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Abstract: Tensor reduction is of considerable importance in calculations of multi-loop amplitudes, and the projec-

tion method is one of the most popular approaches for tensor reduction. However, the projection method can be prob-

lematic when applied to amplitudes with massive fermions, due to the inconsistency between helicity and chirality.

We propose an extended projection method for reducing the loop amplitude which contains a fermion chain with two

massive spinors. The extension is achieved by decomposing one of the massive spinors into two massless spinors, the

“null spinor” and the “reference spinor”. The extended projection method can be effectively applied in all processes,

including the production of massive fermions. We present the tensor reduction for a virtual Z boson decaying into a

top-quark pair as a demonstration of our approach.
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1 Introduction

After the discovery of the Higgs boson, continuous
improvement of the sensitivity of experiments at the
Large Hadron Collider (LHC) demands theoretical pre-
dictions with high order corrections. However, high or-
der corrections could be very challenging due to the com-
plicated multi-loop Feynman diagrams. One of the chal-
lenging tasks is to reduce the loop amplitude into a linear
combination of master integrals.

For the one-loop amplitude, a variety of reduction
methods has been developed [1-10]. The amplitude can
be efficiently expressed as a linear combination of one-
loop master integrals. After decades of effort, the one-
loop reduction can now be carried out with various auto-
mated programs [11-18].

At the multi-loop level, the reduction procedure is
much harder than for the one-loop case. To improve the
efficiency, the reduction of the multi-loop amplitude is
conventionally separated into two steps, i.e. the tensor re-
duction and the reduction of the scalar integrals using in-
tegration by parts (IBP). For the IBP reduction, many al-
gorithms and codes have been developed [19-38]. On the
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other hand, tensor reduction is also important, and during
the past decades many algorithms for tensor reduction
have been proposed [39—47]. For some complicated pro-
cesses, such as the full next-to-next-to-leading order
QCD correction of the single-top production [48], the in-
creasing number of form factors makes the coefficients
difficult to obtain. For the two-loop five-gluon or six-
gluon amplitude, the system of equations for the coeffi-
cients can be very complicated [49, 50]. Moreover, in
some complicated processes, e.g. ete” — Z* — 1, seri-
ous problems during tensor reduction can appear, indicat-
ing that further investigation of tensor reduction is still
needed.

The projection method [39, 40] is one of the most
popular approaches for tensor reduction. Many important
studies have been performed using this method, such as
the high order QCD corrections of the Higgs production
[51-54] and vector boson production [55, 56]. However,
for some processes containing a fermion chain with two
massive spinors, the projection method could be problem-
atic due to the inconsistency between helicity and chiral-
ity, as is explicitly shown in next Section.

In this paper, based on the massive spinor decomposi-
tion [57-59], we propose to extend the projection meth-
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od for the reduction of the loop amplitude for any pro-
cess including the production of massive fermions. The
massive spinor can be decomposed by defining a “null
spinor” and a “reference spinor”, which have completely
different equations-of-motion and polarization summa-
tion than the regular spinor. As a result, the projection
method can be used for processes containing massive
spinors.

The paper is organized as follows. In Section 2, we
briefly review the standard projection method and
demonstrate the problems due to the lack of a massless
spinor. In Section 3, based on the massive spinor decom-
position, we introduce the “null spinor” and the “refer-
ence spinor”, which can be used to extend the projection
method for all processes. In Sections 4 and 5, we take the
one-loop and two-loop diagrams for a virtual Z boson de-
caying into a top-quark pair to demonstrate the effective-
ness of our approach. The conclusions are presented in
the last section.

2 Standard projection method

In the projection method, the loop amplitude can be
expressed as a linear combination of several monomials.
In each monomial the Lorentz structure is composed of
the spinors and polarization vectors associated with the
contracted momenta, while the remanent factors which
include the coupling constants and scalar products of mo-
menta do not affect the tensor reduction. By suppressing
the spinor chirality from the Lorentz structure, we can ob-
tain the primitive amplitude. Therefore, the loop amp-
litude can be decomposed as

A= CrxMpx, (1)
p.X

where X is the chirality index and p indicates the differ-
ent primitive amplitudes. M, x is the Lorentz structure
for the chirality X and C, x is the relevant coefficient.

For convenience, we can define a map for each prim-
;Eive amplitude from the helicity state A to chirality state

friH— X, st. PuMpyx #0, 2)

where Py is the helicity projection operator. For instance,
the explicit map for the primitive amplitude

u(ky)gv(ko), (3)
where k7 = k3 = 0, can be written as
fp(+=)=LR, f,(—+)=RL. 4)

Furthermore, for the primitive amplitude with one
massive spinor, for example

(ki )gv(kz), ®)

where k2 # 0 and k3 = 0, the map can be constructed as

(=)= fp(+=) = LR, fp(++)=fp(—+)=RL. (6)
Obviously, the map is based on at least one massless
spinor, which has an equivalence relation between heli-
city and chirality, and can be used to fix the chirality of
the relevant fermion chain by using the anti-commuting
vs scheme. However, the map does not exist for the prim-
itive amplitude containing two massive spinors in the
same fermion chain, which is the case for which the pro-
jection method fails.

