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Abstract: Nuclear masses of even-even nuclei with the proton number 8 < Z < 50 (O to Sn isotopes) from the proton

drip line to neutron drip line are investigated using the triaxial relativistic Hartree-Bogoliubov theory with the relativ-

istic density functional PC-PK1. Further, the dynamical correlation energies (DCEs) associated with the rotational

motion and quadrupole-shaped vibrational motion are taken into account by the five-dimensional collective Hamilto-

nian (SDCH) method. The root-mean-square deviation with respect to the experimental masses reduces from 2.50 to

1.59 MeV after the consideration of DCEs. The inclusion of DCEs has little influence on the position of drip lines,

and the predicted numbers of bound even-even nuclei between proton and neutron drip lines from O to Sn isotopes

are 569 and 564 with and without DCEs, respectively.
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1 Introduction

Nuclear mass is one of the most fundamental proper-
ties of nuclei. It is of great importance in nuclear physics
and also astrophysics [1, 2]. For example, the masses of
nuclei widely ranging from the valley of stability to the
vicinity of neutron drip line are involved in simulating the
rapid neutron capture (r-process) of stellar nucleosynthes-
is [3]. Although considerable achievements have been
made in mass measurement [4], a large amount of nuclei
on the neutron-rich side away from the valley of stability
still cannot be observed experimentally in the foresee-
able future. Therefore, reliable nuclear models for high-
precision description of nuclear masses are urgently re-
quired.

During the past decades, various global nuclear mod-
els have been proposed to describe the nuclear mass, in-
cluding the finite-range droplet model (FRDM) [5, 6],
semi-empirical Weizsidcker-Skyrme (WS) model [7, 8],
non-relativistic [9-12] and relativistic [13-17] density
functional theories (DFTs). Nuclear DFTs start from the
universal density functionals with a few parameters de-
termined by fitting the properties of finite nuclei or nucle-
ar matter. They can describe the nuclear masses and

Received 28 October 2019, Published online 10 January 2020

ground and excited state properties in a unified manner
[18-20]. In particular, because of the consideration of the
Lorentz symmetry, the relativistic or covariant density
functional theory (CDFT) naturally includes the nucleon-
ic spin degree of freedom and time-odd mean fields,
which play an essential role in describing the moments of
inertia for nuclear rotations [21-24]. Thus far, the CDFT
has received considerable attention because of its suc-
cessful description of many nuclear phenomena [18, 20,
25-29].

In the framework of CDFT, masses for over 7000
nuclei with 8 <Z <100 up to proton and neutron drip
lines have been investigated based on the axial relativist-
ic mean field (RMF) theory [13]. Then, to explore the
location of the proton and neutron drip lines, a systemat-
ic investigation has been performed for even-even nuclei
within the axial relativistic Hartree-Bogoliubov (RHB)
theory [14, 15, 30]. Recently, the ground-state properties
of nuclei with 8 < Z < 120 from the proton drip line to the
neutron drip line have been calculated using the spherical
relativistic continuum Hartree-Bogoliubov (RCHB) the-
ory, in which the couplings between the bound states and
the continuum can be considered properly [31]. The root-
mean-square (rms) deviation with respect to the experi-
mental nuclear masses in these pure CDFT calculation is
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typically around several MeV. To achieve higher preci-
sion, one needs to go beyond the mean-field approxima-
tion and consider the beyond-mean-field dynamical cor-
relation energies (DCEs).

