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Thermodynamic surface system of static black holes and area law *
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Abstract: We propose a new picture of black holes through a special holographic screen. This holographic screen

contains all the degrees of freedom of a black hole. We find that this holographic screen is similar to the ordinary

thermodynamic surface system. Meanwhile, through the “white-wall box” and the formula of sound velocity, we find

some similarities between gravitons and photons. We further assume that such a holographic screen is a kind of

Bose-Einstein condensate of gravitons. Through this assumption and those similarities, we finally get the area law

of static black holes.
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1 Introduction

It is well known that the sum of the areas of black
hole horizons cannot decrease [1]. As a result, a black
hole horizon can be attributed to its entropy (S), which
is proportional to its area (A). Their relation can be ex-
pressed through the Bekenstein-Hawking formula [2–4]:

S =
A
4

(

c3kB

G~

)

∝A. (1)

At the same time, the four laws of black hole mechan-
ics are analogous to the laws of thermodynamics, and
they are originally derived from the classical Einstein
equation [5]. With the discovery of quantum Hawking
radiation [6], it turns out that such analogy is actually
an identity.

From the other side, Einstein equation is somewhat
an equation of state, and we can reconstruct general rela-
tivity as the thermodynamic limit of a more fundamental
theory of gravity [7].

These investigations are essential in understanding
the AdS/CFT correspondence [8, 9] and firewalls [10].
Furthermore, Eq. (1) relates the area of a horizon and
its entropy. This relation between a geometric quantity
and microscopic data is the key concept of holography.
There are many works about holography motivated by
Eq. (1), including Refs. [11–13].

Therefore, gravity has many similarities to other
known emergent phenomena, such as thermodynamics

and hydrodynamics. These similarities imply that grav-
ity is much like an emergent phenomenon instead of a
fundamental force [14, 15].

Meanwhile, across a horizon, only a region of Planck
length (Lp) contributes to the microstates [12, 16]. Sim-
ilarly, if we want to declare that the particle and the
black hole have become one system, we have to choose a
location away from the black hole horizon at a distance
of the order of the Compton wavelength [2].

In the context of holography, these arguments imply
that the information of a black hole can be stored in
some special location away from the horizon. This loca-
tion can correspond to a holographic screen, and we can
project all the degrees of freedom (DOF) of a black hole
onto it.

This kind of holographic screen is very similar to the
thermodynamic surface system, which is described by
the surface tension parameter (ξ) and the surface area
(A). The state equation (or the free energy F) of the
system is described as follows:

F = ξA+const. (2)

Meanwhile, in any static spacetime with a bifurcation
horizon, the action functional for gravity can be inter-
preted as the free energy of spacetime [12, 17]. If we just
care about static spacetime, the similarity between this
holographic screen and the thermodynamic system will
be much more obvious.

Moreover, because equilibrium only exists in the
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static condition, this special thermodynamic system can
stay in the equilibrium state. Meanwhile, since static
horizons have well defined temperatures, they are surely
in thermal equilibrium. As a result, we can build
an equilibrium correspondence between this thermody-
namic system and static horizons. Such a correspon-
dence provides another support for this similarity.

However, if a black hole can be described by such a
thermodynamic surface system, what are the ingredients
of this special “surface”?

We know that Bose-Einstein condensates (BECs) can
be analogue models of gravity [18–20]. We can also take
general relativity as a quantum theory which propagates
a unique kind of weakly coupled quantum particle with
zero mass and spin-2 [21], then assume black holes can
achieve BECs.

On the other hand, although blackbody radiation
(photon gas) exhibits no BECs at low temperatures, the
“white-wall box” provides a possible way for photons to
achieve BECs [22, 23]. Moreover, photon gas is one kind
of equilibrium radiation, which is consistent with our pre-
vious equilibrium premise.

These investigations inspire us to think about the re-
lationship between photons and gravitons [24]. If there
are some similarities between them, gravitons may exist
like photon gas and then form that special thermody-
namic surface.

That is, the ingredients of this special “surface” can
be a BECs of gravitons. Our following work will deal
with such a possibility and try to get some useful results.

The arrangement of this paper is as follows. In
Section 2, through the properties of photon gas in the
“white-wall box” and the formula of sound velocity, we
discuss the similarities between gravitons and photons.
In Section 3, we use these similarities to get the area law
of a static black hole with a bifurcation horizon, and get
its negative heat capacity. Section 4 gives a summary
and outlook.

2 Similarities between photons and gra-

vitons

We know that there are many similarities between
gravitation and electromagnetism. Therefore, like
Maxwell’s equations, Einstein’s equations have radiative
solutions. According to the approximated linear expres-
sions of Einstein’s equations, it is natural to consider
the corresponding relationship between classical propa-
gating waves and gravitational waves. This implies the
similarities between them.