Therefore we can obtain

M, x = ZPHM[),X = Z ox.f,inMp.u> (7
i

H=£1(X)

where A indicates the helicity state of the spinors. f; 1(X)
is not the inverse of f, but represents the set of helicity
states that can be mapped to the chirality state X.

Consequently, the amplitude A can be expressed as a
linear combination of helicity primitive amplitudes,

A= Z Cpx=ry(PuM,). 3
p.H

Now, one only needs the tensor reduction of the primit-
ive amplitude M, so that the loop amplitude A can be
reconstructed by applying the helicity projection Py and
summing all primitive amplitude choices p and helicity
states H. The above derivation also gives the formula for
the helicity amplitude

Ap = Z Cpx=ry(PuM,). ©
»

In order to perform the tensor reduction of the primitive
amplitude M,,, one needs to find a complete set of lin-
early independent form factors {F;}. M,, can then be pro-
jected on the form factors

My =" dipFi. (10)

To obtain an explicit expression of the coefficient d; ),
both sides of Eq. (10) are multiplied by the conjugate

form factor Fj. The form factor matrix is then defined as
MijEFiF;. (11)

The coefficient d;, can be obtained by inversion of the
matrix M

dip= Y (M)M,F'. (12)
7

Finally, the amplitude A can be expressed as a linear
combination of Py F;

A=Y cin®uFy), (13)
iH
where
CiH = Z d; pCp x=(m)- (14)
P
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Here, Py F; is independent of the loop momenta, and can
be further expressed in spinor representation. The coeffi-
cients ¢;y contain scalar integrals, which can be further
reduced by the IBP method.

3 Projection method for the massive fermion
chain

In the previous Section, it was seen that the problem
of the projection method is the lack of a massless spinor.
One of the convenient approaches is to decompose the
massive momentum k by introducing the reference mo-
mentum k, [57-59],

2

k= kot —po 15
0+2k0k (15)

where k3 = k2 = 0 and k* = m?. The massive spinor can be
decomposed as

+<kmk)—|ko>+[k kel
u” (k) = ko] + <k’"—k>| k),
v (k,my) = ko] - (kk)|k>
v (kmy) = %)-mlk] (16)

The two terms on the right-hand side of the above equa-
tions can be defined as two special spinors, so that

u(k,my) = uo(ko) + u,(k,),

vk, mg) = vo(ko) + vy (ky). (17)
Explicitly

u (ko) = ko), uf (k) = [k kr] k1,

ug (ko) = lkol,  u (k) = (k k oty

k) =kl vk = = ,’;>|k>

vy (ko) = ko). v;(k»s—[k’:—,ﬁrﬂkr]. (18)

We now define u, and v, as the “reference spinors”, al-
though they are not orthogonal to the “null spinors” ug
and v(. The polarization summation formula can be writ-
ten as

ug (ko) (ko) + ug (ko)itg (ko) = Kos

v (ko) (ko) + v (ko) (ko) = Ko,
M
2ko - ky

2

my
2ko - ky

()t (k) + (ke iy (k) = ..

vy (k) (k) + vy (k) (k) = 5—— ki,

1
ug (ko)ity (k) + ug (ko)i, (k) = — Kok,
my

1
uy (kr)itg (ko) + u, (ky )it (ko) = P Kko,

1
v§ (ko) (k) + vy (ko) (kr) = —— Ko K,
my

1
vy (k)vg (ko) + vy (k)P (ko) = T Kko. (19)

Besides, a set of non-trivial Dirac equations for the null
spinors and reference spinors can be found as
Kuo(ko) = miuy(kr), — Ku,(ky) = myuo(ko),
kvo(ko) = =my vy (ky),  kvi(ky) = —my vo(ko). (20)
Since one of the fermion spinors becomes massless,
the map for the primitive amplitude from the helicity state
to the chirality state can be constructed. Finally, the pro-
jection method can be directly applied to the decom-
posed primitive amplitudes.

4 The one-loop diagram

In this section, we take the one-loop amplitude reduc-
tion to demonstrate our method. We consider the one-
loop diagram for Z*(k;) — t(k;)#(k3) shown in Fig. 1. We
define Q% = k? and m, as the mass of the top quark. The
diagram is plotted using Jaxodraw [60] based on Ax-
odraw [61].

Z*

4
Fig. 1. One-loop triangle diagram for a virtual Z boson de-

caying into a top-quark pair.