In Ref. [32], low-lying states of 1712 even-even nuc-
lei from Z =10 to Z = 110 were studied using the five-di-
mensional collective Hamiltonian (SDCH) method with
the collective parameters determined by the Gogny-
Hartree-Fock-Bogoliubov calculations. It was found that
the DCEs given by SDCH significantly improve the ac-
curacy of the two-particle separation energies. In Ref. [16],
Zhang et al. carried out a global calculation of the bind-
ing energies for 575 even-even nuclei ranging from Z = 8
to Z=108 based on the axial RMF, and the Bardeen-
Cooper-Schrieffer (BCS) approximation was adopted to
consider the pairing correlations. In this axial RMF+BCS
calculation, the DCEs, namely the rotational and vibra-
tional correlation energies were obtained by the cranking
approximation. After including the DCEs, the rms devi-
ation for binding energies of the 575 even-even nulcei re-
duced from 2.58 to 1.24 MeV. Later, the DCEs of these
nuclei were revisited in Ref. [17] using the SDCH meth-
od with the collective parameters determined by the CD-
FT calculations [33, 34]. The SDCH method takes into
account the DCEs in a more proper way, and the result-
ing rms deviation reduces from 2.52 to 1.14 MeV. Note
that in Ref. [16], the adopted experimental mass data are
taken from Ref. [35], while in Ref. [17], the experiment-
al mass data are from Ref. [36]. Moreover, compared to
the theoretical results shown in Ref. [16], the energies as-
sociated with triaxial deformation are further included in
Ref. [17].

The studies shown in Refs. [16, 17] demonstrate that
the inclusion of DCEs can significantly improve the de-
scription of nuclear masses. Thus far, the inclusion of
DCE:s in the CDFT is still confined to nuclei with known
mass, and the DCEs of most neutron-rich nuclei crucial in
simulating the r-process are uninvestigated. Therefore, it
is necessary to extend the investigation from nuclei with
known mass to the boundary of nuclear landscape. Mean-
while, the pairing correlations were treated by the BCS
approximation in Refs. [16, 17]. For the description of
nuclei around the neutron drip line, this approximation is
questionable because the continuum effect cannot be
taken into account properly [37]. Nevertheless, the meth-
ods with the Bogoliubov transformation can provide a
better description for the pairing correlations in weakly
bound nuclei. Therefore, in the present study, the nuclear
masses of even-even nuclei from O to Sn isotopes ran-
ging from the proton drip line to the neutron drip line are
performed within the triaxial RHB theory [38], and the
beyond mean-field quadrupole DCEs are considered by
the SDCH method.

2 Theoretical framework

The detailed theoretical formulae of CDFT and SDCH
have been presented in Refs. [33, 34, 39, 40]. Here, the
framework of SDCH and CDFT will be present briefly
for completeness. The SDCH is expressed by the two in-
trinsic deformation parameters 8 and vy, as well as three
Euler angles (¢,0,¥) = Q defining the orientation of three
intrinsic principal axes with respect to the laboratory
frame. The collective Hamiltonian of SDCH can be writ-
ten as [33, 34],

I:Icoll(ﬂ’ Y) = fvib(ﬂ’ Y+ Trot(ﬁ7 7, Q)+ Veou(B,y), (1
which includes a vibrational kinetic energy term,
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a rotational kinetic energy term,
32
R 1 Ji
Trot=7% ) =, 3)
24T

and a collective potential Vo(8,y). The operator J; rep-
resents the total angular momentum components in the
body-fixed frame. The moment of inertia 7; and mass
parameters Bgg, Bgy,B,, depend on the quadrupole de-
formation parameters 8 and y. Two additional quantities
rand w in Tyip(B,y) are used to determine the volume ele-
ment in the collective space and their explicit expres-
sions are provided in Refs. [33, 34]. The Hamiltonian in
Eq. (1) can be diagonalized by the complete set of basis
in Ref. [33]; thus, the eigenvalues and corresponding ei-
genfunctions can be obtained.

In the framework of the CDFT-based SDCH ap-
proach, all the collective parameters including the collect-
ive potential V., the moments of inertia 7, and mass
parameters Bgg, Bg,, By, are determined by the microscop-
ic CDFT calculations.

