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A new model for calculating the binding energy of the lithium nucleus

under the generalized Yukawa potential and Hellmann potential
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Abstract: In this paper, the Schrödinger equation for a 6-body system is studied. We solve this equation for the

lithium nucleus by using a supersymmetry method with several specific potentials. These potentials are the Yukawa

potential, the generalized Yukawa potential and the Hellmann potential. The results of our model for all calculations

show that the ground state binding energy of the lithium nucleus with these potentials is very close to that obtained

experimentally.
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1 Introduction

A small number of exact solutions to the Schrödinger
equation were obtained historically in the genesis of
quantum mechanics. One of the important tasks of
quantum mechanics is to solve the Schrödinger equa-
tion with physical potentials. Over the past several
decades, much effort has been made to study the station-
ary Schrödinger equation with central potentials. Until
now, the Schrödinger equation for 2 and 3 particles has
been solved for different potentials using several meth-
ods such as the Nikiforov-Uvarov (NU) method, Super-
symmetry method (SUSY), and Ansatz method [1–9].
Similar work has also been done for other equations (for
example, the Dirac equation and Klein-Gordon equation)
[10]. We now want to do this for 6-body particles (such
as the lithium nucleus). In this work the Supersymmetry
method is used to study the 6-body Schrödinger equation
with central potential.

In Sections 2 and 3 we briefly review the Yukawa
potential, generalized Yukawa potential and Hellmann
potential. In Section 4, the Supersymmetry method is
reviewed. We then study an analytical solution to the
Schrödinger equation for a 6-body system and report
the numerical results. Section (6) gives a summary of
the paper and our conclusions.

2 The Yukawa potential

The Yukawa potential is of interest in many areas of

physics [11]. In high energy physics, it is used to model
strong interactions due to meson exchange [11–13]. To
display the cloud of electronic charges around the nu-
cleus leads to a screened Coulomb potential, in atomic
and molecular physics, it is known, or to account for the
shielding by outer charges of the Coulomb field experi-
enced by an atomic electron in hydrogen plasma. The
basic form of this potential is given by [14]:

V =−
V0e

−ar

r
, (1)

where a is the screening parameter and V0 is the strength
of the Yukawa potential. This potential is often used to
compute bound-state normalizations and energy levels of
neutral atoms. To get better physical results, we now add
a term to this potential, giving the generalized Yukawa
potential, which takes the form:

V =
−V0e

−ar

r
+
k

r2
, (2)

where
k

r2
removes the degeneracies and k is the strength

of the generalized Yukawa potential.

3 The Hellmann potential

The Hellmann potential has the form:

V =
V0e

−ar

r
−
k

r
. (3)

where k and V0 are the strengths of the Coulomb and
the Yukawa potential respectively, and a is the screening
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parameter. This potential reduces to Yukawa, Coulomb
and Cornell potentials. For k=0, the Hellmann potential

changes into the Yukawa potential

(

V =
V0e

−ar

r

)

which

is a nuclear potential. For V0=0, the Hellmann potential

turns into the Coulomb potential

(

V =−
k

r

)

, which is a

nuclear potential. For a=0, this potential reduces into

the Cornell potential

(

V =
V0−k
r

)

which is also a nu-

clear potential. The Hellmann potential has many appli-
cations in atomic physics and condensed-matter physics
[15–25]. This potential, with V0 positive, was suggested
originally by Hellmann [16, 26] and henceforth called the
Hellmann potential if V0 is positive or negative. The
Hellmann potential has been used as a model for alkali
hydride molecules [18]. It has also been used to represent
the electron-ion [19, 20] and electron core interactions
[21, 22]. It has also been shown that the main properties
of the effective two-particle interaction for charged parti-
cles in polar crystals may be described by this potential
[23–25].

4 Supersymmetry method in quantum

physics

We start by noticing that we know the ground state
function of a 1-dimension problem; we can find also
the potential, up to a constant [9]. Taking the ground
state energy to be zero, from the time-independent
Schrödinger Equation (TISE) we have:

H1Ψ0(x)=−
~

2

2m

d2Ψ

dx2
+V1(x)Ψ0=0, (4)

V1=
~

2

2m

Ψ ′′

0 (x)

Ψ0(x)
. (5)

We can try to factorize the Hamiltonian with the ansatz

H1=A
+A=H−E0, (6)

where:

A=
~√
2m

d

dx
+W (x), A+=−

~√
2m

d

dx
+W (x), (7)

and W (x) is called the superpotential and can be written
in terms of the ground state as