The relevant amplitude can be written as
N(g.ki,ka,k3)

A= | d% , 21

|G ss” @D

where ¢ is the loop momentum. N(q,k;,kz,k3) is the nu-
merator of the amplitude, and the denominators are

D = q2 —mtz,
Dy =(q-k1)* —m?,
D3 =(q-k3)*. (22)

Without loss of generality, we only consider the right-
handed current of Z*. The numerator can then be chosen
as
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Nr(qskiskaks) == g5 aka,m)y" (ky = +my)
X £PRr(q +my)y vks, my). (23)
Following the approach in Section 2, we choose to de-
compose v(ks,my),
v(ks,m;) = vo(k3o) + vy(ksy),
2
1
k
2k30-ka,
Since the reference momentum ks, has been added, we
define two scalar products,
s1 = kay - k3o,
52 Ek3r'k1. (25)
Based on the monomials in the original amplitude, we ob-
tain 12 primitive amplitudes,

M= [ a0g bt

k3 = k30 + (24)

DIDD;
M, = f d? ”("21’)’:1%—?1;2’“0,
M = f dq ﬁ(kZ’Zr)nlt;’)éjgv)z(k%)’
My = f P %’
Ms = f d? q(k3 g)gfgfzt)):o(kzo)’
M = fdnq(ks.s)uz')(llcg:g:r(k3r),
My = f d? q(k3 'E)gfzé):i;))zvo(km)’
Mg = f gk -s)l;g/jzz,) l:l;))fvr(ky)’
Mo = f RS 8)121?1,)7:;))1;0(@0)’
Mo = f d’q @ 8)3511‘2@”:11:;?(1(30,
M = deq(q.s)ugfgzZ)im(bo)’
M f @0 g)bgzbn:tz)ivr(k3’). 26)

According to the Lorentz structure, one needs four linear
independent form factors,

Fy = aky, mp)gvo(kso),

Fy =i(ky,m)gv,(ks,),

F3 = (k3 - &)u(kz, m)vo(ksp),

Fy = (ks - &)utky, m)v,(ks,). (27)
The primitive amplitudes can then be projected on the
form factors

Mp Zdl,pFl +d2,pF2+d3’pF3 +d4,pF4. (28)
Since the spinors vo(kzg) and v,(ks,) are not fully inde-

pendent, relations can be found to cancel the reference
momenta in the final result. For example, we note that the

only difference between Ms and My is the last spinor,
i(ka, mo)ggvo(kso)
= | gP R IFVOIR0)
M f D1 D, D5
it(ky, my)gqv,(ks,)
= | apg BRIV
M f " p,D,0,

By observing the symmetry between vy (k3o) and v,(k3;)
ksvo(kso) = —mvi(ksr),  K3vi(ks,) = —mvo(kso),  (30)
we find the relations
dy1=dsp, d3p=ds1, d3z=dsys,

Using these relations, we obtain

{(ka- (@51 —2m] 52)

29

dza=ds3. (31)

2
ky-g=—-
o am e

+ (k3 q)(Q* (52— s1) = 2m} 7). (32)

After projection of the primitive amplitudes, we also need
to decompose k; in each form factor as
ulky, my) = ug(kao) + ur(kar),
2

ko = kag + —1 (33)
2 = K20 2k2()'k2r 2r-

The explicit expressions for Py F; can then be written in
spinor representation as

P Fi= <k20|¢|k30]

P, F kor|lé|k
P = (k2r|k 0>< 2rlélk30],
P, Fr =
sl =— 0|k S [kaoletlks, ) ,
P Fy= y (Kot
e [karllao] Geaolleayy - o
P++F3 = (k3 8) [k20|k30]
P_,F k ko, lk
+F3=(ks- 8)[k2,|k ][2|30]
_F
P Fy=~(kz-&)—— " 0|k S (kaolksr),
2
I R S L — |
wFa= (ks )<k2r|k20><k30|k3r>< 2rkar)
P._F| = [k20|¢|k30>
P__F ko |élk
1= [kg,lk ][ 2rl#lk30)
P__F,= s,
2% Ik r]< 20llksr],
2
P F (ko |dlk3,
P2 = e ooy et
P__F3=(k3-&) <k20|k30>
P,_F ki-e ko |k
+F3=(ks- )(k2,|k20)< 2r1k30) 5
P._F. koolks,
v Fa=—(kz &) [k30|k r][ 20lksr],
m;
P__Fy=—(ks-&)—————— [ko,|k3,]. 34
4=~ )[k2r|k20] [k30lk3/] arlks 4

The coefficients ¢; y are
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Cl—+ =Cl 4+ = C2,—— = C2 4+~
&
- 04 - 4mr2Q2
€44 =C2—+ =Cl 44— =C,—
-

= Q4 _ 4mt2Q2

f qum{&ﬂ?Qz —2m} Q* +(8(D —4ym —4m} Q%) (k2 - q) + (B(D — 4ym —4(D = 5)m; 0*)(ks - @)},

1
f qum{<D—4)m?Q2 (Q* - 4m})+ B(D—4ym} - 4D - HYm? Q> +40*) (k2 - q)

+(8(D—4ym} +4(7 - 2Dym} Q* + 2AD - 4)Q0*) (k3 - q) + (16m; —80%) (k2 - g)(ks - )

+8m? (k- q)° +8my (ks - g)* — (D - 40 (Q - 4m7) ¢},
C3 44+ =C3 4 = C44— = C4——

—g?