Within the point-coupling CDFT, the unified and self-
consistent treatment of mean fields and pairing correla-
tions can be realized by solving the following RHB equa-

tion [39],
hh-1 A Up \ Ui
-A* - +2 )( Vi )‘Ek( Vi ) @)
where
ho = —i@-V+Bm+S)+V 5)

is the single-nucleon Dirac Hamiltonian. U, and V; are
the quasiparticle wavefunctions, and E is the correspond-
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ing quasiparticle energies. The scalar and vector mean
fields in Eq. (5) are given by

S =asps +Bsps +vsps + 55 Aps,

4 =01vpv+7v(10v)3+5VAPV+T3(1TV,OTV+T35TVA,DTv+€AEé)
where eA° is the electromagnetic field and the densities
ps.pv, and pry can be expressed in terms of quasiparticle
wavefunctions V; as

ps =2 ViV pv=) ViV, prv=) VitVi, (1)

k>0 k>0 k>0
where the sum over k > 0 corresponds to the “no-sea ap-
proximation” [39]. The matrix element of pairing field A
can be written in the form,

1
- _ § 124
Aab - ) - <ablv |Cd>ach~ (8)

Here, x = V*UT is the pairing tensor, and V?? is the pair-
ing force for which a finite range separable pairing force
[41] is adopted in the present work.

By solving Eq. (4) iteratively, the total energy in the
laboratory can be obtained,

Eio =fd3rz V]j[a-p +Bm]Vy

k>0
+ f d3r{lozsp2 +Bspd + Sysph + 2dsps Aps
2 s RS T RS Ty

, 1 S B
+Savpy + Sarypry + TYvpy + 50vpvApy

2 2 4 2
1
+ §5TVPTVA,0TV}~ 9

The map of the potential energy surface as functions of
quadrupole deformation parameters 8 and y can be ob-
tained by constraining the axial and triaxial mass quadru-
pole moments. As shown in Refs. [33, 34], the quadratic
constraint method uses an unrestricted variation of the
function

2
(HY+ > Cou(Qo) — )’ (10)

n=0
where (H) is the total energy and <Q2ﬂ> the expectation
value of the following mass quadrupole operator,

0 =22 - -y’ On=x"-y" (11)
Here, g», represents the desired values of the quadrupole

moments, and C», is the corresponding stiffness constant
[42].

3 Numerical details

In this section, adiabatic deformation constrained
RHB calculations are performed to obtain the mean-field
states in the full (8,y) energy surface. The relativistic

density functional PC-PK1 [40] is used in the particle-
hole channel. This density functional particularly im-
proves the description for the isospin dependence of bind-
ing energies, and it has been successfully used for de-
scribing the Coulomb displacement energies among mir-
ror nuclei [43], nuclear masses [17, 44], quadrupole mo-
ments [45-47], superheavy nuclei [48-51], nuclear shape
phase transitions [52, 53], magnetic and antimagnetic ro-
tations [27, 54-56], chiral rotations [57], etc. For the
particle-particle channel, we adopted the finite range sep-
arable pairing force with pairing strength G = —728 MeV
as proposed in Ref. [41]. The triaxial RHB equation was
solved by expanding the quasiparticle wavefunctions in
terms of three-dimensional harmonic oscillator bases,
which are the eigenfunctions of a three-dimensional har-
monic oscillator potential in the Cartesian coordinates
[39]. The oscillator frequencies in the x, y, z directions
are hw, = hwy, = hw, = hwy =41A71° MeV, and the cor-
responding oscillator lengths are b, = by = b, = Vii/mwy.
The spatial part of these bases are labeled by the quantum
numbers n,, ny, and n;, and the spin part is chosen as the
eigenfunctions of the x-simplex operator § = Pe™/ in
which P is the parity operator. The detailed formulas of
three-dimensional harmonic oscillator basis can be found
in Refs. [39, 58]. In the present calculations, we used 12
major shells for nuclei with proton number Z < 20 and 14
major shells for nuclei with proton number 20 < Z <50,
which was confirmed by checking the convergence of the
obtained binding energies and charge radii. The obtained
quasiparticle energies and wavefunctions are used to cal-
culate the mass parameters, moments of inertia, and col-
lective potentials of in SDCH; all of these quantities are
associated with the quadrupole deformation parameters 3
and y. The dynamical correlation energy E.q is given by
the energy difference between the lowest mean-field
states and the 0] states from the SDCH calculations.

