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Abstract: By further examining the symmetry of external momenta and masses in Feynman integrals, we

fulfilled the method proposed by Battistel and Dallabona, and showed that recursion relations in this method

can be applied to simplify Feynman integrals directly.
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1 Introduction

Feynman diagrams provide a systematical and el-
egant procedure for the calculation in perturbative
quantum field theory. When the calculation goes to a
high order, for instance, the one-loop order, to get a
more accurate description by many precision exper-
iments, one will unavoidly face the computation of
Feynman integrals from loop diagrams. It is difficult
to reach the analytical result directly from a general
Feynman integral. To make life easier, one may sim-
plify it by reduction. In Ref. [1], a pioneering work
in one-loop reduction was carried out by Passarino
and Veltman, where tensor integrals can be reduced
to basic scalar integrals, then a series of work [2-5] on
one-loop, even two-loop [6, 7] reduction, was done and
many other approaches were derived. Conventional
methods were to reduce the complicated numerator
as a function of loop momentum in the Feynman in-
tegrals directly. An alternative way is also interesting.

In Ref. [8], Battistel and Dallabona showed that
one could first introduce the Feynman parameters
and accomplish the integrals over loop momentum
without any reduction, and then Feynman integrals
were left to integrate over Feynman parameters with a
complicated numerator (compared with other tensor
reduction schemes, e.g., Ref. [2], one can find no more
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terms introduced here, even though we introduce the
Feynman parameters). After studying the symmetry
in different momenta in the Feynman integral, which
originates from the symmetry of Feynman parame-
ters, they presented a strategy of reducing n-point
functions with arbitrary numerator and equal masses
to integrals with numerator 1 (hereafter, we denote
those integrals as quasi-basic integrals), the number
of which is up to the power of Feynman parameters in
the numerator. The quasi-basic integrals are difficult
to deal with analytically with this method. In Ref. [§],
it was also mentioned that those quasi-basic integrals
could be reduced to basic integrals which could be
calculated analytically and were studied very well in
Refs. [9-11]. But they did not give the explicit ways
to realize it. We examined the symmetry of external
momenta and masses in Feynman integrals further
and found that this method works very well com-
pared with other tensor integrals reduction schemes,
e.g., [2].

tions usually appear in pairs in real calculations con-

The reason is that terms in recursion rela-

sidering the property of the introduction of Feynman
parameters, therefore the recursion relations can be
directly applied to simplify Feynman integrals. This
will dramatically simplify the calculation.
Considering such an advantage, the method was
fulfilled in this work. Firstly, Feynman integrals with
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different masses are presented since the internal line
particles are usually of unequal masses in real cal-
culation, which can be directly applied to massless
internal line cases. We secondly show that the re-
cursion relations can be applied to simplify Feynman
integrals directly, which can lead to a dramatic sim-
plification of the real calculation. The explicit way
to reduce quasi-basic integrals to the corresponding
basic integrals was also investigated.

This paper is organized as followed. In Section 2,
the symmetries in Feynman integrals are studied, and
some recursion relations for two-, three-, four-point
integrals are presented and the details of the strategy
for reducing n-point integrals are also given. In Sec-
tion 3, the recursion relations are applied to simplify
Feynman integrals. In Section 4, we reduce the quasi-
basic integrals to three well-known integrals and dis-
cuss the general case. In Section 5, the conclusions
and discussions are presented.

2 Recursion relations in Feynman in-
tegrals

In this section, following the method in Ref. [g],
we examine the symmetries of different external mo-
menta and masses of internal lines in Feynman in-
tegrals, and some useful recursion relations for two-,
three- and four-point integrals will be presented. The
details of the strategy of reducing n-point integrals
are also studied. With these relations, we can reduce
general integrals with an arbitrary numerator to fi-
nite quasi-basic integrals in one loop integrals. We
first introduce Feynman parameters and perform the
integrals over loop momentum without any reduction,
which leaves scalar integrals over Feynman parame-
ters. The equal masses case can be found in Ref. [8].