1 2
= f qu91@2@3 {2(D—4ym, (@~ 4m? Q)" + (=32D —4ym] + 8 Dm} Q> — 8m, Q*)(k2 - q)

()

—4m, (4m; - Q%) (2D - 4ym} — (D= 6)Q°) (ks - q) + (8 Dm;, Q* = 32m] ) (k2 - q)(k3 - @)
+(16(D = 3ym; - 8(D - 2)m, Q%) (ky - ) = 16(D — ] (ks - 9)* — 4m, Q* (Q” — 4m7 ) ¢°),

C4—+ =C4 4+ = C3—— = C3 4

-g’

1
= f 45|~ 8O- 4m! (4m? — Q%) (ky - ) — 4(D - 4ym,(8m; — 6m; 0% + O*)(ks - q)

(02— anio)

+(8Dm Q% =32m7) (k- 9)(ks - q) = 16(D = Dy (ka - @) +(16(D = 3ym] —8(D = 2m Q%) (k3 - g)°

—4m, Q* (Q2 —4m,2)q2}.

The above result was cross-checked by Tarasov ’s
method [41] using FaRe [62] and LiteRed [29].

5 The two-loop diagram

In this Section, we take a two-loop diagram to
demonstrate how our method can be used for higher or-
der corrections. A typical two-loop diagram for
Z*(ky) — t(ky)#(ks) is shown in Fig. 2. Its relevant amp-
litude can be written as

N(q1,q2,k1,k2,k3)
A= | dPq,d° ,
f N0 D DDy Dy D5 Dy

where ¢; and ¢, are the loop momenta. N(q1,q2,k;,k2,k3)
is the numerator of the two-loop amplitude. The loop de-

t

(36)

Z*

t

Fig. 2. Two-loop triangle diagram for a virtual Z boson de-
caying into a top-quark pair.

(35)

‘
nominators are

Dy = (q2+ka)* —m],

Dy =(q1)* = m;,

D3 = (g1 -k,

Dy = (g2 —k3)* —m?,

Ds =(q2)°,

Dg = (q1— g2~ k2)*. (37)

To complete the integral family for the above two-loop
amplitude, an additional denominator is needed
D7 =(q1 k)’ (38)

Without loss of generality, we only consider the right-
handed current of z*. The numerator can then be chosen
as

Nr(q1,q2,k1, k2, k3) = g3alka)y* (¢ + Mo +me)yP (¢ +my)

X #PRr(H, — ¢y +m)y’ Kz = +my)yy" v(ks).
(39)

We choose to decompose v(ks,m;) and define two addi-
tional scalar products,

s1 =k kyo, 52 = ks k. (40)
We then obtain four linear independent form factors
Fy =ulky,m)gvo(kso),  Fao =ik, m)gv,(ks,),
F3 = (k3 - )iu(kz, my)vo(kso),
Fy = (k3 - &)ualka, my)vy(ksy). (41)
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Similarly to the one-loop case, we find the relations, P Fy=—(ky &)—0— @ 0|k > (kaolks,),
k3r-q1 =——— 2{(/<2'6]1)(Q251 -2m;sy) my
_ PiiFy=—(k3-&)———— (korlk
Q th ) , ++144 ( 3 8) <k2r|k20><k30|k3r>< 2r| 3r>
+(k3 - q)(Q (52— 51) = 2m; )}, (42) P, Fi= [k20|¢|k30>
P__Fy = ———[ka/|¢lks0),
2 k k
k3r-qa =ﬁ{(k2 'QZ)(QZSI _zmtzs2) [ | ]
Q*—4m?Q P__Fy=- T Ik ]<k20|¢|k3r]
+ (k3 - q2)(Q%(52 = 51) = 2m2 52)). (43) o
Py Fy ==t (ko]
After projection of the primitive amplitudes, one needs to T T oy o) Thaolks, ] - en A
decompose k, in each form factor. The explicit expres- P__F3=(ks-&) <k20|k30>
sions for Py F; can be written in spinor representation as Py_F3=(k3-8) 77— & | k > (karlk3o) ,
Pl = Gl PoFa= (k)i lholky ]
Py Fy = (karlélksol J0K3r
e "k 5 B Fi= e hk]. (44)
__Fy=—(ky- &) ———————— [ko,|k3,].
BiF2 = = s Tl T ko koo esolks 1
2 In order to simplify the coefficients c; y, we use x; to de-
P F=————— [k, |dlks,), note seven linear independent scalar products
[k2r|k20]<k30|k3r> = a k. ot —aik
PiiF3=(k3-&) [k20|k30] 1=quka,  X2=q1°43,
. L ok xX3=q2-ka, x4=q2- ks,
L F .
ofa =t 8)[k,|k o erlksol. X5=qy. Xe=d3 X7=q1q2. (45)
2g3m; f D_ 4D 1
L= = R _ = d d
Cl,—+ =Cl,++ = C2, C+ (D—2)Q2 <Q2—4mt2) q1 qz@11)22)31)42)52)()