W (x)=−
~√
2m

Ψ ′

0√
Ψ0

. (8)

By writing V1 in terms of W (x), we obtain the Ricatti
equation:

V1(x)=W
2(x)−

~√
2m

W ′(x). (9)

We can now build up a SUSY theory searching for the
SUSY partner Hamiltonian associated to H1, namely

H2 =AA+. This second Hamiltonian corresponds to a
new potential:

H2=−
~

2

2m

d2

dx2
+V2(x), V2(x)=W

2(x)+
~√
2m

W ′(x). (10)

5 Exact solution of the Schrödinger

equation for the Yukawa potential,

generalized Yukawa potential and

Hellmann potential

The Schrödinger equation in D-dimensions is:

−~
2

2µ

(

d2

dr2
+
D−1

r

d

dr
−
l(l+D−2)

r2

)

Rn,l(r)

+V (r)Rn,l(r)=En,lRn,l(r), D=3N−3, (11)

where n is the number of particles and l is the angular
momentum [27].

Here, consider the Schrödinger equation for a 6-body
system with a potential V (r) that depends only on the
distance r from the origin:

−~
2

2µ

(

d2

dr2
+

14

r

d

dr
−
l(l+13)

r2

)

Rn,l(r)

+V (r)Rn,l(r)=En,lRn,l(r), (12)

(

d2

dr2
+

14

r

d

dr
−
l(l+13)

r2

)

Rn,l(r)

+
2µ

~2
(En,l−V (r))Rn,l(r)=0. (13)

By applying Un,l=Rn,lr
D−1

2 =Rn,lr
7, we can write:

dRn,l

dr
=

dUn,l

dr
r−7−7r−8Un,l,

d2Rn,l

dr2
=

d2Un,l

dr2
r−7−14r−8 dUn,l

dr
+56r−9Un,l. (14)

By substituting Eq. (14) in Eq. (13) we find the follow-
ing form for Eq. (13):

d2Un,l

dr2
r−7−42r−9Un,l−l(l+13)r−9Un,l

+
2µ

~2
(En,l−V (r))Un,lr

−7=0. (15)

By some summarizing, Eq. (15) becomes:

d2Un,l

dr2
+

2µ

~2

(

En,l−V (r)−
~

2 (l+6)(l+7)

2µr2

)

Un,l=0, (16)

where µ is the reduced mass.
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5.1 Solution with the Yukawa potential

Introducing the Yukawa potential and using the Tay-
lor expansion, the potential takes the form:

V =−
V0e

−ar

r
=−V0

(1−ar)
r

=−
V0

r
+aV0. (17)

By putting Eq. (17) into Eq. (16) the Schrödinger equa-
tion changes to:

d2Un,l(r)

dr2
+

2µ

~2

(

En,l−aV0+
V0

r
−
Ω

r2

)

Un,l(r)=0, (18)

where Ω is defined as Ω =
~

2(l+6)(l+7)

2µ
. By choosing

εn,l =
2µ

~2
(En,l−aV0), β=

4µ

~2
V0 and γ=

2µ

~2
Ω, Eq. (18)

changes to:

d2Un,l(r)

dr2
+

(

εn,l+
β

r
−
γ

r2

)

Un,l(r)=0. (19)

In Supersymmetric quantum mechanics, the superpoten-
tial is defined as:

W1=−
~√
2µ

(

A+
B

r

)

. (20)

Substituting this superpotential into the Riccati equa-
tion has the form:

W 2
1 (x)−

~√
2µ
W ′

1(x)=
2µ

~2

(

V1(x)−E(1)
0

)

. (21)

We then obtain
(

A2+
B2

r2
+

2AB

r
−
B

r2

)

=

(

−εn,l−
β

r
+
γ

r2

)

. (22)

By doing some calculations, we can get A2 = −εn,l,
2AB = −β, B2−B = γ and the ground state binding
energy for the lithium nucleus is given as:

En,l=
−~

2

2µ

(

−β
1±

√
1+4γ

)2

+V0a. (23)

By using Eq. (24) from the SUSY method:

ψ1
0(r)=N0exp

(

−
√

2µ

~

∫
W (r′)dr′

)

, (24)

and the ground state normalized eigenfunctions are given
as:

ψ1
0(r)=N0exp[Ar+B lnr]. (25)

In Table 1, the fitted values of parameters of the ground
state binding energy equations for the Yukawa potential
are given.

