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Cosmic acceleration caused by the extra-dimensional evolution
in a generalized Randall-Sundrum model”
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Abstract: We investigate an (n+ 1)-dimensional generalized Randall-Sundrum model with an anisotropic metric

which has three different scale factors. One obtains a positive effective cosmological constant Q. ~ 107!>*(in Planck

units), which only needs a solution kr ~ 50 —80 without fine tuning. Both the visible and hidden brane tensions are

positive, which renders the two branes stable. Then, we find that the Hubble parameter is close to a constant in a large

region near its minimum, thus causing the acceleration of the universe. Meanwhile, the scale of extra dimensions is

smaller than the observed scale but greater than the Planck length. This may suggest that the observed present accel-

eration of the universe is caused by the extra-dimensional evolution.
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1 Introduction

The current cosmic acceleration is an unexpected pic-
ture of the universe, revealed by the data sets of the last
two decades from astrophysics and cosmology [1-15].
These data, which come from the cosmic microwave
background radiation, supernovae surveys, baryon acous-
tic oscillations, etc, indicate that the universe consists of
5% ordinary baryonic matter, 27% dark matter, and 68%
dark energy [6-16]. Dark energy not only has an un-
known form of energy but also has not been detected dir-
ectly. Additionally, dark energy is very similar to the cos-
mological constant which was proposed by Einstein. In
Planck units, the observed value of the cosmological con-
stant is an extravagantly tiny positive value of order
107124, This is the well-known cosmological constant fine
tuning problem [17, 18]. There have been numerous at-
tempts in order to solve this problem, such as quint-
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essence, the anthropic principle, the f(R) model, etc. [19-
26]. But none of these theories are problem-free. In astro-
physics and cosmology, it is still an open question.
Another perspective for resolving the problem de-
scribed above, which seems to be more radical, is the fol-
lowing: must the dimensions of our universe be four? Are
there any extra dimensions which are too small to be ob-
served? Does the evolution of these extra dimensions
contribute to the current cosmic acceleration? If so,
would this help in solving the cosmological constant fine
tuning problem? Therefore, we have investigated some
higher-dimensional theories [27-40]. Among them, the
Randall-Sundrum (RS) two-brane model [30], which has
a natural solution to the hierarchy problem with warped
extra dimension, has attracted our attention. The hier-
archy problem is essentially a fine tuning problem that
can be described as: why is there such a large discrep-
ancy between the electroweak scale/Higgs mass Mgy ~ 1
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TeV and the Planck mass M, ~10'® TeV? In the RS
two-brane scenario, our universe is described by a five di-
mensional line element [30]

ds? = e 2Oy, dwdx” + r2dy?, (1)

where y is the extra dimensional coordinate, r, is the ex-
tra dimensional compactification radius, e~ is the well-
known warp factor with the term o =kr/gl,
k= +-A/24M3, and M is the five dimensional Planck
mass. Then a large hierarchy is generated by the warp
factor e 2" meanwhile one requires only kr ~ 10. The
cosmological constant fine tuning problem is similar to
the hierarchy problem. In the RS model, the visible brane
is unstable, which is caused by the negative brane ten-
sion. Furthermore, the cosmological constant on the vis-
ible brane is zero, which is not consistent with our data
sets of the last two decades [31, 41].

The above problems can be solved in a generalized
RS braneworld scenario in which g,, replaces 7,, in the
RS model [31]. In this scenario, the tension of the visible
brane and the hidden brane can both be positive with a
negative induced cosmological constant. It is very inter-
esting because both branes are stable [42-47]. In order to
be consistent with the current constraints, the negative in-
duced cosmological constant Q should be transformed in-
to the positive effective cosmological constant Q.. This
positive Q.¢ can be obtained in an (n+ 1)-dimensional
(-d) generalized RS model with two (n-—1)-branes in-
stead of two 3-branes [48]. In this model, adopting an an-
isotropic metric ansatz with two different scale factors,
one obtains the positive effective cosmological constant
Qet ~ 10712 (in Planck units), which only needs a solu-
tion kr ~50-80 without fine tuning. The cosmological
constant fine tuning problem can be solved quite well
[48].