x{ = 16(D = 2)m}x} +8(D = 2)x4x; = 16(D = 2)m} x5 —4(D* — 16D + 80D - 124) x, x}
+4 (D3 12D* +44D — 52)mt x2-4D-3)(D-2)Q (Q2 - 4mt2)x] —4D-2)0* (Q2 - 4m,2) x
-20? (202 -19D+ 38) (Q —4m’ )x7 +2(D-4)(D-2) (Q2 - 4m,2) 0%xs
+(D-4) (D2 -6D+ 10) (Q2 —4m,2) 0%x6 +4(D—4) ((D —4)’m? - (D - 5)Q2)x1 X6
+2(D-4) (2(D —4)2m? - (D2 -10D+ 26) QZ)xQxG +2(D-2) (Q2 - 4m$) 0? ((D - 2)m? - Q2)
+ (4 (D3 —12D*+44D - sz)m,2 —2D-4*(D- 2)Q2)x§ +4(D3 —14D* + 64D — 92) XX
+16(D- 2)(Q2 - 2m,2)x1x2 —8(D—2)x1x3x3 +8(D = 5)(D = 2)x3x3 + 2(D - 4)(D - 2) (2(D —dym? - Qz)x3x5
+2(D-2)(2D - 4)(D - 2)m} +(-4D* + 25D - 42) O°m? + (D* = 7D+ 14) 0*) x3
+(4(D—4)(D-2)Q* - 8(2D* — 19D +38)m}) x1.x3
+(8(D* 12D +51D = 70)m? - 4(D* — 11D + 43D - 58) 0% ) xzx3
+2(D-4)(D-2) (2(D—4)m] — (D-5)Q%) x4x5 + 2(D = 2) (2(D - 4)(D = 2)m; - (D* = 9D+ 14) O°m? ~20*) x4
+(4(D* - 10D +25D—10) Q* —8(D - 3)(D* = 5D - 2) m} ) x1 x4
+(8(D=5)(D -2)Q*~8(2D% — 19D +38) m}) x4 = 8(D — 5)(D - 2)x1 x4
+(8(D* - 12D + 44D - 52)m} - 2(D* - 14D? + 56D — 72) Q%) x3x4 = 4 (D — 14D” + 64D — 92) x1 x3.x4
+4(D7=16D+80D~124) xpx3x4+4(D=2) (2(D — 4)m} - 0% ) x1 x7 + 4D = 2) (2(D - 4)m] — (D = 5)0%) 327
-8(D-3) ((D —4’m? - (D - 5)Q2)x3x7 —4D- 3)(2(0 —4)2m? - (02 -10D+ 26) Qz)x4x7}, (46)
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2 detthth 1

(D-2)0%(Q2 - 4m?) D1 D2D3DsDs5De

X (8(D—4)*(D - 3)m 3 + 4(D - 2) (2D = 4)(D — 2ymy + (14 = 3D)Q%) mi x4 = 16(D - 2) (2m} — Q%) m? 3
—8(D - 2)’m}x3xs = 8(D — 2)*m} x3xs — 8(D — 2)’mix} x6 — 8(D — 2)*m; x3x6 — (D — 4)* Q°m} (4m} — 0%) x6
+16(D- 2)(Q —2m’ )mlx] 2(D-2)0%m (4m, -0 )(2(D—2)m, —(D-4)Q )
+4(D -4’ (AD = 3)ym; - (D-2)Q%)m}x;
+4(D -2)(AD - 4)(D - 2)m} - (D=3)(D—2)Q’m; + (D - 4)Q")m; x3
+4(D —4)’m; (4D =3)m} — (D - 4)Q%) x3x4 + 16(D = 2)°m} x1 x37 + 16(D = 2" m} xpx47
-16(D-2) (3m, -0 )x3x2 +4(D-2) (Q —4m’ ) 0?2 - 2D -4)(D~-2)Q? (8mt —60*m’ + Q4)x5
—8(D -2)* (2m} - Q%) x3x4x5 + (D= 6)(D - 2)* (Q* - 4my ) Qx51x6
+2(D - 4)(4D—4)*m} +2(D* - 6D+ 14) 0*m} — (D* = 8D +20) 0*) x1 x4
+8(D-4)((D-47mf + BD = 11)Q%m] — (D - 4)0*) x5 — 8(D — 2)? (2m] — 0%) x1x2.%6
+(4(D* - 14D + 68D~ 104) 0* - 8(D* — 16D” + 80D — 124) my ) x1 3
+4(D-2)Q (4m] - Q%) (2D~ 3)m] ~ (D~ 4)Q%) x:
+(8(D* 14D + 64D = 92)m? - 4(D—4)(D? - 12D +28) Q%) x5 + 8(D = 2)Q* (4mif - 50°m? + 0*) x,

€24+ =C2—+ = Cl4— =Cl— =

—16(D - 2)(Q—2m?)” x132 = 16(D - 2) (D = Dym? = Q%) x1 %253

+4(D - 4)(D -2)(2AD - 4ym} - (D - 1)Q’m; + 0*) x3x5

+(-16(3D% =21D+38)m] + 16(3D - 8)(D - 4)Q*m; — 8(D - 4)(D - 2)Q") x1 x3

+(16(D* = 13D? + 53D = 70)m; +8(5D* = 35D + 66) 0*m; - 8(D* = 7D+ 14) 0*) xox3

-16(D-2) (Q2 —(D- 1)m,2) x3x4+4(D—4)(D-2) (2(D —dymt +30°m? - Q4) X4Xs

—8(2(03 ~-7D* + 1lD+6)m;‘ +(—2D2 +23D—54) O*m? + (10—3D)Q4)x1 x4

+(~16(3D% = 21D +38)m + 8(D* = 16D +36) 0*m; + 16(D —2)Q*) xax4 + 16(D - 2) (3m; — 0) x1 X214
+(4(D—4)(D2 - 12D+28) 0> - S(D3 —14D? +64D—92)m3)x1x3x4

