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Approximate solutions of Dirac equation with a ring-shaped
Woods-Saxon potential by Nikiforov-Uvarov method
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Abstract:

An approximate analytical solution of the Dirac equation is obtained for the ring-shaped Woods-Saxon

potential within the framework of an exponential approximation to the centrifugal term. The radial and angular

parts of the equation are solved by the Nikiforov-Uvarov method. The general results obtained in this work can be

reduced to the standard forms already present in the literature.
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1 Introduction

It is well known that spin-1/2 fermions are analyzed
within the framework of the Dirac equation. Neverthe-
less, not only for the Dirac equation, but also for any
other field where the potential model is applied, no one
can deterministically comment on the choice of the po-
tential. Consequently, a lengthy list of potentials have
been already investigated within the equation; Coulomb,
harmonic oscillator, Hartmann, Woods-Saxon (WSP),
Morse, Eckart, Poschl-Teller, pseudoharmonic, Yukawa,
etc. [1-21]. Among such cases, the WSP, due to its
structure, stands as a meaningful term. On the other
hand, the spherically symmetric potentials, despite their
worthy advantages, are not enough for the study of ring-
shaped molecules or deformed nuclei [22]. This point mo-
tivates consideration of angular-dependent terms. In our
work, we decide to investigate a non-central potential,
which contains the WSP modified with a ring-shaped
term

A a+Bcos?0

. 1
r—R + r2sin?6 (1)
1+lep T

V(r,0)=—

The latter, due to its nature, has successfully accounted
for some of the phenomena observed in quantum chem-
istry and nuclear physics and in particular the deformed
cases including the deformed nuclei [23-31]. To go
through the problem, we first review the Dirac equa-
tion in a few lines to have the prerequisites at hand. We
next write the equation with scalar and vector angle-
dependent potential and separate the corresponding par-
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tial differential equation in spherical coordinates. In
Section 3 the Nikiforov-Uvarov (NU) [32-34] method is
briefly introduced and Section 4 reports the approximate
analytical solutions after a proper approximate scheme is
used. The concluding remarks are presented in the last
section.

2 Dirac equation with scalar and vector
potentials

The Dirac equation with scalar potential S(r) and
vector potential V' (r) has the form [in units h=c=1] [28]

[@.p+B(M+S(7)=ipa.rU (r)]y (7)=[E=V (M)]y(7), (2)

where F, p'= —iV and M respectively denote the rela-
tivistic energy of the system, three-dimensional momen-
tum operator and mass of the fermionic particle. o and
B as usual are [28]

0 I0
— . B= . i=1, 2, 3, 3

where I is 2x2 unitary matrix and the spin matrices are

01 0 —i 10
o10) () o (22). o

In the Pauli-Dirac representation
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and substitution of Egs. (3)—(5) into Eq. (2), gives

o.px(F) = [E=V(7)=M=5())p(7), (6a)

0.pp(r) = [E=V(F)+M+S(7)]x (7). (6b)
When the scalar potential S(7) is equal to the vector
potential V(7), Eq. (6a) becomes

o.px(F) = [E=M=2V(F)]e(r), (7a)
X(F) = (). (7b)

Substituting Eq. (7b) into Eq. (7a), we find [28]
[p* +2(E+M)V (7)o () = [E* = Moo (7). (®)

Now, by inserting the potential into Eq. (8), we have
Vo

r—R
1+qgexp 0

+MP—E7 | @i (7)=0. (9)

V2 +2(Em+M){ —

a+Bcos?6
r2sin®4

For proceeding further, let us consider a solution of the
form [28]

o~ 1 Rnlm (7") HI(H)
o ()= = = (sn0)1 72

which, after separation of variables in Eq. (9) results in

ei'rmp, (10)

d?R,im 2Vo (B +M 1/4-12
1 (T)+ 0( l ) + /

2 2
ar? (r—R) Bt M
1+qgexp| —
a
XRnlm(T):Ou (113)
dQHl(H) 1/4—2a(E7Ll7,L+M)—Qﬁ(Enlm+M)—m2
d6? sin?6
+2B(Epim+M)+1? | H;(0)=0, (11b)

where m=0,4+1,£2,---.

3 Nikiforov-Uvarov method

The NU method, in its parametric version, solves a
second order differential equation of the form [32-34]
d?>  a;—aes d 1 9
{@—i_s(l—ags) @4_ [s(1—azs))? [Fos &Gl g
= 0. (12)

According to the NU method, the eigenfunctions and
eigenenergies respectively are obtained via

@13

P(s) = s*2(1—ags) 1 s

101,21 g0
(Pl E T g oo ()
and
asn—(2n+1)as+(2n+1) (vVag+az/as)
+n(n—1)az+a;+2az305+2/agag=0, (14)
where
1 1 ,
ay = 5(1—041),045:5(042—2063),04620454‘517

ar = 20405—E&, ag=a+E.
ay = azartaiagtag,ao=a;+20,+2/ag,  (15)
Qy; = 042—2045+2(\/04_9+0¢3\/a_8)7012:044+\/04_87
a3 = as—(y/agtaz/ag).
In the rather more special case of a3;=0,

(a10-1,2 —ayg—1)

limOPn 3 (1-2a3s) = L& H(ay,s), (16a)
az—
1im0(1—a35)7a127%133 = e™18°, (16Db)
az—

and, from Eq. (14), we find for the wave function

h=5*123° L2107 (o, ). (17)
4 Solution of equations
4.1 Solution of the radial equation

1
Let us first introduce the new variables x=r—R, a=—
a

and consider the parameters

n- = 2%(E7Ll7rL+M)7 CT:(1/4_Z2)/R2’
Y = —M*+E (18)

nlm*

As our resulting equation cannot be exactly solved, we
have to proceed on an approximate basis. We introduce
the acceptable replacement [35-37]

/a2 1/4-P 2_1/4—12[ D
2 2
r R? (H—%) R 14+gexp(ax)
gy 1
where

Dy = 1—(;;Zl2+(1—%>
= W (L, W0t
D, — (;J];c;); ((1;Q)+3(;EQ)),
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to arrive at

d2 Rnlm (l’)
dz?

