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Self-consistent mean field approximation and application in
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Abstract: In this study, we apply a self-consistent mean field approximation of the three-flavor Nambu—Jona-Lasin-

io (NJL) model and compare it with the two-flavor NJL model. The self-consistent mean field approximation intro-

duces a new parameter, «, that cannot be fixed in advance by the mean field approach itself. Due to the lack of exper-

imental data, the parameter, «, is undetermined. Hence, it is regarded as a free parameter and its influence on the chir-

al phase transition of strong interaction matter is studied based on this self-consistent mean field approximation. « af-

fects numerous properties of the chiral phase transitions, such as the position of the phase transition point and the or-

der of phase transition. Additionally, increasing & will decrease the number densities of different quarks and increase

the chemical potential at which the number density of the strange quark is non-zero. Finally, we observed that « af-

fects the equation of state (EOS) of the quark matter, and the sound velocity can be calculated to determine the stiff-

ness of the EOS, which provides a good basis for studying the neutron star mass-radius relationship.
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1 Introduction

Since the introduction of the concept of neutron stars
and their observation, the equation of state (EOS) of the
quark matter at finite density with vanishing temperature
has been the subject of extensive research. Once the EOS
is obtained, the neutron star mass-radius relationship can
be calculated by solving the Tolman-Oppenheimer-
Volkoff equations [1]. By comparing the theoretical
mass-radius relationship with the results obtained from
astronomical observations, the theory of strong interac-
tion can be proven.

The basic theory of the strong interactions is de-
scribed by quantum chromodynamics (QCD). Neverthe-
less, because of the invalidation of the perturbative QCD
method in the low-energy region, it is difficult to obtain a
reliable EOS from the first principles of QCD. To solve
this problem, several approximate methods that incorpor-
ate the basic features of QCD are adopted to calculate the
EOS of the quark matter, such as the MIT bag model and
Nambu —Jona-Lasinio (NJL) model. Although all these

models have their own weaknesses, they play an import-
ant role in the study of the EOS of the quark matter.

The NJL model was initially proposed by Nambu and
Jona-Lasinio in 1961 [2, 3]. After continuous develop-
ment, the NJL model has been widely adopted as a quark
model to describe cold dense matter in neutron and quark
stars [4, 5]. To calculate the relevant physical quantities,
we need to apply mean field approximation in the NJL
model [4].

The Fierz transformation is a mathematically equival-
ent transformation, where the original Lagrangian, £, and
transformed Lagrangian, Lr, are equivalent. Neverthe-
less, when we employ the mean field approximation, we
observe that (£) is no longer equal to (Lr), because the
Fierz transformation and mean field approximation are
not commutative (notation ( - ) denotes the mean field ap-
proximation). Apart from these two forms, we can also
construct multiple new refined equivalent Lagrangians by
calculating the linear combination of £ and L:

Lr=(-a)L+aLlF, (1)
where « is an arbitrary complex number. Therefore, an
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important question arises: What effective Lagrangian
should be theoretically assumed for the mean field ap-
proximation? To obseve this more clearly, we recall the
mean field approximation employed in previous studies
within the framework of the NJL model. In the original
mean field approximation, the Fierz transformation is not
performed, indicating that @ is zero in our model.
However, as the authors point out in Refs. [6, 7], this ap-
proximation is theoretically not self-consistent at the level
of the mean field approximation. Refs. [6, 7] indicate that
to obtain a self-consistent result in the sense of a mean
field approximation, the contribution of the Fierz trans-
formed Lagrangian must be taken into account. After-
wards, @ =1/2 is adopted in the effective Lagrangian,
proposed in Ref. [4]. However, there is no physical re-
quirement that the value of @ must be 1/2.

Consequently, the authors of Ref. [8] propose that the
value of @ cannot be determined in advance by the mean
field approach, but in principle must be determined by
experiments or astronomy observations. For example, if
the NJL model is applied to describe cold, dense matter in
neutron stars, parameter ¢ may be constrained by the dis-
covery of two-solar-mass neutron stars [9-12] and the
gravitational-wave signal from the neutron star merger
GW170817 [13—17]. Hence, our novel self-consistent
mean field approximation differs from the previous mean
field approximation only with respect to the value of a.
Notably, the value of parameter « is determined by relev-
ant experiments of finite density in our theoretical model,
that is, @ depends on the density. This is because para-
meter « essentially reflects the weight of the vector chan-
nels under finite density [18], and the vector channels
with different densities also have different weights.
However, due to the lack of experimental data, in this pa-
per we considera as a free parameter and study the ef-
fects of this free parameter on the phase transition of
strong interaction matter. By applying the self-consistent
mean field approximation in the two-flavor NJL model,
Ref. [8] has noted that parameter « plays a crucial role in
the study of the strong interaction phase diagram. Fur-
thermore, Ref. [18] presents a conclusion that the stiff-
ness of the EOS obtained from two-flavor NJL model can
increase significantly to support a two-solar-mass pure
quark star as a increases.

