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Abstract: We investigate whether the new horizon first law still holds in f(R,R“'R,,) theory. For this complicated

theory, we first determine the entropy of a black hole by using the Wald method, and then derive the energy of the

black hole by using the new horizon first law, the degenerate Legendre transformation, and the gravitational field

equations. For application, we consider the quadratic-curvature gravity, and first calculate the entropy and energy of a

static spherically symmetric black hole, which are in agreement with the results obtained in the literature for a

Schwarzschild-(A)dS black hole.
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1 Introduction

The black hole, predicted by general relativity, is an
object of long-standing interest to physicists. It was Bek-
enstein who first proposed that black holes actually pos-
sess entropy [1]. In sharp contrast to standard thermody-
namic notions wherein entropy is supposed to be a func-
tion of volume, he suggested that the entropy of a black
hole is proportional to the horizon area. Since then a vari-
ety of different theoretical methods have been used to cal-
culate the Bekenstein-Hawking entropy, such as using the
quantum fields near the horizon [2], quantum field the-
ory in a fixed background [3], the entanglement entropy
[4], string theory [5-10], loop quantum gravity [11, 12],
Noether charge [13, 14], induced gravity [15], the causal
set theory [16], the symmetry near the horizon [17, 18],
and using the inherently global characteristics of a black
hole spacetime [19]. It has been shown that the classical
Bekenstein-Hawking entropy depends not only on the
black hole parameter, but also on the coupling, which re-
duces the Lorentz violation [20]. Considering the com-
plexity involved in these methods, finding a simpler way
to calculate the entropy of a black hole is an important task.

Energy is another important issue besides entropy in
black hole physics. In higher-order gravitational theories,
the energy of a black hole is still an open problem. Sever-
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al efforts to find a satisfactory answer to this issue have
been carried out [21-25]. It was shown that the entropy
and energy of a black hole can be simultaneously ob-
tained in Einstein's gravity using the horizon first law
[26], but it cannot work in higher-order gravitational the-
ories. Recently a new horizon first law, in which both the
entropy and the free energy are derived concepts, was
suggested in Einstein's gravity and Lovelock's gravity;
the standard horizon first law can be recovered by a Le-
gendre projection [27]. In [28], it was found that the new
horizon first law still works in f(R) theories by introdu-
cing the effective curvature fluid: it can give not only the
energy but also the entropy of black holes, which are in
agreement with the known results in the literature. Here
we will consider the new horizon first law and the en-
tropy and the energy issues in f(R,R*'R,) gravity.

The paper is organized as follows. In section 2, we
briefly review the new horizon first law. In section 3, we
discuss the entropy and the energy of black holes in
f(R,R"R,,) theory.In section 4, applications are con-
sidered. Finally, in section 5 we briefly summarize our
results.

2 The new horizon first law

According to the suggestion proposed in [29], that the

* Supported in part by Hebei Provincial Natural Science Foundation of China (A2014201068)

1) E-mail: yangrongjia@tsinghua.org.cn

©2020 Chinese Physical Society and the Institute of High Energy Physics of the Chinese Academy of Sciences and the Institute of Modern Physics of the Chinese

Academy of Sciences and IOP Publishing Ltd

115101-1



Chinese Physics C  Vol. 44, No. 11 (2020) 115101

source of thermodynamic system is also that of gravity,
the radial component of the stress-energy tensor can act
as the thermodynamic pressure, P =T"|, , then at the ho-
rizon of Schwarzschild black hole the radial Einstein
equation can be written as

p T L 0

2ry  8nr?

which can be rewritten as a horizon first law after a ima-
ginary displacement of the horizon, §E = T6S — P§V, with
E as the quasilocal energy and S as the horizon entropy of
the black hole [26]. As the temperature 7 in the Eq. (1) is
identified from the thermal quantum field theory, inde-
pendent of any gravitational field equations [27], while
the pressure P in (1), according to the conjecture pro-
posed in [29], is identified as the radial component of the
matter stress-energy, it is reasonable to assume that the
radial field equation of a gravitational theory under con-
sideration takes the form [27]

P=D(r)+C(r)T, (2)
where C and D are analytic functions of the radius of the
black hole, r,; in general, they depend on the gravitation-
al theory under consideration. Varying the Eq. (1) and
multiplying the geometric volume V(r,), it is straightfor-
ward to have a new horizon first law [27]

6G = -S 6T + V5P, 3)
with the Gibbs free energy as
G= f V(OD' (P dr+T f V(HC (Hdr
=PV-ST- f V()D(rdr, “)
and the entropy as [27]
S = f V(HCHr. (5)
Under the degenerate Legendre transformation
E=G+TS - PV, yields the energy as [28]
E=- f V(DA (6)

This procedure was first discussed in Einstein's grav-
ity and Lovelock's gravity, which only give rise to a
second-order field equation [27]. It was generalized to
f(R) gravity with a static spherically symmetric black
hole [28] or with a general spherically symmetric black

hole [30] and was also applied to the D-dimensional f(R)
theory [31].

