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Abstract: The restoration of pseudo-spin symmetry (PSS) along the N = 32 and N = 34 isotonic chains and the phys-

ics behind are studied by applying the relativistic Hartree-Fock theory with the effective Lagrangian PKA1. Taking

the proton pseudo-spin partners (n2s;,2,7m1d3,2) as candidates, the systematic restoration of PSS along both isotonic

chains is found from sulphur (S) to nickel (Ni), while an obvious PSS violation from silicon (Si) to sulphur is dis-

covered near the drip lines. The effects of the tensor force components are investigated, introduced naturally by the

Fock terms, which can only partially interpret the systematics from calcium to nickel, whereas they fail for the over-

all trends. Further analysis following the Schrodinger-like equation of the lower component of Dirac spinor shows

that contributions from the Hartree terms dominate the overall systematics of the PSS restoration. Such effects can be

self-consistently interpreted by the evolution of the proton central density profiles along both isotonic chains. In par-

ticular, the PSS violation is found to tightly relate to the dramatic changes from the bubble-like density profiles in sil-

icon to the central-bumped ones in sulphur.
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1 Introduction

The pseudo-spin symmetry (PSS), first discovered in
spherical nuclei [1, 2] and later in deformed nuclei [3, 4],
corresponds to the quasi-degeneracy of two single-
particle orbits (n,l, j=1+1/2) and (n—1,1+2, j=1+3/2),
namely the pseudo-spin partners js =+ 1/2 with [=1+1.
Since the discovery of PSS, intensive efforts have been
devoted to exploring the origin and conservation condi-
tion of PSS in the past decades [5-11]. Until the end of
last century, the PSS was recognized as a relativistic sym-
metry [5]. The conservation condition of PSS is that the
sum of the scalar S(r) and vector V(r) potentials in the
single-particle Dirac equation equals to zero, i.e.,
V(r)+S(r)=0 [5]. Subsequently, it was demonstrated
that the exact PSS can be deduced with the condition
d(V+S)/dr =0 [8], and further, a new relativistic model
that fulfils this condition with bound single-particle states
was proposed in Ref. [12]. Moreover, it became well-
known that the orbital angular momentum / is indeed the
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one of the lower components of the Dirac spinors [5].
Thereafter, the PSS was also tested in deformed nuclei
[13] and resonant states [14, 15] within the relativistic
frame. Furthermore, the conservation condition leads to
rather precisely preserved spin symmetry (SS) in the anti-
nucleon spectra, which indeed shares the origin with the
PSS in nuclear single particle spectra [16]. As revealed
by the conservation conditions, both the PSS and SS re-
flect an important aspect of nuclear dynamics, which
benchmarks our understanding of the nuclear structure
properties.

Over the past few decades, worldwide rapid develop-
ment of the radioactive ion beam (RIB) facilities and de-
tector systems has brought about the revolution in nucle-
ar physics and largely enriched our knowledge of the
atomic nucleus, ranging from the stable nucleus to the
one far from its stability valley. When approaching the
neutron/proton drip lines, unexpected characteristic struc-
tures, such as new magic numbers, can arise [17]. For ex-
ample, the neutron magicity N =16 is observed in the
drip-line doubly magic nucleus *0 [18]. More recently,

* Supported by National Natural Science Foundation of China (11675065, 11711540016)

1) E-mail: longwh@lzu.edu.cn

©2019 Chinese Physical Society and the Institute of High Energy Physics of the Chinese Academy of Sciences and the Institute of Modern Physics of the Chinese

Academy of Sciences and IOP Publishing Ltd

074107-1



Chinese Physics C  Vol. 43, No. 7 (2019) 074107

new magicities at N =32 and N = 34 in calcium isotopes
were implied by experimental evidence, such as the rather
high excitation energy of the 2} state and high precision
mass measurements [19-24]. The occurrence of new ma-
gicities at N = 32 and N = 34 was further supported by the
ab-initio calculations [25, 26], shell model [23, 27], and
some energy density functions with the tensor force
[28—30]. Specifically it was suggested that the nuclear
tensor force may play a role in the occurrence of the
N =32 magicity in “Ca [30]. Most recently, the opening
of N =34 magicity was considered to be related to the
emergence of the bubble-like structure in the predicted
doubly magic drip line nucleus *si [31] that generally
leads to certain PSS violation [7, 8, 32, 33]. This inspired
our interests to explore the restoration of PSS in the rel-
evant nuclei, particularly with the N =32 and N = 34 iso-
tones.