From Table 1, it can be seen that for a=0.80 fm−1 and
V0=40 MeV, the calculated ground state binding energy
(31.93 MeV) is in good agreement with the experimental
data.

Table 1. Fitted values of parameters of the ground
state binding energy equations for the Yukawa po-
tential. Column B.E (our model) contains our
calculation and column B.E (experiment) con-
tains the experimental data.

a/fm−1 V0/(MeV·fm) B.E/MeV B.E(experiment) [28]

0.59 50 29.39 31.995

0.70 45 31.42 31.995

0.95 33 31.31 31.995

0.70 40 27.93 31.995

0.80 40 31.93 31.995

0.80 30 23.96 31.995

0.60 50 29.90 31.995

0.50 50 24.90 31.995

0.90 35 31.45 31.995

0.64 50 31.90 31.995

As we know from SUSY, the potential is determined
as:

V±=W 2±
~√
2µ

dW

dr
=

~
2

2µ

[

A2+
B2

r2
+

2AB

r2
±
B

r2

]

. (26)

We obtain A=
−β

2(B2−γ)
from Eq. (22). By substituting

A in Eq. (26) we arrive at:

V±=
~

2

2µ









(

−β
2(B2−γ)

)2

+
B2

r2
+

2

(

−β
2(B2−γ)

)

B

r2
±
B

r2









.

(27)
The shape invariance concept that was introduced by
Gendenshtein is [27]

V+(a0,r)=V−(a1,r)+R(a1), (28)

where a1 is a function of a0 and R(a1) is independent of
r. Hence, the energy spectrum becomes:

E
(k)
0 =

k
∑

i=0

R(ai), Enl=E
−

nl+E0, (29)

If we now consider a mapping of the form:

B→B′=B−a, (30)

then in Eq. (27), it is easily seen that apart from a con-
stant, the partner potentials are the same – the chosen
SUSY potential satisfies the shape invariance condition.
On the other hand, we can obtain:

B1=B0−a, Bn=B0−na, (31)
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R(a1) = V+(B,r)−V−(B−a,r)

=
~

2

2µ









(

−β
2(B2−γ)

)2

+
B2

r2
+

2

(

−β
2(B2−γ)

)

B

r2

+
B

r2
−

(

−β
2((B−a)2−γ)

)2

−
(B−a)2

r2

−
2

(

−β
2((B−a)2−γ)

)

(B−a)

r2
+
B−a
r2









, (32)

→R(ai) = −
~

2

2µ

[

(

−β
2((B−ia)2−γ)

)2

−
(

−β
2((B−(i−1))2−γ)

)2
]

, (33)

R(ai) = −
~

2

2µ

[

(

−β
2((B−ia)2−γ)

)2

−
(

−β
2((B−(i−1)a)2−γ)

)2
]

. (34)

The remainder R(ai) is independent of r. Using Eqs.
(23) and (29), the energy levels of the Yukawa potential
are found as:

En,l = −
~

2

2µ

[

(

−β
2((B−na)2−γ)

)2

−
(

−β
2(B2−γ)

)2

+

(

−β
1+

√
1+4γ

)2
]

+aV0. (35)

5.2 Solution with the generalized Yukawa po-

tential

Now we change the potential in Eq. (16). To get
better results, we use the generalized Yukawa potential
which takes the form:

V =
−V0e

−ar

r
+
k

r2
. (36)

By substituting Eq. (36) in Eq. (16), we obtain:

d2Un,l(r)

dr2
+

2µ

~2

(

En,l+
V0e

−ar

r
−
k

r2

−
~

2(l+6)(l+7)

2µr2

)

Un,l(r)=0. (37)

By using a Taylor expansion, Eq. (37) can be written as:

d2Un,l(r)

dr2
+

2µ

~2

(

En,l−aV0+
V0

r
−
Ω+k

r2

)

Un,l(r)=0, (38)

where Ω is defined as Ω =
~

2(l+6)(l+7)

2µ
. If we get

εn,l =
2µ

~2
(E−aV0), β =

4µ

~2
V0 and γ =

2µ

~2
(Ω+k), then

we obtain:

d2Un,l(r)

dr2
+

(

εn,l+
β

r
−
γ

r2

)

Un,l(r)=0. (39)

As we know from SUSY the superpotential is defined as
Eq. (20). When we put this into the Ricatti equation
(Eq. (21)), as we did before, we get A2=−εn,l, 2AB=−β
and B2−B=γ. The ground state binding energy is then
obtained as:

En,l=
−~

2

2µ

(

−β
1±

√
1+4γ

)2

+V0a. (40)

By using Eq. (24) from the SUSY method, the ground
state normalized eigenfunctions are given as Eq. (25).
In Table 2, the fitted values of parameters of the
ground state binding energy equations for the general-
ized Yukawa potential are given.