In the next section, we will investigate whether this
procedure can be applied to more complicated cases, such
as f(R,R"R,,) theory, and whether Eqs. (5) and (6) can
still be used to obtain the entropy and the energy in the
theory we consider.

3 The entropy and the energy of black holes
in f(R,R"R,,) theory

As shown in section 2, the new horizon first law
works well in Einstein's theory, Lovelock gravity [27],
and f(R) theory [28, 30, 31]. Does it still works in other
gravitational theories such as f(R,R*R,,) theory? We
consider this question in this section. In four-dimensional
spacetime, the general action of f(R,R*’R,,) theory with
source is given by

o L

where Ly, is the matter Lagrangian and f(R,R"'R,,) is a
general function of the Ricci scalar R and the square of
the Ricci tensor R,,. We take the units G=c=h=1.
Varying the action (7) with respect to metric g,, yields
the gravitational field equations as

1 T, 1
- =Rgy = 87T[L + —Qﬂv] s
Jr

2 8

_of 2 6L,

where fz = R and T, = W=7
mentum tensor of matter. €, is the tress-energy tensor of

the effective curvature fluid and is given by

®)

G,uv = Kyy

is the energy-mo-

11 o
Qﬂv :]TR Egyv(f_RfR)+VﬂvaR_gvafR_zfXRﬂRarv

~O(fxRu) =~ 8 Vo V(X RP) + 2V, V(RS )]
)
1 ) of
where A, = E(A”V+AV”)’ X =R"R,y, and fx= <. In-

0X
serting the following two derivational relations

1
VoVs(R™) = RVoV fic+ (VR)(Vpf) + 5 fxOR, (10)

and

1 1
Vav,u(fXRg) + Vavv(fXRZ) =R3V<yvyfx +sz(yvva + E(Vqu)(VvR) + E(VVfX)(VﬂR)

+ (VozfX)(V,uRg) + (Va/fX)(VvRZ) + fXV,quR + 2fXRoz;4v/1R(M + ZfXR/MR(}y

(11)

into Eq. (9), the tress-energy tensor of the effective curvature fluid Q,,, is simplified as

Q. =
Ik

+ R(VyvavﬂfX + RZV(XVVfX - fXV;leR - 2fXR(mv/1le]~

1,1 1
__[Egyv(f - RfR) + Vyvva - guvaR _fXDva - RvafX - gvaaﬁvaVﬁfX - EfXg;lvDR

(12)
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For a static spherically symmetric black hole whose geo-
metry is given by

ds® = —B(r)di* + d( )+r2d§22 (13)

where the event horizon is located at r =r, the largest
positive root of B(r;) = 0 with B'(r,) # 0, the (%) compon-
ents of the Einstein tensor is

1
G| = ﬁ(—1+rB'+B), (14)

with the primes denoting the derivative with respect to .
At the horizon, since B(r,) = 0, it reduces to

1
Gi=—(-1+rB). (15)
I

While the radial components of the tress-energy tensor of
the effective curvature fluid €, at the horizon takes the
following form

1 1 1 /! / ’
Q) = |3 = Rfi) = 3B'fe = B UxRD

_2/xB'R .\ 2fxB'R]

—2fX(R})2}- (16)

ry ry

Substituting Egs. (15) and (16) into Eq. (8), and consider-
ing P=T"|, , we derive

1
6G =— 5zrri(f

——r 16(f —Rfp) -

43T ([ fr\ 4n T (fxR}) 1
ol =— ) =
3 (2r+ ) LT e Y

B 1 1
sep=— L I Ly Ry L e B Rl
2/xB'R] 2fxB'R]
+ er Jx +2/ (R (17)

This equation is very complicated; therefore, how can we
determine the function C(r,) in Eq. (2)? Even worse, this
equation depends on higher derivatives of B, and hence
we can no longer follow the same approach as the one we
followed for Einstein's theory in which we obtained the
entropy and energy from Egs. (5) and (6) directly. In
higher-derivative gravity, to use the horizon first law,
6E =T6S — PS5V, usually one should reduce the higher-
derivative field equations to lower-derivative field equa-
tions via a Legendre transformation [32, 33]. Here we try
a new method. If we obtain the entropy by using other
methods, then using the new horizon first law (3) and the
degenerate Legendre transformation E =G+TS — PV, we
can derive the energy. As f(R,R*'R,,) is a diffeomorph-
ism invariance of the gravitational theory, the entropy can
be obtained using the Wald method, which is presented in
the Appendix. Taking into account the volume of the
black hole V(r,)=4nr3/3, the pressure in Eq. (17), the
Hawking temperature T = B’(r,)/4n, and the entropy giv-
en in the Appendix, the new horizon first law (3) can be
rewritten as

36T )+ %nrié[r(fo})’]

3
and T'S — PV is given by

1 2
TS —PV =§nrifRT + gnrifo}T

1
+6er++

According to the degenerate Legendre transformation
E=G+TS -PV, we have

1 1
oF =6(G+ TS —PV) = [EfRéh_ + Zri(f—RfR)ém-

+r¢ fx B R3r, =13 fx (R} ] o7 (20)

or equivalently
1
fut 3P0 = Rfi) 41 feB RS =7 fx(R)? ..