Relativistically, the description of nuclear dynamics
in the ground state can be achieved with the meson ex-
change diagram of nuclear force [34], following the spir-
it of density-functional theory [35, 36]. This leads to the
well-known covariant density-functional (CDF) theory,
including its main branches - the relativistic mean field
(RMF) [33, 37-40] and relativistic Hartree-Fock (RHF)
[30, 31, 41-48] theories, which have provided successful
descriptions of nuclear structure properties for nuclei in
the entire nuclear chart. Aiming at the N =32 and N = 34
isotones, we restrict ourselves within the RHF theory, as
the presence of Fock terms has brought significant im-
provements in numerous aspects, including the self-con-
sistent description of shell evolution [47, 49—51], nuclear
tensor force [49, 51-54], appropriate restoration of PSS
[10, 30, 47, 48, 55], nuclear spin-isospin excitations [56,
57], B-decay properties [58], etc. Particularly, with the
RHF Lagrangian PKA1 [48], in which the - and p-tensor
couplings are taken into account, the new magicities of
N =32and N =34 in > >*Ca can be well reproduced, con-
sistently with the experimental evidence and other theor-
etical calculations. Thus far, the RHF-PKAI1 is the only
covariant density functional that can interpret self-con-
sistently the occurrence of both new magicities N = 32
and N = 34.

In present work, we will focus on the restoration of
PSS along the isotonic chains of N =32 and N =34 and
the physics behind, by adopting the RHF calculations
with the Lagrangian PKA1. The contents are organized as
follows. In Section 2, the general formalism of the radial
Dirac equation and the corresponding Schrodinger-like
equation is provided. In Section 3, the restoration of PSS
along the N =32 and N =34 isotonic chains is studied,
taking the proton pseudo-spin doublet (72s,2, wlds/2) as
an example, and the physics is discussed in detail. Fi-
nally, a brief summary is provided in Section 4.

2 Radial Dirac equation and the deduced
Schrodinger-like one

Spherical symmetry is assumed for the N =32 and
N =34 isotones in this study. Some of the selected iso-
tones are potentially deformed, however, the restriction of
spherical symmetry is applied for simplicity and conveni-
ence in revealing the physics of the PSS violation and
restoration. With the assumption of spherical symmetry,
similar systematics of violation and restoration of the PSS
are found for both N =32 and N = 34 isotones, and fol-
lowing the similar density evolutions, the mechanism is
clarified.

For a spherical nucleus, the Dirac spinor of the nucle-
on is expressed as follows,

1 ( iG(NY", (0, ¢) )
~FY', 0.0))

where G(r) and F(r) denote the radial wave functions for
the upper and lower components, respectively, and Y im is
the spherical spinor with angular momentum j and the
projection m. For the orbital angular momenta / and I of
the upper and lower components, /+ 7 =2; holds true. As
mentioned above, pseudo-spin partners share the orbital
angular momentum /’ of the lower component.

In the RHF approach, restricted to the spherical sym-
metry, the variation of the RHF energy functional [59]
leads to the radial Dirac equations, i.e., the relativistic
Hartree-Fock equations as follows,

(1

r

d
EG(r)==| == ~Zr(]F()

+[Zo(r) +Zs (N]G(r) + Y (1), (2a)

d
EF(r)=+ [5 + g +ZT(V)]G(")
+[Zo(r) = Zs (r) =2M|F(r) + X(r), (2b)

where E is the single-particle energy, x=j+1/2 for
j=1-1/2 and —(j+1/2) for j=1+1/2, and Xy, Z5 and X7
are the vector, scalar, and tensor self-energies contrib-
uted by the Hartree and rearrangement terms [41, 44, 47,
48, 59]. Differently from the RMF theory, the inclusion
of Fock terms leads to the non-local integral terms Y and
X [41, 59], and the radial Dirac equation becomes an in-
tegro-differential expression. To avoid the complexity in
solving the integro-differential equation, the non-local in-
tegral term Y is localized as
Y(nG(r) Y(n)F(r)

G2(r)+ F2(r)’ G2(r)+ F(r)’
The term X is likewise localized with equivalent local po-
tentials Xg and Xp [41]. Thus, the radial Dirac equation
(2) can be expressed as,

Yo(r)= Yr(r) =

)
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[%_g_zT—YF]F—[A—E]GzO, (4a)

d
[—+E+ET +XG]G+[V—E]F=O, (4b)
dr r

where A=AP+Y; with AP=%5+3,, and V=VP+Xp
with VP =X, -Xg —2M.