+(8(D*— 16D + 80D — 124)m} - 4(D? - 14D* + 68D — 104) 0%) x2x3x4

+4<(D—6)(D—3)Q6 +(7D-22)(5-D)ym>Q* +4(302 —2lD+38)m;‘Q2)x7

+8(D-2) (2D - 4ym} - (D= 1)Q*m} + 0*)x1x7 +8(D - 2) (2D - 4ymi} +30°m} - 0*) xax7
+2(=8(D—4*(D - 3)m +4(3D* - 20D +34) O°m} + (D - 4)(D* - 12D +28) 0*) x37

+8(D =27 (2m] - Q%) xax307 + 8(D = 2) (2m] — Q%) x1 347

- 2(8(D —4)%(D-3)m? - 4(D3 —12D*+52D - 74) O*m? + (D3 —14D* + 68D — 104) Q4)x4x7}, (47)

4m, g D D 1
€344 =C3 4 =C4y_=C4__ = D20 - 4m0) fd qd 25 DDA DiDDe
><{—2(D—2)2(Q2 —4m,2) Q*x% +4(D—1)(D-2)*m2xsx2 +2(D-2) ((D 2)0*-2(D- 3)mt)x5x3
—2D-2)*(DQ? - 4m}) x3x4x5 +4(D — 1)(D = 2°m} x623 + 2(D - 2)* (Q* — 4m} ) Qx51x6
+2(D -2 ((D-2)Q% - 2(D - 3)my) xx] —2(D = 2)* (DQ* - 4m}) x1 X256 — 4(D = 1)(D = 2)* (2m] = ) xa 6327
+4(D=-2)* (2D = 3ym} — (D =2)Q%) x1x3%7 + 4D = 2)* (2D = 3)m} + Q%) x1x427 = 8(D = 1)(D = 2)’m} xp X427
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+2D-3)D-2)(Q’ - 4m,2Q)2 x5 = 2(D=2)(4m; - 0%)(2(D* - 6D +10)m; — (D -3)DQ?) x3x5
—4(D-2)(4m; - 0*)((D* = 6D+ 10)m; + (D = 3)Q%) x4x5 + 8(D = 2ym; (4m} — 0*) 3
+4(D-2)(4m] - 0%) (2m? — (D -2)Q%) x] - 2AD - 4)(D - 2)Q* (8m] — 60 m} + 0*) x,
+4(D-2)(Q% - 4m7) Q* (D +4ym; =207) x, + 4D - 2) (4m} — ) (4m] + (D - 4) Q%) x1x,
—4(D-4)(D-2)(D - 1)(2m] = Q%) x1x2%3 + 2(D — 2ymy (4m} — Q%) (2D = 2)m; + (D - 4> Q%) x3
+4(D-2)(2(D* = 5D +12)m} - (D* = 5D +8) Q) x3x3 + 4(D - 4)(D - 2)(D - 1) (2m] — Q%) xax7
+2(D -2)m? (8(D ~2m - 2(202 -13D+ 26) O*m? + (02 -7D+ 14) Q4)x4
—4D-2) (2 (02 -5D+ 12)m,2 - (02 —-5D+ 8) Qz)x1x2x4 -2(D-2) (4mt2 - QZ) (2(D —4m? +(D— 3)DQ2)x1 X7
-2D-2) (8(D —dym + 2(—2D2 +5D +4) 0*m? +(D— 3)DQ4)x2x7
—4(4(5D*= 34D+ 58)m} +(D* — 12D + 50D — 68) Q%) x1.x3 — (3D — 20D + 36) (4m? — Q%) m? Q% x¢
+( 8(D—4)’m} + 6(D3 —4D% + 16) O*m? - (D3 —-24D+ 56) 0 )x1x6
+(-8(D-4)’m} +2(D* - 28D” + 144D - 224) 0*m} +8(D* - 6D+ 10) 0*) x2.x6
+(4(D* = 3D? - 8D +28)m} +2(D - 4)*(D - 2)Q°m})

(4(D-2)(D* - 6D +10)m} Q* —4(D* - 9D* + 32D - 44)m}) x;
+(32(D-3)2D Ty} —4(D* 3D — 10D + 32) 0*) 123
~4(2(D* - 15D% +76D - 116) m; + (5D = 12)(D - 6)Q°m} +2(D - 2)0*) x1x3
(-8(D=3)(D*~24D+60)m} —4(D* + 18D* — 114D +172) Q°m} +2(D* + D* = 22D +40) 0*) x,x3
(
(