2.1 Two-point function

The finite part of one loop two-point scalar inte-
gral can always be expressed as

1 2 2 2
Q(p3,m3,m,
Zk(pf,mf;mg):J xklni( 1M, mg)

0 w2 dr

: (1)

Qp,miymd) =plz(z—1)+miz+(1—-z)m. (2)

In the above definition, p; is a momentum carried
by an external line or a combination of them, mq and
m, are masses carried by the propagators, i is a pa-
rameter with the dimension of mass, which plays the
role of a common scale for all the involved physical
quantities. We suppose p? # 0 first. For simplicity,

Vol. 36
we write such integral in a compact way
1 ..
zetig) = [ oD, 3)
0 M
Q(Zaj):p$x2_kz,]x+m§7 (4)

with k; ; = p; —m?+m3.
In the next subsection we will confront some sim-
ilar structures with more complicated parameters

2200) = [ Q6 <1n L —Z§> ar, (5

s=1

Q'(i,j) =
For the cases with arbitrary subscript &k in Eq. (1),

(pi —p;)°2® = kijz+m3, (6)

we can use some recursion relations to reduce them
to the cases with subscript 0 instead of integrating
them directly. The first such recursion relations are
k1o m2 . m?2 m2. m?
7Z,(1,0) = —2Z,(1,0)+ —~In—+ — —2 In —>
{1,0) 2p? o(1,0) 2pt p* 2p7 @
my—mj

* 2p?

; (7)

Z2(1=0) =

2k10 mg 2
~71(1,0) — == Z(1,0) — -
33 (0031075

Z3(1,0) =

2 2
my my kl,O

ap? e 2p

) 3mg 2

Generally, for n > 1, we have

2 nklo
=z 07 (1,0
n—|—1< 2p2 7 1(1,0)

Z,.(1,0) =

(n—1)m2 1
_BZ M 0 (1,0) = ——
2p? n2(1,0) n+1

2
m; . mj k1,0
—In— . 11
+2p% n/ﬂ +2np%> (11)

With these recursion relations, all the two-point
functions can be reduced to Zy(1,0). This also works
for massless internal particle cases and the extension
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is straightforward. The reduction of Z; follows the
same step.
If p2 =0 and m? # m?, we have

1 1 m?2 m?
Z,(1,0) = — L _In—
(1,0) n—i—l( n—1+m§—mgnu2

2
my

‘WZ> -

If p? = 0 and m? = mg, one can integrate those
functions directly and obtain
1 mg

In—-.
n+1  p?

Z,(1,0) = (13)

2.2 Three-point function

The three-point integrals have richer structures,
which can be expressed as

Emn (D1, M1 P2, M2 M)

m n
Ly Ty

1 1l—xq
= | dzx J dz , 14
Jo ' 0 2Q(p17m1;p27m2;m0) ( )

Do (D1, 015 P2, M2 M)

1 1—xq . .
Q(p1,m Mol M,
= J dxlj dzyz? 23 In (P, 1,p22, 2i770)
0 0 2

3

(15)

Q(PlamlmzamQ;mo) = P?$f+p§$§+2pl']92 L1 2
—klyoflfl—kg’oxg"'m(z). (16)

For convenience, we introduce some useful compact
notations,

G3) = [[an [ "an B an)
mn i, .,k = dx J de? o 17
g ! 0 ' 0 ZQ(Zujak)

1 l—xq
777);”L(i7j7k) = J dle' diZ?gIl ,IQ Q)‘
0

0
Qi.jk) 1
X <IHT—;E s (18)
Q(Za]vk) - pzx +p3$ +2pz p] L1 T2

—kipx1 =k z2+m;. (19)

As mentioned in the previous subsection, we will con-
front some similar structures with more complicated

parameters later,

(ZWE = X To— ",
mn J 0 1 o 2Q’(’L7]7k)
1 1l—xq
n/:\nn(zijuk) = J delJ dJ;Q.’I]l ZC2 QIA
0 0
Q'(i,5,k) -1
X [In—2"—=-) — ], (21
Q'(4,5,k) = (pi—px)? 2% + (p; —pr)? 23

+2 (Pi —Pk) : (pi _pk) T1Z2

—kip x1 — Ky mo+mi. (22)
Since {p;,m;} and {p;,m; } are symmetric in Egs. (14)
and (15), such integrals are invariant if we ex-
change the momenta, masses and Feynman param-
eters simultaneously, more specifically, &, (i,7,k) =
gnM(j7iak) and nmn(i7j7k) = nmn(jai7k)7
proved very useful in obtaining recursion relations
among different integrals.

which is

After integration by part, some recursion relations
are presented below.
(i) n+m=1

k20

P1-P2&io+ D58 = foo-i‘ Z( 2)

1
—§ZO(1,O)7 (23)

where &, and 7,,,, denote .. (1, 2, 0) and 7., (1,
2, 0), respectively. Such simplification is also used
in the case for four-point. With the symmetry men-
tioned above, we can obtain another two recursion
relations by exchanging 1 and 2. As an example, we
give the counterpart recursion relation

k
P1-P2€or +Pi&0 = 1—Ofoo ( 1)

1
—3Z0(2,0). (24)

By solving Egs. (23) and (24), we can reduce the
functions &y; and &9 to &y, which reads

((Pl 'P2)2 —p?p%)&n

kl k2 2 %
=(7’°p1-p2 -0 )500 “L(Zo(12,2)
—Z5(1,0)) + P2 (7, (21,1) — Zo(2,0)),
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((pl -p2)2 _P%PS)&O

k k .
— (- B ) o+ 2 (2a0122
J5

The symmetry between &5, and &4 is also obvi-
ous in the above expression. The recursion relations
between 7 functions have the parallel structures.