4 Results and discussion

The bound nuclear regions from O to Sn isotopes pre-
dicted by the triaxial RHB approach with and without
DCEs are shown in Fig. 1. The discrepancies of the cal-
culated binding energies with respect to the data are
scaled by colors. The binding energies calculated by the
triaxial RHB approach shown in panel (a) are given by
the binding energies of the lowest mean-field states,
while in panel (b), the DCEs are taken into account.

In the triaxial RHB calculations without DCEs, it was
found that the binding energies are systematically under-
estimated. Most deviations are in the range of 0.5 ~ 4.5
MeV, resulting in the rms deviation of 2.50 MeV. We
compared our results with the those of Ref. [15], where
the ground state observables of even-even nuclei were in-
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(color online) Even-even nuclei from O to Sn isotopes predicted by the triaxial RHB approach with (panel (b)) and without

Fig. 1.

N

(panel (a)) dynamical correlation energies. Discrepancies of the calculated binding energies with the data [4] are denoted by colors.
The proton and neutron drip lines predicted by spherical RCHB (PC-PK1) [31], axial RHB (DD-PC1) [15], and axial RMF+BCS

(TMA) [13] are also plotted for comparison.

vestigated based on CDFT with the DD-PCI1 density
functional in particle-hole channel and the separable pair-
ing force in the particle-particle channel. The rms devi-
ation in Ref. [15] for the even-even nuclei from O to Sn is
2.29 MeV, which is consistent with our results.
Moreover, we also compared our results with those in
Ref. [17]. For the pure mean-field calculations in Ref.
[17], same density functional, namely PC-PK1, was used
in the particle-hole channel, while a density dependent
delta force was adopted in the particle-particle channel.
Because the calculations in Ref. [17] were performed for
the nuclei with known mass, the location of these nuclei
are still far from the neutron drip line. For most nuclei
with known mass, the energy difference between the
RHB and the RMF+BCS calculations is less than 0.2
MeV, and the final rms deviation is only 0.09 MeV.
However, evident energy differences occur in Cd and Sn
isotopes with neutron number N = 56 ~ 66. It is found that
for these specific nuclei, the pairing energies obtained
from th RMF+BCS are stronger than those from RHB,
which is not the same as the usual case. This might be be-
cause two different pairing forces are adopted in the
RMF+BCS and RHB calculations. As mentioned before,
for the lowest mean field calculations, a density depend-
ent § pairing force was used in Ref. [17], while a separ-
able pairing force was used in the present calculations.
The stronger pairing correlations given by yhr
RMF+BCS make these nuclei more binding, thus increas-
ing the discrepancy between the two calculations.

By including the DCEs, the underestimation of the
binding energies is improved significantly, and the rms
deviation is reduced from 2.50 MeV to 1.59 MeV.
However, in the region (N,Z) ~ (24,12), large deviations
exist even though the DCEs are considered. This might
be associated with the complex shell evolution around
this region. To obtain a better description of the binding
energies in this region, the tensor interaction [59] may
need to be included in the adopted density functional,
which is beyond the scope of the present investigation.

To estimate the number of bound nuclei from O to Sn
isotopes, two-proton and two-neutron drip lines pre-
dicted by the present triaxial RHB approach with and
without DCEs are also plotted in Fig. 1. The predicted
number of bound even-even nuclei between the proton
and neutron drip lines from O to Sn isotopes without
DCEs is 569. The inclusion of DCEs has little influence
on the proton and neutron drip lines, and the correspond-
ing number of bound nuclei is 564. For comparison, the
drip lines predicted by the spherical RCHB (PC-PK1)
[31], axial RHB(DD-PCI1) [15], and axial RMF+
BCS(TMA) [13] are also shown. It is found that theoret-
ical differences for the proton drip lines are rather small.
However, the neutron drip lines predicted by different ap-
proaches differ considerably, and the differences in-
crease with the mass number. The neutron drip line pre-
dicted by the triaxial RHB approach is located between
those predicted by the axial RHB and spherical RCHB
approaches.
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(color online) Charge radii of nuclei from O to Sn and their comparison with available data [60]. Discrepancies of the calcu-
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Fig. 3.
calculations as functions of neutron and proton numbers.