+

+
+(8(D* - 5D? - 12D +52)m} +8(D* — 11D* +47D = 70) @*m; - 2AD —4)(D* = 7D +14) 0*) x1 x4
+(8(D*+7D? - 68D+ 116) mi{ — 4(D* + D> — 46D+ 88) 0°m} — 16(D -~ 2)0*) x4
~2(3D%-20D+36)(DQ” - 4my ) mi x3x4 + (4(D* = 3D% = 10D +32) Q* = 32(D = 3)(2D — T)m; ) x1 X324
+4(4(5D* = 34D+ 58)m; +(D* — 12D + 50D - 68) 0%) x.x3 x4
+((D-6)(D—4)(D -3)0°+2(~4D* +51D* — 212D + 284)m; 0* + 8 (2D* — 25D° + 104D - 140) m 0*) x7
+2(D—4)(4m; - 0%) (2D - 4)(D = 3ym + (10 - 3D)Q%) x3x7
+2(8(D - 42(D=3)ym} +2(=3D +35D” — 140D + 184) 0*m; +(D* — 12D + 50D — 68) 0*) x4x7 .
4
T 2)<2Qn§t§s4m?Q>2 f C0d%e DIDZD:th@SDs
x {=4(D-2)*(Q? - 4m}) Q%5 +8(D = )x3m}xs(D—2)? +4(D - 2)* (D= 2)Q = 2(D = 3)m}) x}xs
—4(D-2)*(DQ? - 4m}) x3x4x5 + 8(D — 1)(D = 2)"m; xx7 +4(D —2)*(Q* —4m}) Q*x5x6
+4(D =27 ((D-2)Q% - 2(D - 3)my) x6x3 — 4(D = 2)* (DQ* - 4m}) x1 X236 — 16(D = 1)(D = 2)’m} x1 X327
+8(D=2) (2D = 3)m} + 0%) xax3x7 = 8(D = 1)(D —2)? (2m] — Q%) x1 247
+8(D=2)* (2D = 3)m; - (D—2)Q%) xpx4%x7 = 8(D = 4)(D = 2) (2D + Dy} — Q%) x3:3
—4D-2)(0°- 4mt2Q)2 x5+ 16(D = 2)m} (4m? — 0?) x} +8(D —2) (4m] — Q%) (2m} + (D - 2)Q%) 3
+2(D-2)(Q* - 4m}Q ) (2(D-2ym; - (D-4)Q*) - 4D -2)(Q* —4m; ) (D(Q* - 2m7) - 20%) @*x1
+8(D -2)(4m; - 0*)(BD - 8)ym} — (D -3)Q%) Q*x, — 8(D - 2) (4my — 0*) (DQ* — 4m}) x1 x
+8(D -2)(4m} - 0%) (2D - 3)m} — Q%) x3x5

2
t
2
t
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—4(D-2)(4m; - 0%) (2D - 3)(D - 2)m} — (D -2)(D - )Q’m} + (D -4)0*) x5
+8(D=2)(2(D* = 3D +4)m} — DQ?) x1x2x5 + 4(D = 2) (4m} — Q%) (4D = 3ym} — (D —4)Q%) xaxs
(

+8(D-2)(DQ* ~2(D? 3D +4)m} ) xax;

—4(D-2)(4m; - 0%)(2AD = 3)(D - 2ym} + 2D -2)Q°m} — (D - 4)0*) x4
+8(D=4)(D =2)(2AD+ 1)m} — 0%) x1x2%4 = 4D - 2) (4m7 — 0%) (2D - 4ym} — DQ?) x1x7

—4(D-2)(4m; - Q%) (2D - Hym} + DQ*) x2x7

+((D-4*(D-2)Q° +2(~4D* +43D” — 148D + 164) m} 0* + 8 (2D — 23D + 84D - 100) m; Q*) x6
+(=16(D—-4)*m{ - 4(D* - 4D + 24D — 64) Q*my +2(D* = 8D” + 36D - 64) 0*) x1 X6
—4(4D-4m{ +(-5D° +44D* — 168D +240) Q*m; + (D* — 8D + 30D — 44) 0*) x.x
+(16(D-2)(D* = 7D +13)m} Q> -8 (5D 49D + 160D — 172)m) 3

+(12(D -4 (D-2)m; @* —8(D - 3)(3D* - 28D+ 52) mi{ ) x;

+(32(D-3)(D* - 8D +22)m} - 16(D* —9D* + 31D - 38) 0*) x1 x;

—8(4(D* - 10D +38D = 50)m; + (3D - 10)(D - 4)Q%) 123

-4 (4 (3D3 —-23D*+76D - 100) mt — 4(D3 —4D*+11D - 26) O*m? +(3D - 10)DQ4)x2x3

+ 8(2 (D3 —5D*—4D+ 36) mt+ (—D3 +D*+14D - 32) O*m? +(D— 2)2Q4)x1x3

+(16(3D3 —-25D? +6OD—28)m;‘ - 8(D3 —12D? +220+20) o*m? —4(D2 +2D— 16) Q4)x1x4
~8(2(D-3)(D*+12)m + 3D - 8)(D - 6)Q%m; — (D -4)(D-2)0*) x2x4

+ (— 16 (4D3 — 43D+ 148D — 164)m;‘ +4 (9D3 —100D* + 348D — 384) O*m? —8(D—4)*(D— 2)Q4)x3x4
+8(4(D* ~ 10D + 38D = 50)m; + (3D — 10)(D —4)Q%) x1 X334

+(16(D* -9D? +31D - 38) 0% - 32(D - 3) (D = 8D +22) m?) xx34

~2((D-6)(D-4)Q° —2(3D* - 36D +92) m} Q* + 8(D* - 16D +44) m} 0*) x7

+4(D-4)(4m] - 0%) (2D - 4)(D = 3ym] + (10 - 3D)Q?) x3:x7

+4(8(D—42(D=3)ym} +2(=3D* +35D" — 140D + 184) 0*m; +(D* — 12D + 50D - 68) 0*) x4x7 .