In this paper, we extend the self-consistent mean field
method described above from 2 flavors to 2 + 1 flavors
strong interaction matter at finite density and zero-tem-
perature, and explore the effect of @ on the phase trans-
ition of three-flavor quark matter. Because most studies
on the inner structure of neutron stars have assumed that
the neutron stars are composed of u, d, and s three-flavor
quarks, we believe that this work will aid in studying the
EOS of neutron stars. Moreover, we compare the proper-
ties of the two-flavor and three-flavor quark matter in the

framework of self-consistent mean-field approximation.
Notably, the Minkowski space metric, g, = {1,-1,-1,

—1}, is adopted, and we selected the three-momentum non-

covariant cutoff scheme as the regularization scheme.

2 Self-consistent mean field approximation in
the NJL model

2.1 Two-flavor NJL model

The standard two-flavor NJL Lagrangian with inter-
action terms in scalar and pseudoscalar-isovector chan-
nels is obtained by [4]

L=Jy"0,-my +G|@)* + @iy'y)’], (@)
where m =diag(m,, my) is the current quark mass, which
satisfies m, =mg =mg; 7;(i=1, 2, 3) are the three Pauli

matrices acting in isospin space, and G denotes the coup-
ling constant. The Fierz identity of the Lagrangian is [4]

- G- -
Le =P B =m+ - |G = 20797
1 - - -
+ 5@+ 2Wyys0)’ - WGiysy)®
- 1 - -.
—@r)’ - @ Ty + GiysT)’ | ()
Our redefined mean field Lagrangian is:
(Lr) =1 =a){L)+a(LF). “4)
Based on our new Lagranian, we assume that the temper-
ature is zero. Then, the two-flavor gap equation is ex-
pressed as:
my =my+igl2(1 - )N, + /2] Z trs S
fr=ud
=my+iG2N, +1/2) Z s’ (5)
fr=u.d
where m;( f =u,d) are the constituent quark masses, f” is

a summation index, N, =3, g = -, and

A
¢p 1 [1-04;-ED]  ©

S/ = 2im’, | —=—
) e g

Here, 6 is the unit step function, E; = [p*+ (m;i.)z, and A
is the three-momentum cutoff. By calculating this integ-
ral, we obtain

f lm} 2 2 32 o =1 A
trS =—ﬁ|:/\1'/\ +(mf) —(mf) sinh ?

f
}, ™)

Z
S~ *

= Ay A+ (m) + (m;)2 sinh™!

3
~ *

where
Af = (H*f)2 - (m})2 : 9(#; - mf) 3

and My is the effective chemical potential that satisfies
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W= ), (A ©
fr=u,d

2.2 Three-flavor NJL model

The three-flavor NJL model with the scalar-pseudo-
scalar and six fermion interaction is obtained by [5]

L=y 0, —myy+ LY+ LO, (10)

where ¥ = (W, Ya, ¥,)" denotes a quark field with three
flavors, and m = diag(m,, my, ms) is the corresponding
mass matrix. We assume isospin symmetry on the Lag-
rangian level, m, = my, whereas m; is in general different.
The Lagrangian contains two independent interaction
terms, which are calculated by

L9 = —K[dety(1 +ys)y+dewy(1-ys)y],  (12)

where 10 = \/gl and Ai(i=1, ---, 8) are eight Gell-Mann
matrices.
The Fierz identity of £® is [4]

3G . .
Ly = ‘m[ﬁmaow)z —WyysA')’l (13)

As for £©, we express the six-fermion Lagrange density
as an effective four-fermion interaction, such that [4]

8
LO-®) = Z Ki[(kﬁ ) = (Firys /lilp)z]
i=0

+ K| @) @200) + @2°0) @A)
— K| @ys ) @iys ) + Griys Au) iys By,

£o= Gi | @)+ @iysa'wy, (11) (14)
i=0 and the Fierz identity of £©~® is
Lo =%M{Km[<ww>w°w> + G B G L)~ Fiys ) Fiys )|
+ K GLDGLD) + 5G9 G 19) - Giys L) Fiys )|
+ ZSO] K| @d)? + %(Ww'w)z - (&im’wz]}, (15)

where
1
Ky = gi(NC + DK (trS * +2trS ),
1
Ky = Ky = K3 = =5i(Ne + DKuS*,

1
Ky = Ks = Ko = K7 = = 5i(Ne + DKuS ",

1
Ky = Zi(Ne+ DK(US ~ 41rS"),

2
K, = %i(zvc +DK@S* —uSY).  (16)
Based on the self-consistent mean field approximation,
the three-flavor gap equation is obtained by:

m; =m; + (1 —a)digN trS'
—2k[2N.(1 = @) + a)(N, + DS /trS*
=m; + 4iGNtrS' —2KN*trS /trS¥, (17)
where (i, j, k) can be any permutation of (u, d, s),

G 9K

= k =
=10~ 46-50)
(8), and the effective chemical potential satisfies

, trS/ is obtained from Egs. (7) and

; 2ag :
w=pmsa ), (A (18)
4 fr=u,d,s

3 Numerical calculation and result analysis

Due to the lack of experimental data at large chemic-
al potentials, parameter « cannot be determined using the
experimental results; hence, we regard a as a free para-
meter. As a preliminary study, we only consider the case
where « is a real number.