Furthermore, there are different understandings of
gravitational waves [7]. Without caring about the ge-
ometrical background, the system is based on any causal
horizon. The local equilibrium conditions used in Ref. [7]

are somehow equivalent to the weak-field limit. So we
can have a system of local partial differential equations
that are time reversal invariant, and its solutions include
propagating waves.

In other words, this new insight into Einstein’s equa-
tions gives the thermodynamic property of the wave so-
lution. This allows us to think of the propagating wave
as analogous to sound in gas. Because what we care
about here is the energy transferred, such a propagating
wave will propagate as an adiabatic compression wave
no matter what kind of variations they might consist of.

Combining the above arguments, we have enough
reasons to conclude that there are similarities between
gravitational waves and classical propagating waves (e.g.
sound waves).

Meanwhile, we have learned to describe the funda-
mental microscopic phenomena in terms of elementary
particles and their collisions. In classic electrodynam-
ics, it is the plane wave solutions of Maxwell’s equations
that naturally lead to an interpretation in terms of pho-
tons. Similarly, it is the radiative solutions of Einstein’s
equations that lead to the concept of a particle of gravi-
tational radiation, i.e., the graviton [25]. So, these sim-
ilarities are equivalent to similarities between gravitons
and gas molecules.

However, this kind of similarity makes little sense.
We can neither determine the speed of gravitons nor any
meaningful properties they might have. As a result, we
have to find another way to meet our interests.

As argued in Section 1, both gravitons and photons
can achieve BECs, so we should build a relationship be-
tween them. If such a relationship is really established,
we can naturally get the light speed of gravitons.

According to Refs. [22, 23], one can get a 2-
dimensional “white-wall box” for photon gas. In this
system, thermalization is achieved in a photon-number-
conserving way by photon-scattering off dye molecules,
and the cavity mirrors provide both an effective photon
mass and a confining potential.

The Bose-Einstein distribution factor for this type of
photon gas is:

f(µ,T,ε) =
1

exp

(

ε−µ

kBT

)

−1

, (3)

where the transversal energy (effective energy) is ε =
ε′−~ωcutoff = ~ω, and µ is the chemical potential.

In the 2-dimensional “box”, the number of states be-
tween energy ε→ ε+dε is:

dn =
A
h2

2πpdp =
2πA
c2h2

εdε, (4)

where the symbol A denotes the area of the “box” . So,
the number of photons is:
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dN(ε) =
4πAεdε

c2h2exp

(

ε−µ

kBT

)

−1

, (5)

and the energy is:

U(ε,µ,T )dε = εdN(ε) =
4πAε2dε

c2h2exp

(

ε−µ

kBT

)

−1

, (6)

thus the total energy of all the frequencies is:

U(ε,µ,T ) =
4πA
c2h2

∫ ∞

0

ε2dε

exp

(

ε−µ

kBT

)

−1

. (7)

Using the following formula:

1

exp(x)−1
=

∞
∑

j=1

exp(−jx), (8)

we can get:

U(µ,T ) =
8πAk3

BT 3

c2h2

∞
∑

j=1

exp

(

jµ

kBT

)

1

j3
. (9)

If exp

(

jµ

kBT

)

is very small, we can make the suitable

approximation by keeping the first two orders of the ex-
pansion:

U(µ,T )∼=
8πAk3

BT 3

c2h2

∞
∑

j=1

(

1

j3
+

1

j2

µ

kBT

)

=
2.404k3

B

πc2~2
AT 3 +

πk2
B

3c2~2
µAT 2. (10)

According to Ref. [22], when µ→ 0 and T is a limited
value, we can neglect the term including the factor µ and
get:

U(µ,T )∼= σ̄AT 3, (11)

where σ̄ =
2.404k3

B

πc2~2
is the Stefan-Boltzmann constant in

2-dimensional space.
Therefore, we can get the pressure and the entropy

as follows:

P =
1

2
σ̄T 3, (12)

S =
3

2
σ̄AT 2. (13)

By rewriting Eq. (13) as S = 3
( σ̄

2

)

1

3

P
2

3A, then we

will have:

dS = 3
( σ̄

2

)

1

3

(

2

3
P− 1

3AdP +P
2

3 dA
)

, (14)

thus, the adiabatic compression coefficient is:

κs =− 1

A

(

∂A
∂P

)

s

=
2

3P
. (15)