But there is no reason to exclude the possibility of the
anisotropic metric ansatz with the form of scale factors
more than two. In this paper, we investigate an (n+ 1)-di-
mensional generalized Randall-Sundrum model with an
anisotropic metric that has three different scale factors.
We obtain that H; has a lower bound, Hiy,. Near this
minimum value, the Hubble parameter is seen to be a
constant in a large region, thus causing the acceleration of
the universe. Meanwhile, the scale of extra dimension is
smaller than the observed scale but greater than the
Planck length. This may suggest that the observed present
acceleration of the universe is caused by the extra-dimen-
sional evolution rather than by dark energy. Our work is
organized as follows: In Sec. 2, by considering the two
(n—1)-branes with the matter field Lagrangian in the
(n+1)-d generalized RS model, the n-d Einstein field
equations are obtained. In Sec. 3, we focus on the evolu-
tion of a (n+ 1)-brane solved from the above field equa-
tion with an anisotropic metric ansatz that has three dif-

ferent scale factors. Finally, the summary and conclusion
are presented in Sec. 4.

2 (n+1)-d generalized Randall-Sundrum mod-
el

We consider an (n+ 1)-d generalized RS braneworld
model that is consistent with Ref. [48]. The action S,
is:

S n+1 = Soulk + S vis + S hids 2

where Spuk 1s the bulk action and S.; and Spq are the
(n—1)-brane visible action and hidden action, respect-
ively:

Sbulk = f d"xdy V-G(M".|R- N), (3)
Svis = fdnx V_gvis(Lvis - Vvis)» (4)
Shid = f d"x vV=gnia(Lnid = Vhia)s %)

where A denotes a bulk cosmological constant, M, is
the (n+1)-d fundamental mass scale, G4 and R are the
(n+1)-d metric tensor and Ricci scalar, respectively, £;
is the matter field Lagrangian of the visible and hidden
branes, and V; is the tension of the visible and hidden
branes, here with i =hid or vis. In this (n+1)-d general-
ized RS scenario, the metric takes the form:

ds? = Gapdx*dx® = e Vg, dx*dx? + 2dy?, (6)
where e724®) is known as the warp factor, capital letter
A, B, ... indices run over all spacetime coordinate labels, y
is the extra dimensional coordinate of length r, lowercase
letter a,b=0,1,2,---,n—1 does not include the coordin-
ate y, and g, is the n-d metric tensor. Variation with re-

spect to the metric G45 and after some easy manipula-
tions then modulo surface terms, one obtains

1 1 .
Rap— =G RZ—{—G A+ T ,6(y—y;
ap— 5Gag 2] AB Z[ 450y —yi)

~GusiahViotr-yl, )

where R4p 1s the (n+1) -d Ricci tensor and TAB is the
(n+1)-d energy-momentum tensors. Note that here the
energy-momentum tensor is given by
T} =diag[—c;,c;,---,c;] [47, 48]. A solution to Eq. (7)
with the metric tensor in Eq. (6) has been derived in Ref.
[48], and reads

A = —In[wcosh(kly| + c-)], (8)

n+1

where the constant k= \/—A/ [M"'n(n—1)] ~ Planck
mass. w is given by
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-2Q
Y= a2 ®

and the term c_ takes the form

1-V1-w?
n——.

c-=1 (10)

Meanwhile, an n-d Einstein field equation can be obtained:

w

— 1 —
Rab_zgasz _anb’ (11)

where Q is the induced cosmological constant on the vis-
ible brane, and R and R,, are the n-d Ricci scalar and
Ricci tensor, respectively,

Note that the solution derived above has the negative
induced cosmological constant Q. Here we do not con-
sider the situation where Q > 0, since the tension on the
visible brane is negative, which results in instability [31,
41, 47, 48]. Thus, an anisotropic metric is assumed to be
of the following form [47-49]:

ga» = diag[~1,aj(),a3(t),a5(t),---,a>_, (0],  (12)

where a; is the scale factor. The case where the scale
factors on the visible brane evolve with two different
rates has been studied recently [48]. In this case, we can
obtain the positive effective cosmological constant
Qe ~ 107'%* and only requiring kr ~50—80, where for
convenience, the Planck mass has been set to unity. Thus,
the cosmological constant fine tuning problem can be
solved quite well. Furthermore, the three dimensional
(3D) Hubble parameter H(z) is consistent with the cos-
mic chronometers dataset extracted from [6-15]. The ob-
served 3D universe naturally shifts from deceleration ex-
pansion to accelerated expansion. This shows that the ac-
celerated expansion of the observed universe is intrinsic-
ally an extra-dimensional phenomenon. But there is no
reason to make the scale factor evolve with only two
kinds of rates. Therefore, we investigate the case where
the scale factors on the visible brane evolve with three
different rates.