In Fig. 1 and Fig. 2, the constituent quark masses, my
(left panel), and chiral susceptibilities [19]

W y)

om; (19)

Xmf = —
(right panel) are plotted as functions of a common quark
chemical potential, u, and numerous interesting results
are observed. Ref. [8] discussed the two-flavor NJL mod-
el extensively; hence, we concentrate on the three-flavor
model in this study.

First, the behavior of the constituent masses, m;, = m},
and chiral susceptibilities, x,u = xmd, €xhibits some simil-
arities with the two-flavor model. For example, the chiral
susceptibility exhibits different behaviors with different
a. As « is lower than the critical value, ., (a. is approx-
imately 0.55 in the three-flavor NJL model, while is ap-
proximately 0.69 in the two-flavor model) the chiral sus-
ceptibility is discontinuous at the chiral phase transition
point, u., which indicates that the phase transition is a

074104-3



Chinese Physics C Vol. 44, No. 7 (2020) 074104

RS e im0 g gL i e
il 0 | o a=055

i o= 065

) © a= 075
250+ o a= 085 ]

~200

' (MeV)

150 3
100

S

1] L

250 300 350 400 450 500 550 600
2#(MeV)

Fig. 1.

20 e

a = (.55
a = (LoF
a = 0.75

)
i

-
=

2,(10°MeV?

=
o

0.6

0.2

O . . . —
250 300 350 400 450 500 550 600
2#(MeV)

(color online) Two flavor quark matter properties as functions of a common quark chemical potential, y, at zero temperature.

(Parameters are expressed as A =631 MeV, GA? =2.02, m, =mq =m=5.5 MeV [4].) Left: Constituent quark masses m;, = m’,. Right:
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(color online) Three flavor quark matter properties as functions of a common quark chemical potential, y, at zero temperature.

(Parameters are expressed as A =631.4 MeV, GA? = 1.835, KA3 =9.29, m, =my =55 MeV, m,; =135.7 MeV [5].) Left: Constituent
quark masses mj, = m’, and m}. Right: Chiral susceptibilities x,u, = xma and xus.

first order phase transition. With the increase of «, the
chiral phase transition point increases, the chiral suscept-
ibility exhibits a smooth peak at the pseudo-critical chem-
ical potential, and the phase transition is a crossover.

Second, because the flavor symmetry is broken by un-
equal masses, the behavior of the strange quark exhibits
some differences with the u and d quarks. Furthermore,
the strange quark will incur a phase transition where the
constituent mass of the strange quark, m;, drops from
528.1 MeV to 467.7 MeV (properties of the phase trans-
ition, such as the chiral phase transition point and order of
the phase transition are similar to the phase transition of
the other two quarks). The above u. contributions of trS*
and trS¢ to m* are negligible, and m* remains almost con-
stant before point p,, where u exceeds m;. uos increases
with parameter a.

Finally, we study the number densities of different
quarks (see Fig. 3)
pr = A, 0)
in the three-flavor NJL model. Irrespective of the mag-
nitude of @, the number density of the u and d quarks,
Ou = pa» 18 zero unless the chemical potential is greater
than a critical value, wo, which is independent on para-
meter a. Based on the model parameters adopted in this
study, uo is always equal to 335.5 MeV. (The two-flavor
NJL model leads to the same conclusion. Based on the
model parameters adopted in this paper, yo is always
equal to 336.1 MeV in the two-flavor model.) This result
was expected, and the authors of Ref. [20] demonstrated
this as a model-indepent result. The number density of
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Fig. 3. (color online) Number density of different quarks p,

as a function of a common quark chemical potential, u.
(Parameters are presented in Fig. 2.)

strange quarks, p;, is likewise zero until u exceeds po,. As
pointed out earlier, ug; increases with @, which is differ-
ent in the case of the u and d quarks. When a > 0.71, u;
is even greater than cutoff A. Notably, the NJL model is
effective and can only be applied under certain energy
scales, with parameter A defining this energy scale.
Therefore, the quark chemical potential studied herein
cannot be larger than parameter A. This indicates that the
strange quark will not contribute to the quark matter if u
is not sufficiently large when a large « is introduced. Fur-
thermore, p; will decrease at the same u with increasing
a. This will influence the pressure and EOS of the quark
matter.