In the meantime, the two versions of the sound ve-
locity formula are:

v =

√

(

∂P

∂ρ

)

s

=

√

γ
P

ρ
, (16)

v =

√

1

ρκs

, (17)

where ρ =
m

V
is the density§m is the mass, V is the vol-

ume, and P is the pressure of the medium. The subscript

“s” indicates the adiabatic progress and γ =
CP,m

CV,m

is the

ratio of specific heat capacity.
If we put Eq. (15) into Eq. (17), we can get:

v =

√

3

2

P

ρ
. (18)

Considering the photon gas in n-dimensional space,
the relationship between the angular frequency (ω) and
the number of quantum states is:

D(ω)∝ωn−1. (19)

So the total energy of the n-dimensional photon gas
is,

U =

∞
∫

0

εf(ω,T )D(ω)dω∝T n+1. (20)

From the Stefan-Boltzmann law, the relationship be-
tween the temperature and the energy of the photon gas
is U ∝ T γ . Comparing it with Eq. (20), we can get
γ = n+1.

This reminds us that Eq. (18) is the special form in
the 2-dimensional space, and the general formula should
be:

v =

√

γ

n

P

ρ
. (21)
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If we define c =
√

nv, then:

c =

√

γ
P

ρ
. (22)

Comparing Eq. (22) with Eq. (16), when we get
Eq. (16), we have used the equation of adiabatic progress,
i.e., the Poisson formula PV γ = const.

The photon gas satisfies the equation of sound veloc-
ity. This further reminds us that the photon gas is a
kind of sound gas. Under compression, it can propagate
in the form of adiabatic compression just like sound.

We have argued at the beginning of this section that
there are similarities between gravitational waves and
sound waves. By now, the above conclusion implies that
there are also similarities between sound waves and pho-
ton gas.

Furthermore, from Section 1, we know that the uni-
versal nature of gravity is also demonstrated by the fact
that its basic equations closely resemble the laws of ther-
modynamics and hydrodynamics.

Complying with this, it is valid to generalize the sim-
ilarities between gravitational waves and adiabatic com-
pression waves to the similarities between photon gas and
gravitational waves. Because we can take these similar-
ities equally as similarities between photons and gravi-
tons, we hope to get some properties of gravitons from
the properties of photons.

In fact, when the fields are strong, we can also get
the plane wave solution of the gravitational field. The
Rindler transformations work for a wide variety of spheri-
cally symmetric solutions to gravitational field equations.
The condition −g00 = N 2 → 0 on the horizon can gen-
erate out the plane wave solutions of any classical (or
quantum) field equations near the horizon [24]. This is
consistent with the plane wave solution of the gravita-
tional field in the weak-field limit.

In the strong field situation, the chemical potential
will be large, and we cannot just make the expansion
like Eq. (10). However, we can put the changes of µ into
Eq. (9). As we deal with static black holes, we can just
leave the sum part of Eq. (9) as a big number which is
denoted as M .

Now, the only changes are Eq. (11) and those which
follow, so we can get Eq. (11) directly from Eq. (9) by
replacing its sum part as M , and Eq. (11) changes to:

U(µ,T )∼=
8πk3

BM

c2h2
AT 3 = σ̄∗AT 3, (23)

where σ̄∗ =
8πk3

BM

c2h2
=

2k3
BM

πc2~2
.

These differences will not change the final result
(Eq. (22)) because σ̄∗ does not get into the relevant cal-

culations, and this tells us how photons act in the strong
field.

Furthermore, from the Rindler horizon in static
spacetimes, we know that the vacuum state defined in
a coordinate system covers the full manifold, and it ap-
pears as a thermal state to an observer who is confined
to part of the manifold partitioned by a horizon. This
result will hold for any static spacetime with a bifurca-
tion horizon, such as the Schwarzschild spacetime and de
Sitter spacetime.

All these cases describe a situation in thermal equi-

librium at a temperature kBT =
~cκ

2π
(where κ is the sur-

face gravity of the horizon) [12]. In all, we can generalize
these similarities from weak field to strong field directly
as long as we consider the static bifurcation horizons.

Apparently, photons are different from gravitons in
many ways. They are particles transferred between dif-
ferent interactions, and they have different coupling con-
stants, etc. However, they do indeed have some similar-
ities.

Anyway, we know that Bekenstein-Hawking entropy
(Eq. (1)) is a robust prediction of a yet unknown quan-
tum theory of gravity. Any theory which fails to repro-
duce this prediction is certainly incorrect. We can check
these similarities with this criterion.

3 Area law of static black holes

We will use the similarities proposed in the last two
sections, and assume that gravitons can achieve BECs,
and such BECs act as the thermodynamic surface (or
the holographic screen) of black holes. This means that
gravitons exist like a photon gas on the surface. Or
equally, the surface acts like the “white-wall box” for
gravitons.