Table 2. Fitted values of parameters of the ground state binding energy equations for the generalized Yukawa poten-
tial. Column B.E (our model) contains our calculation and column B.E (experiment) contains the experimental
data.

a/fm−1 V0/(MeV·fm) B.E/MeV B.E(experiment) [28] k/(MeV·fm2)

0.70 45 31.42 31.995 5

0.60 50 29.90 31.995 10

0.64 49.3 31.90 31.995 50

0.70 50 34.90 31.995 30

0.75 40 29.93 31.995 30

0.50 50 24.90 31.995 30

0.55 50 27.40 31.995 50

0.80 30 23.96 31.995 50

0.80 40 31.98 31.995 30

0.59 50 29.40 31.995 50
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Table 3. Fitted values of parameters of the ground state binding energy equations for the Hellmann potential.
Column B.E (our model) contains our calculation and Column B.E (experiment) contains the experimental data.

a/fm−1
V0/(MeV·fm) B.E/MeV B.E (experiment) [28] k/(MeV·fm)

0.60 −50 29.85 31.995 10

0.60 −50 29.80 31.995 20

0.65 −50 32.38 31.995 5

0.58 −50 28.85 31.995 10

0.65 −49 31.70 31.995 10

0.65 −49 31.65 31.995 20

0.70 −40 27.85 31.995 20

0.71 −45 31.83 31.995 10

0.50 −50 24.85 31.995 10

0.55 −50 27.35 31.995 10

From Table 2, it can be seen that for a=0.80 fm−1,
k=30 MeV and V0=40 MeV, the calculated ground state
binding energy (31.98 MeV) is in good agreement with
the experimental data.

As before, the energy levels with this potential take
the form:

En,l = −
~

2

2µ

[

(

−β
2((B−na)2−γ)

)2

−
(

−β
2(B2−γ)

)2

+

(

−β
1+

√
1+4γ

)2
]

+V0a. (41)

5.3 Solution with the Hellman potential

Another potential that we use in Eq. (16) is the Hell-
mann potential. In this case, the Schrödinger equation
takes the form:

d2Un,l(r)

dr2
+

2µ

~2

(

En,l+V0a+
k−V0

r
−
Ω

r2

)

Un,l(r)=0, (42)

where Ω is defined as Ω =
~

2(l+6)(l+7)

2µ
. By choosing

εn,l=
2µ

~2
(En,l+aV0), β=

2µ

~2
(k−V0) and γ=

2µ

~2
Ω, Eq. (41)

takes the form:

d2Un,l(r)

dr2
+

(

εn,l+
β

r
−
γ

r2

)

Un,l(r)=0. (43)

We define the superpotential as Eq. (23) and, follow-
ing the same steps as before, we can obtain the binding
energy in the form

En,l=
−~

2

2µ

(

−β
1±

√
1+4γ

)2

−V0a. (44)

By using Eq. (24) from the SUSY method, the ground
state normalized eigenfunctions are given as Eq. (25).

In Table 3, the fitted values of parameters of the
ground state binding energy equations for the Hellmann
potential are given.

As we did before for obtaining En,l ,

En,l = −
~

2

2µ

[

(

−β
2((B−na)2−γ)

)2

−
(

−β
2(B2−γ)

)2

+

(

−β
1+

√
1+4γ

)2
]

−V0a. (45)

From Table 3, it can be seen that for a=0.71 fm−1,
k=10 MeV and V0=−45 MeV, the calculated ground
state binding energy (31.83 MeV) is in good agreement
with the experimental data.

6 Conclusion

In this paper, we have obtained the exact solution
of the Schrödinger equation for a 6-body system for
the Yukawa potential, generalized Yukawa potential and
Hellmann potential within the framework of SUSYQM.
Also, we have calculated the binding energy of the
lithium nucleus for the ground state with various po-
tentials and found the wave function for this element.
The results obtained from the SUSY method for these
three potentials are in good agreement with the experi-
mental data.

It is a great pleasure for the authors to thank
the referee for his/her many useful comments on the
manuscript.
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