4 EOS of three-flavor quark matter

To obtain the EOS of the quark matter, we should
consider the chemical equilibrium [21, 22]. However, we
assumed that three different quarks have a common
chemical potential in this study. Our calculation, presen-
ted below, is still based on this assumption. In this case,
the pressure of the strong interaction matter is

U
P(u) = P(u = 0)+Zf pp(u)dy. 1)
Iz 0

The energy density of the strong interaction matter is [23,
24]

8=—P+Z,Ufrpfr. (22)
f/

Using these two equations, we can obtain the EOS of the
three-flavor quark matter (Fig. 4).

To determine the stiffness of the EOS of three-flavor
quark matter, we must calculate the sound velocity,
which is obtained by

2.0

0.0 0.5 1.0 1.5 20 25 3.0 35

P(L7Gevy
Fig. 4. (color online) EOS of three-flavor quark matter.

(Parameter P(u=0) is —(100 MeV)*, other parameters are

[dP
Vs = E (23)

To compare these two NJL models, we calculate the res-
ults of both two and three flavor quark matter, as shown
in Fig. 5.

Comparing the two graphs, we obtain the following
results. First, with increasing «, the velocity can be signi-
ficantly large, which indicates that if we want to obtain an
EOS that supports the existence of two-solar-mass neut-
ron stars, we must introduce a large a. Second, the rela-
tion of the sound velocity with the chemical potential is
not monotonic. The velocity of sound becomes non-zero
with the production of u and d quarks. With the increase
in the chemical potential, the sound velocity will also in-
crease until the phase transition occurs. Subsequently, the
sound velocity of the two-flavor quark matter will in-
crease again. In contrast, the three flavor quark matter ex-
hibits another downward peak. Evidently, the point where
the sound velocity starts to decrease is where the number
density of the strange quark starts to become non-zero.
This indicates that the production of s quarks reduces the
sound velocity.

Fig. 5 shows that the speed of sound, v,, exceeds the
conformal limit, ¢/ V3, in some cases (¢ denotes the velo-
city of light). Notably, the conformal limit, ¢/ V3, only
corresponds to that of the gases comprising ultra-relativ-
istic massless particles, whereas real strong interaction
systems are far more complicated [25]. For example, the
authors of Ref. [26] have noted that the sound velocity
might first increase, then decrease after reaching a max-
imum (possibly even up to 0.9¢ [27]), and finally ap-
proach the conformal limit from below. In fact, the sound
velocity, vy, exhibits an uncertain modification at high
density, which is undoubtedly worthy of future study.

presented in Fig. 2.)
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matter. (Parameter P(u = 0) is —(100 MeV)*, other parameters are presented in Fig. 1.) Right: Three-flavor quark matter. (Parameters

are presented in Fig. 4.)
5 Summary and discussion

We applied a self-consistent mean field approxima-
tion by introducing a novel free parameter, @, to the NJL
model. We observed that parameter @ plays an important
role in the study of both two and three flavor strong inter-
action phase transitions. Specifically, with the increase in
a, the chiral phase transition point increases, the chiral
susceptibility exhibits a smooth peak at the chiral phase
transition point, and the phase transition is a crossover.
Further, increasing a will decrease the number densities
of the different quarks and increase the chemical poten-
tial at which the number density of the strange quark is
non-zero. This study provides two important implica-
tions. 1. From our model, even if the original Lagrangian
of the NJL model is not changed, a sufficiently difficult
EOS can be obtained by introducing our new mean field
approximation method. 2. By comparing the different
normalization schemes (such as Pauli—Villars regulariza-
tion in Ref. [28] and proper time regularization in Ref.

[29]), a larger alpha leads to a more difficult EOS, which
is independent of the normalization scheme.

Finally, some prospects for further studies are as fol-
lows: First, we can extend the above approach from zero
temperature to finite temperature, which will lead to more
interesting results. Second, the regularization scheme we
selected is the three-momentum cutoff scheme; therefore,
we cannot discuss the case where the chemical potential
of quark matter is too high. Hence, a better regularization
scheme needs to be introduced. Third, we intend to study
how parameter « affects the EOS of the quark matter.
Ref. [18] concludes that the stiffness of the EOS for the
two-flavor quark matter increases significantly to support
a two-solar-mass pure quark star, if the critical chemical
potential is enhanced when a larger « is introduced. The
three-flavor quark matter will arguably exhibit similar
properties. As mentioned above, if a larger « is intro-
duced, the strange quark does not contribute to the quark
matter in the case of an insufficiently large u, which may
support the existence of two-flavor quark stars. This is-
sue requires further study and discussion.
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