Besides the binding energies, the charge radii calcu-
lated by the triaxial RHB were been compared with avail-
able data [60] in Fig. 2. The experimental charge radii are
well reproduced, and most deviations between the calcu-
lated results and the data are in the range of —0.03 ~ 0.03
fm.

Figure 3 shows the contour map of the dynamical cor-
relation energies E o calculated by the SDCH model
based on the triaxial RHB calculations. The calculated
E.or ranges from 0 to 5 MeV and varies mainly in the re-
gion of 2.0-4.0 MeV. Owing to shape fluctuations, the
dynamical correlation energies are pronounced for the
nuclei around Z ~ 32, 40 and N ~ 34, 60. Similar to the
results of Ref. [17], the dynamical correlation energies
for the semi-magic nuclei with Z = 28, 50 and N =28, 82
are nonzero or larger. This is because the potential en-
ergy surfaces for these nuclei are either soft or with shape
coexisting phenomena.

In Ref. [17], the binding energies of 575 even-even
nuclei in the region of 8 <Z < 108 were calculated using
the SDCH method in the framework of the triaxial
RMF+BCS. For the 228 nuclei with 8 <Z <50 in Ref.
[17], the rms deviation with respect to data was 1.23
MeV, whereas the rms deviation in the present calcula-
tions for these nuclei is 1.47 MeV. The lowest mean-field
binding energies given by these two calculations have
little difference; therefore, the differences mainly arise
because of E op;.

The dynamical correlation energies E.q calculated by
5DCH based on the triaxial RHB and triaxial RMF+BCS

(color online) Contour map of the dynamical correlation energies E,, calculated by the SDCH model based on triaxial RHB

are plotted in Fig. 4 as functions of the neutron number N.
Although the systematics of E.., are similar for both cal-
culations, the triaxial RHB-based E.,, are systematically
larger than those based on the triaxial RMF+BCS. The
rms deviation between these two results is 0.53 MeV, and
this leads to an overall difference in the binding energies.
The systematic difference of E.., might be caused by the
different treatments of pairing correlations. The pairing
correlations in the present calculations are considered by
the Bogoliubov transformation, while in Ref. [17], they

""""" LRAAARAAALS LAAARALRAY LALLALRA] RALLARARAY RALARALAAY LAAMALALRY LARAARALAY LALLARY
8l | ° RHB & RMF+BCS |
N=20 N=50 | ]
N ! N=g82 | 1
—~ 6 1 1 [
> 1 1 N
() I I I
s ° I I
[
S b oo | 0 seged | gsgats L]
= Qe 8 §9A§°°Ioegg§ §g o I
3 AE§0|Q§6 ﬁgoggﬁoao o 88480490 ]
L 3 4o-a, 8.9 665 AR, ]
ada4 |§é 8% 6A0°Zﬁ 2a 20 gﬁ a%g ]
2F  a° 213 a88,a7p 4y 2A§ a28%, (.
° o, A ©a b ad Ao 2
fa1 At 82 Aé aa :o 41
o g R
[V S -V-Y-Y-Y-V-V-Y-V.V.V.V-V) & asds 4
1 ] 1 1 ! 1 1 Loy