This is consistent with the Unruh effect, because the
gravitons provide the source of the photon-like particles
radiated by this thermodynamic system, like the radia-
tion of the “white-wall box”.

From Eq. (23), by using the area heat capacity CA =
(

∂U

∂T

)

A

, the entropy S =

∫ T

0

CA

T
dT , and the free en-

ergy F = U −TS , we can get:

S =
3

2
σ̄∗AT 2, (24)

F =−1

2
σ̄∗AT 3, (25)

where T =
~cκ

2πkB

, and A is the area of horizon of the

static black hole [12].
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We can simplify Eq. (25) by using the property of
an adiabatic system whose entropy is unchanged, so we
have:

AT 2 = const. =Aeff . (26)

Thus, we can reduce the order of the black hole tem-
perature T , and Eq. (25) changes to:

F =−1

2
σ̄∗AeffT =− k3

BM

πc2~2
AeffT. (27)

This means that there is a minimum quantum for

length or area, of the order of
πc2

~
2

k2
BM

(compared to

Ref. [12]). Then the horizon area can be divided into

N =
Aeffk2

BM

πc2~2
patches (compared to Ref. [14]). If we

take the surface of the black hole as the ground state,
and the gravitons achieve the BECs here, every unit of
the area preserves a graviton with a photon-like aver-
age energy of ε̄ = −kBT (notably, we can see that the
minus sign is consistent with the negative heat capac-
ity of a black hole; this is a natural requirement of this
thermodynamic surface system). Then, from the surface
system:

ξAeff =−NkBT, (28)

i.e.,

ξ =
k3

BM

πc2~2
T. (29)

And Eq. (2) becomes:

F =− k3
BM

πc2~2
AeffT +const., (30)

i.e., we can get the same result as Eq. (27) simply from
the surface system.

Because the static condition always requires constant
energy, we can set the constant of Eq. (30) to be U0 as
the self-sustained energy of gravitons, i.e.,

F =− k3
BM

πc2~2
AeffT +U0. (31)

Finally:

S =
k3

BM

πc2~2
Aeff =

(k3
BMT 2

πc2~2

)

A∝A. (32)

This is just like the Bekenstein-Hawking entropy
(Eq. (1)). Because the assumption about the minimum
quanta for length or area is different from Ref. [12],
Eq. (32) and Eq. (1) are not exactly the same.

4 Summary and outlook

Gravity is a kind of emergent phenomenon. This
result pulls gravity out of the shield of Einstein’s geo-
metric background, and it changes the former picture of
black holes. We propose another picture of black holes
through a special holographic screen. This screen is lo-
cated slightly away from the static bifurcation horizon
and contains all of its DOF. This is reminiscent of the
ordinary thermodynamic surface system. Indeed, they
have some similarities to each other. And if we consider
static spacetime with a bifurcation horizon, these simi-
larities are much more reasonable.

We then think about the ingredients of this special
surface. Inspired by the BEC model of gravity and
Dvali’s work, we assume that this surface is a kind of
BEC of gravitons. At the same time, we know photons
can also achieve BECs. The gravitons’ speed of light mo-
tivates us to build a relationship between gravitons and
photons. This was done through the “white-wall box”.
We first point out that gravitational waves are similar to
classic propagating waves. Then we get the similarities
between sound waves and photon gas. Finally, we arrive
at the similarities between gravitational waves and pho-
ton gas. Notably, these similarities can naturally lead to
the light speed of gravitons.

Although we build these similarities from the weak-
field limit, we can still generalize it to the strong-field
situation with small changes. This justifies our work by
using this similarity to get the area law of static black
holes. We also get a natural reason for their negative
heat capacity.

Meanwhile, we already know that Eq. (2) is a very
important characteristic for the normal surface system
whose constant is exactly zero. As we are now dealing
with a black hole, the constant in Eq. (2) cannot be de-
termined in the same way as a normal surface system.
We have achieved:

U = (Aξ+U0)−AT
dξ

dT
. (33)

As long as ξ is linear with T , we can always make
sure that U is a constant (U0). Meanwhile, it is exactly
consistent with our static background. Maybe the linear
relationship between ξ and T can be the discriminant of
the black hole surface system.

Finally, if gravitational waves are really adiabatic
compression waves, what is their medium?

Topological order points out that the vacuum is a
kind of string-net condensate [26, 27], similar to BECs.
Inspired by this theory, we can take the medium of the
gravitational waves as the vacuum or the string-net con-
densate.

Furthermore, topological order theory cannot include
gravity. Through the similarities between gravitons and
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photons, we hope to deal with gravity within topological
order theory1) This will be done in the future.

The authors appreciate M. Wasay Abdul so much for

his precious advice on this paper.
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