3 Anisotropic evolution of (n—-1)-brane

For the anisotropic metric Eq. (12) with three kinds of
scale factors and the negative induced cosmological con-
stant Q ~ —107124, the field equations (11) can be written:

Zn,-(n,-—1)H?+Zn,-njH,-Hj=ZQ, (13)

i i£j

1

2
Zn,-H,-—Hl +(Zn,-H,-] —H1ZniHi=297 (14)

i i

2
ZniHi—H2+(ZniHiJ —HZZn,»Hl:ZQ, (15)

1

2
ZniHi—H3+(ZniHi) —H3ZniHi:2Q, (16)

l

1

14

where i = 1,2,3, and the terms n;, n,, and n3 are the num-
ber of dimensions which evolve with three kinds of rates,
respectively, the Hubble parameter H = a/a, and H; is the
first time derivative of H;. Computing the sum of Egs.
(14), (15), and (16) yields a simplified expression for

ZniH,‘Z

i

D niH; = —x1 tan, (17)

where the term S =y t+6y, 6y is the initial phase angle
which is determined by the scale of the formation of the
brane, and the term y; takes the form

PO e e Vi (18)
n—-2

It is convenient to redefine the sum of the Hubble para-
meters in the following manner:

S niH; = J. (19)

1
Replacing Eqgs. (17) and (19) into Eq. (14), then perform-
ing some manipulations, one obtains
H +H f=f+f>-2Q. (20)

The solution of the above equation is
Hy=eJ/4 U(f'+f2—2g)effdfdt+c . QD

where ¢ is an integration constant. Combining Egs. (17)
and (19), H, is given by

X1
n—1
Using Egs. (19) and (20), Eq. (13) can be rewritten as

H =- tanf + csecp. (22)
mHj; +n3Hs = —n Hi + [ =2Q. (23)

Egs. (22) and (23) could be combined to give the follow-
ing equation, eliminating H, completely:

(51)7
ns

=0. (24)

n3+ — H3+—(n1H1—f)H3+
ny n»

2

n 2

+ n—le Mo, +n H? +2Q
2 ny

Then the Hubble parameter H3 can be obtained:
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-mH 1
7 AT S 2 P WA
ny +n3 ny +nsz|n3
2
SO oy B
ns n3
2n 12
— 2y +n3)Q (25)
n3
Combining Egs. (17), (19), and (22), H; is given by
H; = —X—ltanﬁ—wsecﬁ, (26)
n—1 ny +nj

where the term y3 is

X3 = \/‘2@(nz+n3)9—n1@(”— De?. (27)
n3 n3

Note here that we have chosen H, to always be greater
than H;. Finally, using Eqs. (17) and (26), one can also
obtain the Hubble parameter H, :

H, = —X—ltan,B+X2_—nlcsecB, (28)
n—1 ny +nj
where the term y is
ns ns
X2 = \/—2—(n2+n3)§2—n1—(n—1)02. (29)
ny ny

It is easy to see that the integration constant ¢ is con-
strained by Eqgs. (27) and (29). The constant ¢ must be set
to a value less than ¢y, to guarantee that the value in the
root is greater than zero, which yields

=20
g |t _ (30)
\ m-1)

where cpax 1S the maximum value of c. It is evident from
Egs. (26), (27), (28), and (29) that, if ¢ = cmax, H> 1s equal

to H;. For convenience, we define a parameter d satisfy-
ing

¢ = dcmax, (31)

where the value of d is between 0 and 1. First, we invest-
igate the effect of parameter d on the Hubble parameters
H. We choose n; =3, which is most in line with the
presently observed three dimensional (3D) space. Further
setting ny =1 and n3 = 1, we plot the Hubble parameters
H, H,, and H; as a function of 8 in Fig. 1 with d =0,
d=0.5, and d =1 respectively. In Fig. 1(a)-(c), the three
curves having same type (color) correspond to three dif-
ferent values of d, respectively. In Fig. 1(a), we plot the
Hubble parameter H; as a function of 8. When the para-
meter is d = 0 or d = 0.5, the Hubble parameter H; mono-
tonically decreases with 8. And when

d> \ni/[(ng +n3)(n—2)] = dumin = V6/4 ~ 0.612
for n; =3, np =1, and n3 = 1, the Hubble parameter H,

has a minimum
2 2.2
N m—1)> —x7

Himin = P (32)
n—1
when the term S in Eq. (22) takes the form
o : X1
Bmin = arcsm[c(n_ 1)}. (33)