0 10 20 30 40 50 60 70 801

Neutron number
Fig. 4. (color online) Dynamic correlation energies calcu-
lated by 5SDCH based on triaxial RHB (circles) compared
with those based on triaxial RMF+BCS [17] (triangles).
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are considered by the BCS approximation. To understand
the origin of the discrepancy of the dynamical correlation
energies between the RHB and RMF+BCS calculations,
the pairing energies Ep,ir, moments of 1nert1a TI,, collect-
ive masses Bgz and B,, for nucleus “Ge calculated by
RHB and RMF+BCS were compared in detail. It is found
that pairing correlations calculated from the RHB are
stronger than those from the RMF+BCS, which leads to
smaller collective parameters 7, Bgg, and B,, and thus,
larger dynamical correlation energies E.oy. Similar con-
clusions were made in Ref. [61]. Moreover, compared
with the DCEs obtained from the 5SDCH method based on
Gogny-Hartree-Fock-Bogoliubov theory [32], the triaxial
RHB-based DCEs are systematically smaller, and the rms
deviation between two calculations is 1.59 MeV. As
demonstrated in Ref. [17], this discrepancy might be due
to the collective parameters, which are sensitive to the ef-
fective interactions, in particular the pairing properties.
The contour map of the triaxial RHB calculated quad-
rupole deformation 8 are presented in Fig. 5. The quadru-
pole deformation corresponds to the energy minima on
the whole (8,y) plane. Here, B8 is defined as positive for
0° <y <30° and negative for 30° <y < 60°. In general, the
nuclei near magic numbers possess small or vanishing de-
formation. However, it is found that single magic num-

il;

bers do not enforce sphericity, especially for neutron-rich
nuclei. For example, neutron-rich isotones with
N=28,Z<20 and N =50, Z <28 show remarkable de-
formation. In addition, the deformation develops when
moving away from the magic numbers, either isotopic-
ally or isotonically. There are four large deformed re-
gions located at (N,Z)~(24,14), (34,32), (60,40) and
(94,46). These regions with large deformation corres-
pond to the regions with large DCEs as shown in Fig. 3.
The nuclei with triaxial deformation i.e. y # 0°, 60°,
are also shown in Fig. 5. It is found that the static triaxial
nuclei occur mainly in the region with (N,Z) ~ (56,46),
which is consistent with the results given by finite-range
liquid-drop model [62]. There are 14 nuclei with triaxial
deformation, and most of them belong to the Ge, Mo, and
Ru isotopes. The inclusion of static triaxial deformation
makes these nuclei more binding at a value of ~ 0.3 MeV.
For our present beyond mean-field calculations, the tri-
axial deformation was not only static but also dynamic.
The effects of triaxial deformation play a role in the de-
scription of binding energy especially for a nucleus with a
v soft potential energy surface. The final aim of this
project is to build a whole nuclear mass table including
both triaxial degrees of freedom and dynamical correla-
tion energies. Similar works on this topic are in progress.

126
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20 28
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(color online) Contour map of quadrupole deformation £ calculated by the triaxial RHB approach as functions of the neutron

and proton numbers. Nuclei with triaxial deformation are denoted by black triangles.

5 Summary

In summary, the nuclear masses of even-even nuclei
with 8 < Z <50 ranging from the proton drip line to the
neutron drip line are systematically investigated using the
triaxial RHB theory with the relativistic density function-
al PC-PK1, and the quadrupole dynamical correlation en-
ergies are taken into account by solving the SDCH. By in-
cluding the dynamic correlation energies, the prediction
of triaxial RHB theory for 252 nuclei masses was im-
proved significantly, with the rms deviation reducing
from 2.50 to 1.59 MeV. The dynamic correlation ener-
gies have little influence on the positions of proton and

neutron drip lines, and the predicted numbers of bound
even-even nuclei between proton and neutron drip lines
with and without dynamical correlation energies are 569
and 564, respectively. In the present calculations, the ob-
tained dynamical correlation energies ranged from 0 to 5
MeV, which are slightly larger than the results of a previ-
ous work [17]. The discrepancies might be caused by the
different treatments of the pairing correlations, which
would lead to different zero point energies, and thus dif-
ferent dynamical correlation energies. The contour map
of quadrupole deformation g and y associated with the
dynamic correlation energies is also discussed in detail.
Fourteen nuclei are predicted to have triaxial deforma-
tion, which are good candidates for the experimental
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study of the possibility of triaxial deformations. The final
aim of this project is to build a whole nuclear mass table
including both triaxial degrees of freedom and dynamical
correlation energies. Similar works on this topic are still
in progress.

The authors are grateful to Prof. ZhiPan Li and Prof.
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ical readings of our manuscript.
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