Since the PSS is tightly related to the lower compon-
ent of the Dirac spinor, it is convenient in general to de-
rive a Schrodinger-like equation for the F component [8,
10], which can be expressed as,

1 & 1 ch e

oo gl typ gVt VO+VIF=EF, )
where the pseudo centrifugal barrier Vpcg, and the
Hartree (V?) and Fock (VF) terms read as,

k(k—1)
Ve = ——5—. (6)
A d
q/Dzvf’d—r+V§’+V§SO+vA, 7
A d
VE= Vfa + V3 + Viso- ®)

In the Hartree (V?) and Fock (V*) terms, the relevant
terms read as,

1 dAP
yP—-— _— | 9
! A—E dr ©
Y dAP dEr o,
yp- = _— =y 10
2T A-E dr dr T (10)
p _kp 1 dAP
Viso = slaTg o ~ 2k (n
Va=AP(VP - E), (12)
1 dyg
VE= T4 X5V 13
VTTACE a4 e (13)
1 dYs 1 d(AD+YG)
VB —Zy, 4 —— "y
2TA-E dr TTA-E  dr F
dy
_d_:_ZT[XG"'YF]_XGYF
+(VP—E)Ys +Xp(A—E), (14)
K 1 dYG
Viso =35 4. ~ X~ Yl (15)

where Vpso corresponds to the pseudo-spin orbital (PSO)
potential. Similarly to Ref. [10], the following integral is
introduced to evaluate the contributions from various
channels to the single-particle energy E,

1 f"" FOF q 6
r?
[FFdardy VP-E (16)
where O represents the operator in different channels.

Specifically, the kinetic term (see Fig. 3) corresponds to
O = d?/dr? + Vpcg.

3 Results and discussion

In this study, we focus on the even-even N = 32 and N
= 34 isotones from Si (Z = 14) to Ni (Z = 28). The calcu-
lations are performed within the relativistic Hartree-Fock
(RHF) scheme by imposing spherical symmetry to all se-
lected nuclei. The RHF mean fields are evaluated by the
covariant density-functional with Fock terms PKA1 [48],
which takes the one-pion exchange and p-tensor coup-
lings into account using the Fock terms and interprets
successfully the new magicities N = 32 and N =34 in cal-
cium [30]. Moreover, with the presence of Fock terms,
the important ingredient of nuclear force—tensor force is
naturally included [52, 53].

For the open-shell isotones, pairing correlations are
handled with the BCS approximation, and the pairing
force is adopted as the finite-range Gogny DIS [60] to
have a natural energy cutoff. Although some isotones
such as *¥Si are located at the neutron drip line, the BCS
pairing with the finite-range pairing force Gogny DIS
can still provide reasonable evaluation for the structure
properties of the relevant exotic nuclei due to the pre-
dicted magicities [31]. In fact, the calculations with the
Bogoliubov pairing [40, 61-65], by the relativistic
Hartree-Fock-Bogoliubov (RHFB) theory [47], present
similar systematics of the PSS restoration along the selec-
ted isotonic chains. Such consistency is not very surpris-
ing. Because of the predicted neutron and proton magic
shells in *Si [31], little continuum effect is involved,
which indeed plays an essential role in other exotic nuc-
lei, such as for the halo formation [62-65]. In contrast,
localization of the non-local integral terms [see Eq.(3)]
fails in solving the RHFB equation directly, which is in-
stead solved by expanding the quasi-particle wave func-
tions on the Dirac Woods-Saxon basis [47, 66]. Technic-
ally, it is more convenient and straightforward to under-
stand the physics in the PSS restoration under the BCS
scheme.

Figure 1 shows the proton () single-particle energies
along the isotonic chains of N =32 and N = 34 from silic-
on to nickel, and the results are obtained by the RHF the-
ory with PKA1 plus the finite-range pairing force Gogny
DIS. Fig. 1 shows that single-particle energies monoton-
ously increase with respect to the proton number Z, ex-
cept the 725/, orbits, which become more strongly bound
from silicon to sulphur. As a consequence of the abnor-
mal behavior of n2s),, the sub-shell Z = 14, the new ma-
gic shell confirmed ex;g‘)erimentally in *'si [67] and pre-
dicted theoretically in “si [31], is quenched significantly,
leading to the emergence of a remarkable sub-shell Z = 16
in **S (N =32) and less remarkable one in S (N = 34),
deduced from the distinct violation of PSS for the doublet
(n251/2,1d3/2). Subsequently from sulphur to nickel, the
PSO splitting between 72s1,, and nld3;» monotonously
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Enlj (MGV)

Proton Number Z

Fig. 1. (color online) Proton single-particle energies of N =
32 (upper panel) and N = 34 (lower panel) isotones from Si
to Ni, where the thick bars denote occupation probabilities.
The results are extracted from the calculations of RHF with
PKA1 [48],in which the pairing correlations are con-
sidered with the BCS approximation and the finite-range
pairing force Gogny D1S [60].