To check the above results for the coefficients ¢; g, we
used Tarasov’s method [41] and the IBP reduction to re-
duce the amplitude numerically. We applied the numeric-
al IBP reduction to the coefficients c; y and compared the
two results. For the numerical check, we chose all com-

(49)

cients ¢; g are consistent with the numerical reduction res-
ults by Tarasov's method using FaRe [62] and LiteRed.
For reader’s convenience, we show the explicit numeric-
al expressions for the coefficients c¢; for Q% =204,
m? =31and D = 13. We define

dPq,dPq,

binations of (Q% m?) € {(204,31),(342,76),(604,131)} and Lttt ttrda Ef N (50)
D €{13,17,21}. After the IBP reduction by LiteRed [29], ' DDy Dy Dy DS D Dy
we found that all numerical expressions for the coeffi- The numerical coefficients are
¢
= =Cy-—=Cp4- = > 34 4 10501 12411 1331,

Cl—+ =Cl ++ 2, 2+ 547285587552000( 349758480361050 0,0,0,1,1,1,1 + 033570133 0,0,1,1,1,0,0
+5616000322366501 1.0,0,0.1,0 + 542034860075120201) 1 0.1,1.1.,0 — 25249492136664001 1 0.1.1.1.1
—3766904633019240010.1.1.0,0.1.0 + 172503065873952010.1.1.1.1,0,0 —43929574855514870401p 1.1.1.1.1.0
—438612424804098401.2.0.1,1.1.0 — 290639803571641728001 2.1.1.1.1,0 + 16203330180355190401, 1 0.1.1.1.1
—728850959528472001 1.1,1.1,00 + 1159687053917095680015,1 0.1.1.1.1)> (51)

ssssss
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g4
_ s
~ 16965853214112000

,,,,,,

€24+ =C2—+ = Cl+— = C1,—

ssssss
,,,,,,

,,,,,,

ssssssssssss

,,,,,,,,,,,,

ssssss

ssssss

,,,,,,,,,,,,

,,,,,,

(52)
C3 44 =C3 4 =C4 44— =C4—_ = ng? (1569772981631340010 0,0.1,1.1,1 — 465105777241369[00 1,1,1,0,0
’ ' ' ' 169658532141120000° U ey
+1585657328836244401( 1 0,0.0.1.0 — 5766509374195540601 1 0.1.1.1.0 — 23246364121448472001.1.0.1.1.1.1
— 506609484557872320010.1.1.00.1.0 — 865125915405444001 1 1.1.1.00 — 1486825409493624672010 1 1.1.1.1.0
—197703032322790520019.2.0.1.1.1,0 — 15950726236022538240010.1.1.1.1,0 + 5917965393887699011201; 1 0.1.1.1.1
+5445043970584680001 1 1 1.1.00 +274901857375140771840015.1 .1.1.1.1)-
(53)
_ _ _ _ mgs (29305583053110001 1555372507597811
C4—+ =C4 4+ =C3—— =C34- = 18850948015680000 0,0,0,1,1,1,1 0,0,1,1,1,0,0
+2051539740364356010.1.0.0.0.1.0 — 8989227474075094010,1 0.1.1.1.0 — 25954453271598480010 1.0.1.1.1.1
—57581032718530080010,1.1.0,0.1.0 — 122344510690116001,1.1.1.1.0.0 + 1649285198058553632010.1.1.1.1.1.0
—210958059931545200102.0.1.1.1.0 + 10882631724781501440010.5 1.1 1.1.0 + 866652282578729116801 1 0.1.1.1.1
—548510223511800001; 1 1.1.1.0.0 +4011164559071294976001.1 0.1.1.1.1)- (54)

6 Conclusions

Based on the massive spinor decomposition, we pro-
posed an extended projection method to reduce the loop
amplitude containing a fermion chain with two massive
spinors. By decomposing the massive spinor to a null
spinor and a reference spinor, this approach can over-
come the difficulties related to the inconsistency between
helicity and chirality. To demonstrate the effectiveness of

the extended projection method for the high-order correc-
tions, we presented the tensor reduction for the one-loop
and two-loop amplitudes for a virtual Z boson decaying
into a top-quark pair. This approach can be effectively
applied in more complicated processes, including the pro-
duction of multiple massive fermions.

The authors wish to thank Bo Feng, Thomas Gehr-
mann, Gang Yang, Li Lin Yang and Hua Xing Zhu for
helpful discussions.
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