If B < Buin, the Hubble parameter H, is a monotonic func-
tion decreasing with time, which is not in accordance
with cosmological observations and experiments. As can
be seen easily from Fig. 1(a), the the Hubble parameter
H; has a minimum when d = dp, ~ 0.612. This case may
be consistent with the present observations because H;

()

'
w
'
w

-1 0 1 -1
g
Fig. 1.

0 1
8

(color online) The Hubble parameters H, (n; =3), H, (n2 = 1), and Hz (n3 = 1), with three different parameter values d. (a) The

Hubble parameters H; with d =0,0.5,1 correspond to the solid (blue) curve, the dashed (black) curve, and the dotted curve (red) re-
spectively (n2 = 1). (b)-(c) The case for the Hubble parameters H, and H; , respectively.
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tends to a constant near the minimum, which can lead to
accelerated expansion without the contribution of dark
energy (or an inflaton field).

Combining Egs. (18), (22), (28) and (29), we obtain
H, = H, if ¢ satisfies

_ —29113 _
=\ - G4

It is shown that H, tends toward H; when ¢ — ¢,,. In the
case ¢ = ¢,q, the parameter d., is defined as:

Ceq ning
doy = = |— 35
T emax N (1 +m)(ma+n3) (33)

For n; =3, my=1, and n3 = 1, doy = V6/4 ~ 0.612. Since
the extra dimension in our universe is not observed
presently, it cannot be too large, and the current scale of
extra dimensions is still outside the observable range.
When d is equal to d,,, the extra dimension Hubble para-
meter H, is converted to H;. This case is inconsistent
with the presently observed 3D space. The Hubble para-
meter H, of the extra dimensions is plotted in Fig. 1(b)
for d =0,0.5,1. It can be easily seen that the Hubble para-
meter H, has a minimum with 4 =0 and 0.5, which can
lead to accelerated expansion of the extra dimensions. We
are not interested in this situation because it is not in line
with observation. However, the Hubble parameter H, is
always negative with d = 1, which ensures that the extra
dimensions always exceed the observable range. Note
here that the ratio of dpin to dq is

dmin (m +n2)
= <1, 36
dgq \/n3(n1 +ny+n3— 1) ( )

where dmin/deg =1 if and only if n3 = 1. So we only con-
sider the case d > d,, because then we obtain d > dpyiy
when d > d,,.

In Fig. 2, we have plotted the parameter d., versus
the number of extra dimensions n, and nj3, respectively.
The figure on the left is the curve of the parameter d,,
with n3 when n =1, 5, and 30. It is shown that d,,

1

0.8

0.6
<
0.4r
0271
0 . . . .
0 10 20 30 0 10 20 30
n3 ny
Fig. 2. (color online) The parameter d., versus the number

of extra dimensions n, and n3, respectively. The figure on
the left is the curve of the parameter d., with n3 when
ny = 1,5,30, and the figure on the right depicts the evolution
of d.q with ny when n3 = 1,5,30.

(©

Fig. 3.

(color online) The Hubble parameters H; (n; = 3), H, and H; when d = 0.98. (a) The Hubble parameters with n; = 1,3,5 cor-

respond to the solid (blue) curve, the dashed (black) curve and the dotted curve (red) respectively (n, =1). (b)-(c) The cases for

ny =3 and n, =5, respectively.
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monotonically increases with n3. The parameter d., tends
toward +ni/(n; +ny) in the n3 — oo limit. In particular,
doq — V3/2 ~0.866 for ny = 1. The figure on the right de-
picts the evolution of d., with n, when n3 =1, 5, and 30.
In this case, d., monotonically decreases with n,. The
parameter d., — 0 in the ny — co limit. To be consistent
with observation, we should set d to be greater than 0.866
and closer to 1. Furthermore, we set the constant d = 0.98
in the following.