decreases with the proton number, eventually presenting
appropriate restoration of the PSS at N

As seen from Fig. 1 shows that the proton valence or-
bits for the selected isotones are the pseudo-spin partners
(7T2S1/2,71'1d3/2) and 7Tlf7/2, which contain the j= - 1/2
and j=1[1+1/2 orbits. For the neutron valence orbits,
mainly the spin partners v2p and the state v1f5,, of the
single-particle configuration is slightly changed because
of the pairing effects in some open-shell isotones. Thus, it
is naturally expected that the tensor force might play a
role in PSS restoration due to its characteristic nature —
the spin dependence [30, 47, 49, 52, 68]. Starting from
the Dirac equation (2), Fig. 2 shows the evolution of
pseudo-spin orbital splittings of the doublets (n2s),2,
nldsp), denoted as AEqiy = Eqia, — Ex,,, along the
N =32 and N = 34 isotonic chains. Distinctive PSS viola-
tion is found in both N =32 and N = 34 isotones of sul-
phur, while towards nickel the PSS becomes well re-
stored, even leading to the inversion of sd orbits. With
the relativistic formalism proposed in Ref. [52] and im-
plemented in Ref. [53], the contributions from the tensor
force components, which are naturally introduced by the
Fock terms, are extracted and depicted with open sym-
bols in Fig. 2. Being consistent with the nature of the
tensor force and the systematics of the proton configura-
tions shown in Fig. 1, the tensor contributions to the
pseudo-spin orbit splitting AE,,, are weakened when ap-

AE,1; (MeV)
N
1

—e—N=34

=

-1 - Tensor force effects -
[P PR I N PN I I |

14 16 18 20 22 24 26 28

Proton Number (Z2)

Fig. 2. (color online) Evolution of pseudo-spin orbit split-
ting AEgy = Emny, 12~ Enlay) along the isotonic chains of

N =32 and N =34, where open symbols represent contribu-
tions from tensor forces. The results are extracted from the
calculations of RHF with PKA1 and finite-range pairing
force Gogny D1S.

proaching the spin-saturated proton Z =20, namely

2M(Ca, Afterwards, such effects tend to be enhanced as

protons become spin-unsaturated. Nevertheless, the
tensor force cannot account for the overall systematics of
the PSS restoration along both isotonic chains, which
only partially interprets the evolution of AE;, from cal-
cium to nickel.

To better understand the overall evolution of AE.,
along both isotonic chains in Fig. 2, particularly for the
distinct violation of PSS at sulphur, the radial Dirac equa-
tion is reduced into a Schrodinger-like equation for the
lower component of the Dirac spinor, as the authors did
in Eq. (5) of Refs. [8, 10]. This can provide quantitative
evaluation of the contributions to AEy, from various
channels. In practice, the contributions are detailed as the
kinetic, Hartree, and Fock terms, and the obtained results
are given in Fig. 3, showing similar systematics for
N =32 (left panel) and N =34 (right panel) isotones.
Fig. 3 shows that the overall evolution of AEy,, includ-
ing the distinct violation at sulphur, is largely determined
by the Hartree terms, which are partially canceled by the
kinetic and Fock terms. Such results are not surprising,
since the tensor force, that contributes via the Fock terms,
does not play the expected role. The PSS as a relativistic
symmetry originates from the large cancellation between
the strong scalar and vector fields, namely V+S =0 [5]
or d(V+S8)/dr =0 [8]. Although with the presence of Fo-
ck terms, the situation becomes more complicated in the
RHF theory [10], the Lorentz covariance remains and the
opposite behaviors between Hartree and Fock terms in
Fig. 3 are simply due to the opposite sign from the anti-
commutation relation of Fermions.

From Fig. 3 interprets the overall systematics of
AE,,, quite well. Meanwhile, the puzzle remains regard-
ing why the distinct PSS violation appears from silicon to
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(color online) Contributions to the pseudo-spin orbital splittings AE,;,» along the isotonic chains of N =32 (left panel) and

N =34 (right panel), including the total and the ones from the Kinetic, Hartree, and Fock terms. The results are extracted from the
calculations of RHF with PKAT1 plus finite-range pairing force Gogny D18S.