. =fn %
21)

When fx =0, Eq. (21) returns to the result obtained in
f(R) theory [28]. Using Egs. (21) and (29), we can calcu-

(%)_’_ 47rr§r(5(47erT2)_ 4nrié(fo

%ﬂ'r T(fXR ) —

Eri(f—RfR) - §r+fXB/ + gfxB' -

3 )+ riolfx (R, (18)

+

3

1
7TV TfR

grifx(R})z. (19)

late the energy and the entropy of the black hole in
f(R,R*™R,,) theory.

4 Application: quadratic-curvature gravity

For application, we consider a simple but important
example: the most general quadratic-curvature gravity
theory with a cosmological constant in four dimensions;
its Lagrangian density is given by an arbitrary combina-
tion of scalar curvature-squared and Ricci-squared terms,
namely,

(R,R“R,,) = R+ aR" R, + AR* —2A, (22)
f M M

where @ and A are constants, and A is the cosmological
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constant. For this theory, we have fgr=1+24R and
fx =a. We find from (29) that in spacetime with metric
(13), the entropy is

S = nr2(1+2AR +2aR}). (23)

Substituting Eq. (22) into Eq. (21), the energy of the
black hole is given by

2 R
oot a2 e
2aB’ R
L 3 _20R - A ]dr+
2 re
1
-1 f[(6aR}2 +2R @B’ +2aR?’ +2A+/1R2)r3
+4R!ar, B —2(2aR% + 2R + 1)] dr,. (24)
In the case of a Schwarzschild-(A)ds black hole, for ex-
2M A
ample, whose metric is given by B(r) =1—- — — Tr , the

entropy (23) and the energy (29), respectively, return to

S =ar2(1+2AR+2aR)) = nr2[1 +2(a+4DA],  (25)
and

=[1+2(a+4DAIM, (26)

where we have used B(r,) = 0. Egs. (25) and (26) are

consistent with the results obtained in [34, 35]. The en-

ergy in [35] was computed using the Abbott-Deser-Tekin

method and a qualitatively different way of regularizing
the Iyer-Wald charges. On the other hand, in [34] the en-

Appendix A

In the bulk of the present paper, we studied the entropy and en-
ergy of a black hole (13) in f(R,R*’R,,) theory. To confirm wheth-
er our results are reasonable, here we calculate the entropy by us-
ing the Wald formula, which takes the following form

oL
S=-2 P— -4 dVa, Al
28 9€ SRy Cared 4V2 (AD)

where L is Lagrangian density of the gravitational field, dV, is the
volume element on the bifurcation surface %, and ¢, is the binor-
mal vector to ¥ normalized as e,e® = —2. For the metric (13) the

binormal vectors can easily be found as €; =1 and € =-1. For
SR, R,y RY)

L=
167

, We can get

ergy was calculated using the horizon first law after tak-
ing a Legendre transformation. When « =0, we obtain
the results in R+ AR?>-2A theory. While for =0 and
A =0, we get the results in Einstein's gravity with the cos-
mological constant.

5 Conclusion

We have discussed whether the new horizons first law
is still valid in f(R,R*'R,,) theory. Unlike the approach
taken in Einstein's gravity, we cannot directly derive the
entropy and energy via Egs. (5) and (6). We must first ob-
tain the entropy using other methods, such as Wald for-
mula, then we can use the new horizon first law, the de-
generate Legendre transformation, and the gravitational
field equations to derive the energy of the black hole in
f(R,R*R,,) theory. For application, we have considered
quadratic-curvature gravity and have presented the en-
tropy and the energy for a static spherically symmetric
black hole, especially for a Schwarzschild-(A)ds black
hole where the results are consistent with those obtained
in the literature. Whether this procedure can be applied to
other complicated cases, such as Einstein-Horndeski-
Maxwell theory [36], is worth studying in the future. In
future works, we also plan to compare our results with
those obtained by using other methods such as the Mis-
ner-Sharp and Abbott-Deser-Tekin methods.

We thank J. Zhai for the helpful advice.

oL 1 oR ORWRHY
= fes— +
ORabed 167 ORabcd ORabed
=& (518" fi + 2R 5P 57, 6, 656 fixc ). (A2)

For the metric (13), we have g, e,,=-2 and

2R 7P 8L 81 00Enéca = 4RVg!! = —4R]. Since the integral (27) is
to be evaluated on shell, finally we have the entropy as

A(r+) (

S = fr+2fxR}) (A3)

in f(R,R"Ry,) theory for the black hole (13).
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