In Fig. 3(a)-(c), we plot the Hubble parameters H,,
H, and Hj as a function of 8 with n; =3 when d = 0.98.
From top to bottom, the three curves having same type
(color) corresponds to H,, H,, and Hj, respectively, for
fixed values of n, and n3. In Fig. 3(a), we plot the Hubble
parameter as a function of B at ny = 1. From top to bot-
tom, the three solid curves correspond to H, H,, and H;
at n3 = 1. The three dashed curves (n3 =3) and the three
dotted curves (n3 = 5) are similar to the above case. The
Hubble parameter of the extra dimensions is always neg-
ative at n3 = 1. With the increase of n3, the coordinate of
the minimum value of H; tends toward g =0. Mean-
while, H, changes from positive to negative in the region
near 8~ —1.5 and Hj is closer to zero. In Fig. 3(b) and
(c), the Hubble parameters as a function of 8 are shown
with ny =3 and n, = 5. H, is always negative with n, = 3,
which is similar to the situation in Fig. (1) of Ref. [48].

H, has a lower bound Hjpi, = \/0.982cﬁlax —x}/(n—1)
when  Bnin = arcsin{n; /[0.98(n — 1)cmax]}. In the region
near Bmin, we find that Q. > 0 is of order —Q. This situ-
ation is similar to the case with two different scale
factors, and the negative induced cosmological constant
Q can be transformed into the positive effective cosmolo-
gical constant Q.. This tells us that the observed current
cosmic acceleration is intrinsically an extra-dimensional
phenomenon rather than dark energy. The cosmological
constant fine tuning problem can be solved by this extra-
dimensional evolution.

From Egs. (22), (26), and (28) we can get the scale
factors a;, ap, and as of the form

1 <

aj = ajo|lcosB|n-1|secB+tanf|x:, (37)
1 Xo—m ¢

ap = aylcosBln-1|secB+ tanB|xi(n+m) (38)
1 _ _Xatmc

ap = azo|cosBln-T|secB+tanfB| xilnutn), (39)

where ajg, axg, and a3y are the scale factors when the
brane forms. Further, since the volume of the visible
brane is obtained by

Vy =d\'dyay = aydyd cosp, (40)

when the brane is just forming, there is no particular reas-
on to make the scale factor different, so we choose
aio = axg = azp. If the initial scale of the brane is of order
10% in Planck units, and considering the presently ob-
served scale of our universe (of approximate order 10°!),
we obtain the scale of extra dimension which is at least of
order 10?? with ny = n3 = 3. It can be shown that the scale
of the extra dimension should be much larger than the
Planck length. This ensures that physics is still valid in
the evolution of the visible brane. The 6, we obtain is
close to —n/2 if one wants to have a sufficiently small
initial scale. So in the region of 6y +7/2 < it < 7/2, the
Hubble parameter H; is of the form:

[C 1 }1
H1:—+ —
x1 n—1]t

_ ! [1+d,/—(”2+”3)("_2)]1. A1)
n—1 n t

When ny =n3 =1 and d =0.98, H; is about 0.52¢, which
is as similar to the radiation dominant era. In the limit
ny, — oo (Or n3 — ), Hy = V3d/3t.

4 Summary and conclusion

In conclusion, we investigate an (n+ 1)-d generalized
Randall-Sundrum model with an anisotropic metric that
has three different scale factors. In this model, we obtain
the positive effective cosmological constant Qg ~ 107124
(in Planck unit), which only needs a solution kr =~ 50 — 80
without fine tuning. This is consistent with the case of
two different scale factors.

In this model, the Hubble parameter H, tends toward
H; when the integration constant d tends toward d,,. This
indicates that the Hubble parameter of observable dimen-
sions is related to the value of the integral constant d. For
convenience, here we have selected the Hubble paramet-
er H, to show the observable dimensions. To be consist-
ent with observation, we should set d to be greater than
0.866 and closer to 1. Further setting the constant
d=0.98, we obtain that H; has a lower bound
Himin = \/0.982c§m —x3/(n—-1)>  when B, = arcsin
{n/00.98(n— 1)cpax]}. Meanwhile, the scale of extra di-
mension is smaller than the observed scale but greater
than the Planck length. This may suggest that the ob-
served current cosmic acceleration is caused by extra-di-
mensional evolution rather than dark energy (or an in-
flaton field). Of course, there are still many problems to
be solved in this model. This includes the question of
how the quantum fluctuations contribute to the amount of
the expected value of the cosmological constant.
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