sulphur for both N =32 and N =34 isotones. In further
exploration, Fig. 4 shows the proton density profiles of
silicon, sulphur, calcium, chromium, and nickel, as well
as the mean field potentials A” = =g + %, whose radial de-
rivatives together with «x-quantities dominate the strength
of pseudo-spin orbital couplings. The proton density pro-
files of ***Si are distinctly central-depressed, because the
n2s1, orbits are empty, as shown in Fig. 1. Such semi-
bubble structure, as a quantum effect, can be reduced by
correlations beyond the mean field. For instance, if the s-
state is close enough to the last occupied one, the pairing
correlations [69-72], as well as the multi-reference frame-
work beyond mean field [73, 74], may lead to a substan-
tially occupied s-state that can wash out the central deple-
tion. The sizes of the energy gaps Z =14 in 0Hgi (see
Fig. 1) are large enough to assess the prediction of a
bubble-like structure. With the n2s;,, orbits are fully oc-
cupied in 3 the density profiles become distinctly
central-bumped. Consequently, the mean field potentials
AP in *S are deepened remarkably. Although the Cou-
lomb repulsion is considerably enhanced from silicon to
sulphur, the deepened mean field potential leads to a
deeper bound 725, in sulphur, as seen in Fig. 1, because
the s orbits, without the blocking of centrifugal repulsion,
can strongly couple with the interior region of AP. In con-
trast, the mlds;, orbits in 48’508, with strong centrifugal re-
pulsion, are less bound than in ““%$i. Thus, the pseudo-
spin orbital splitting AEy,, is significantly enlarged from
silicon to sulphur.

Referring to the conservation condition of the PSS,
i.e., d[V(r)+S(r)]/dr =0, the evolution of AE,,, from sil-
icon to sulphur can be well understood. As shown in Fig.
4 (c), the mean field potential AP in “Si is consistently
central-bumped with the proton semi-bubble structure
[see plot (a)], which provides an cancellation to the deriv-

0.12 T T T T T T

pp (M)

AP(MeV)

r (fm)

r(fm)

Fig. 4. (color online) Proton densities [plots (a,b)] and mean
field potential AP =¥s+%, [plots (¢, d)] of the selected
N =32 (left panels) and N =34 (right panels) isotones. The
results are extracted from the calculations of RHF with
PKAT1 with finite-range pairing force Gogny D18S.

ative dAP/dr at the edge of the potential well. In contrast,
with two more protons occupying the n2s;,, orbit, the
proton density in **S becomes central-bumped and the po-
tential AP is consistently central-depressed, which
presents distinct enhancement of the derivative dAP/dr.
Thus, the PSO potential, which is proportional to the de-
rivative dAP/dr, is increased, leading to distinctly en-
larged PSO splitting AE,i,, from “Si to **S. To a lesser
extent, a similar situation can be found in the N = 34 iso-
tones "°Si and 'S, see Figs. 4(b) and (d). After sulphur,
the valence protons gradually occupy the nlds;, and 1f7,2
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orbits, and the density profiles become increasingly less
central-bumped and the mean field potential AP becomes
increasingly central-flat, leading to eventually well-re-
stored PSS at nickel. Additionally, within the RMF the-
ory, a more realistic condition, i.e., Vpcg >> Vpso, Was
proposed to guarantee the approximate PSS conservation
in nuclei [8]. While within the RHF theory, the situation
is largely changed and this condition is not fulfilled any
more due to the complicated non-local mean field in-
duced by the Fock terms [10], which has likewise been
tested for the selected isotones.

4 Summary

In this study, the restoration of the pseudo-spin sym-
metry (PSS) along the N =32 and N = 34 isotonic chains,
as well as the driving mechanism, is studied by applying
the relativistic Hartree-Fock calculations with the PKA1
and BCS approximation for the pairing correlations with
the finite range pairing force Gogny D1S. In both N =32
and N =34 isotones, a distinct violation of PSS appears

from silicon to sulphur for the proton pseudo-spin
do%lgalets (m2s1/2,m1d32), which opens the sub-shell Z = 16
in ~S. From sulphur to nickel the PSS becomes increas-
ingly restored, leading to the inversion of sd orbits at
nickel. The effects of the tensor force introduced natur-
ally via the Fock terms can only partially interpret the
restoration of the PSS from calcium to nickel, while this
fails for the overall systematics along both isotonic
chains. By reducing radial Dirac equation into the
Schrodinger-like equation, further investigation illus-
trates that the overall systematics of the restoration of the
PSS can be well described by the contributions of Hartree
terms. Moreover, the analysis of the proton density pro-
files and relevant mean field potentials indicate that the
PSS violation at sulphur can be attributed to dramatic
changes of the bubble-like density profiles in silicon to
the central-bumped ones in sulphur. Moreover, after-
wards the PSS restoration can be self-consistently inter-
preted by increasingly central-flat density profiles from
sulphur to nickel, along with consistent changes in the
mean field potentials.
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