D,
1+qgexp(ax)

M
14+qgexp(ax)

+<r' |:DO+

D, B
+W] +%] Ry (2)=0. (21)

The transformation y=-——————— brings Eq. (21) into
14+gexp(ax)
the form

d2 Rnlm (y)

dy?

y(l—y) dy

1 CTDQ 2 77r+<rD1
+y2<1—y>2{a2 “( o )Y

TD + T
+C o2 i
«

} Ry (4)=0. (22)

By comparing Eq. (22) with Eq. (12), we find

D
041:1,042:2, OL3:1, 51:—<a227
r'+ T'D - T'D —Ir
52:,’7 <2 17 53: C 2 ik ’
« «

ay=0, as=0, ag=&1, ar=—E,,

(23)
ag=E3, 0ig=& —E&2+Es, a10:1+2\/§_37

a1 =242(/&—&+5+VE),

04122\/5_37 a13=—(v§1—§z+§3+\/g),

which, from Eq. (14), determines the radial energy rela-
| tion as follows

2n+(2n+1) <\/_ Cralzg B (nr+of;.D1 ) R

- T'D —Ir - T'D ' Ir T T'D - T'D —Ir
¢ it 1 =S : 7>+n(n_1)_<n +<2 1>+2< ¢ : 7)
(e (% (% (%

_<T'DO_77' <T'D2 777“+C7“D1 _CT'DO_’YT'
+2\/( a2 T a2 2 + 2 =0. (24)
From Eq. (17), the radial eigenfunction is simply found to be
1 1
Rpim(r) = N, TR) 1—71%)
1+qgexp| — 14gexp
a a
9,/ =SrDo—r 2 _CrDoy  (mr+lrDy +*CTD0*W 2
AT [ e -
1+qexp<—>
a
4.2 Solution of the polar equation | By comparing Eq. (28) with Eq. (12), we find
In this case, we have 1 Co
a; = =, 0[2:1, Oé3:17§1:—,
d2Hl(9) Mo 2 4
s+ G Hi(0)=0, (26)
do sin“0 €& = (—mo+Co)z € Mo 71
where T 4 150 LMY
— _ _ _m?2 1 1 1 1
Mo = 1/4=20(Enim+M)=2B(Bnim+ M) —m’, a5 = —3,ap=+, ar=— 76,08 = 1o,
Co = 2B(Enim+M)+1>. (27)
1 1
The transformation z=sin>#, transforms Eq. (27) to Qg = E+§1—§2+§3,a1o:1+2\/ E+§3’
() 1 1
——z
dzHl(Z)+ 2 dHl(Z)+ 1 —Go2’ Q= 242 <\/1—6+§1—§2+§3+\/1—6+§3>7
dz? z(1—2z) dz (z(1—2))? 4
(—=no+Co)z | Mo 1 1
+f+z H,(z)=0. (28) Qg = 14_ E_g_gg,
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1 1 1 According to the following equation
i3 = T5 <\/E+§1_€2+£3+\/1_6+€3> - (29) P(ntA+1
PR (1_gq) = LlntATD)

Thus, replacing Eq. (29) in Eq. (14), we find the corre- nll'(A+1)

di lati
sponding energy relation as <o Fy(—nyn+ A+ B4+l A+ 1), (32)

n—i—@—i—@n—kl) <\/1_16+%_(_m%4+€0)_% Equation (31) can be rewritten in the following form
H,(0) = Nl(siIfH)(%Jrv 16— 7) (1—sin?6)*/2
n 1 m —i—n(n—l)—l (_779+§9)+ L m
16 4 4 4 16 4 1 o 3
X2F1 —’I’L77’L+2 1—6—14—5,
1 ne\ (1 G (=me+G) me
+2\/<16 4)<16 4 4 1 )70 (30) -
Mo .
Substituting Eq. (29) into Eq. (13), we obtain the wave 2 E_Z‘H?SIHQ 9) : (33)
function as

1 n

H,(0) = Nl(sin26’)<i+ E779)(1—sir129)1/2
/T g1
W« PV ( ognzg)

Therefore, ©,im (1,0,0) is

(31) |
o (’)7) _ 1 Rnlm('r) Hl(e) imae
nlm \/ﬁ r (sin9)1/2
== R (e
1 1 1
= N el —_— e —
nlmr r—R 1 r—R
1+lep e 1+qexp N
a a
(2 =297 oS - (P =Sy 2
X Py =
r—R
1+qgexp (T)
1 7 /I 7 1 i
w— L[ (sin20)(3+VE ) (1_sin20) /2 PV E ) (g ] SRUME) (34)
(sinf)1/2 V21

and the total wave function, from Eq. (7b), is

o2
1 1 1
Wnlm(rveagb) = anm a.p

_or "R
EumtM )" 1+qexp (T—>
a

_¢rDo 7( nr+¢r Dy )+ —¢rDo—=vr
a2 aZ a?

2\/ —CrDg—r ’2\/74252 —(netSpDs )Jrfchgfw)

o

X 1——R Pn(
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2
x| 1-

V) (1—251n29)] 76”\’}1;@ .

Putting a=F=0 yields the results of previously pub-

lished papers [38].

5

Conclusion

We solved the radial, polar and azimuthal parts
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