mixing angle
by precise experimental data in the future.
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V. CONCLUSION

In this article, we have illustrated how to calculate the
hadronic coupling constants of the hidden-charm
pentaquark states with QCD sum rules based on rigorous
quark-hadron quality, then studied the hadronic coupling
constants of the lowest diquark-diquark-antiquark type
pentaquark state with spin-parity J* = %_ in a consistent
way. The predicted total width I'(P.) = 14.32+3.31 MeV is
compatible with the experimental data T'p sz =
9.812.7:31; MeV from the LHCb collaboration, and fa-
vors assigning the P.(4312) to be the [ud][uc]c type com-
pact pentaquark state with spin-parity J© = %_. The
P.(4312) may have a diquark-diquark-antiquark type
pentaquark core with the typical size of the ggq type ba-

on pairs DT} and D™X}* lead to some pentaquark mo-
lecule components, based on the large hadronic coupling
constants |Gpp x| = \/§|GPD(.E:| > |Gppon:l, just as in the
case of the f,(980), ap(980) and Y(4660). The P.(4312)
has quite different branching fractions in the scenarios of
the pentaquark state and pentaquark molecular state, so
we can distinguish or obtain a compromise between the
two scenarios unambiguously by measuring the branch-
ing fractions Br (PC(4312) — neN, DPAY, J /d/N) precisely.

APPENDIX

The explicit expressions of the QCD spectral densit-
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where xy =
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