If (p; -p2)? —pip2 =0, one cannot obtain &y and
10 from Eq. (25) any more. But the right-hand side
of this equation is equal to zero, which implies that
we can express &g as a function of Z, and the explicit
form of &y; can be obtained later in a similar way.

In the real calculation, terms in the left-hand side
of Eq. (23) usually appear in pairs considering the
property of the introduction of Feynman parameters.
This will enable the recursion relation Eq. (23) to be
directly applied, therefore in some cases one does not
need to obtain the explicit form as Eq. (25). This
can dramatically simplify the calculation and we will
explore this simplification in the next section.

Some other recursion relations are given as

(il): n+m=2

ka0

1 _, 1
D1 P2boo + D581 = 75104‘521(172)—521(1,0),

k1o 1 1

00— =100 — =2, (2,1
&0 27700 D) 1(7)

D1 -p2€na +p%§20 = 5

+%Z(;(2,1). (26)

Another two similar recursion relations can be ob-
tained by exchanging 1 and 2, specifically, p;, m; and
D2, My in the above recursion relations. Then &5, &4
and &y, can be expressed as a function of £yg.

If (p;-p2)?—p3p2 =0, by the similar way as done in
the case for n+m =1, we can express £;¢ as a function
of 19o and Z functions. The explicit form of &;; can
be obtained similarly. We will give the general rule
for the arbitrary-point function.

(iii): n+m=3
k 1, 1
D1 Pa€s0 + Dol = %5204‘522(172)—522(1,0),
2 kJQ’O 1,
D1-D2612 +D3603 = 7502—7701+§Z2(1a2)

’ 1 ’
_Z1(152)+§Z0(152)a

kg,o 1 1_,

&1 — =To— §Z2(172)

P12l + e = 5 3

+=27,(1,2). (27)

It can be found that the symmetry between dif-
ferent momenta and masses provides us with a new
way of reducing Feynman integrals. Integrals with
structures Egs. (14) and (15) can be reduced to two
quasi-basic integrals &y, 100 and Z,. In fact, only
&0 and Z, are basic integrals as will be performed
in Sec.4, which means what we should do is just deal
with the basic integrals.

2.3 Four-point function

In the same way, the four-point integrals can be
expressed as

Cmnl - Cmnl(1727370):fmnl(plvml;p27m2;p3am3;m0)

1 1—xq l—x1—x2
= J dxl J de'QJ' d.’I;g
0 0 0

x oy 2 , (28)

(Q(phm1§p27m2§p3,m3;m0))2

gmnl = 5mnl(1727370)

- §mnl(p1aml;pZamQ;p37m3;m0)

1 1—xq l—x1—x2
= J dxl J de'QJ' de'3
0 0 0

m .m0

T Ty T
X , 29
Q(p1,m1;p2,Ma;p3,M33M0) (29)

Nmnt = Tmnt (L 23 33 O)

= nmnl(p17m1;p27m2;p37m3;m0)

1 1—xq l—x1—x2
_ m n .0
= J d:v1J deJ' daszl" =5 4

0 0 0

Q(pluml;p27m2;p37m3;m0)

x In e , (30)
Q(p1, M1 P2, Ma2; P3, Mg M)
= pial+pras+pias+2p1paTy Ty
421 p3x1 T3+ 2p2-p3TaTs— k10X
—kyoxo — ks oz +me. (31)

As in the case for three-point integrals, the sym-
metry and recursion relations also exist, which will
help to reduce the above general integrals to quasi-
basic integrals and some three- and two-point inte-
grals. Considering the symmetry between momenta
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and masses in the above definition, we have

Cmnl(ivjvkvl) = len(iakajal):Clnm(kvjvial)

= Gumt (4,8 K,1) = G (K, 2,5,1)
= Gum(J,k,1,1),
Ernnt (1,5, K1) = Lo (15K, 5,1) = Einm (K, 5,4,1)
= St (4,4, K,1) = Eumn (K, 4, 5,1)
= &um(J,k,1,1),
Nt (1,5, K1) = i (65 K535 1) = N (K 5,451
= Nt (3,5 K1) = Dimn (K, 8,5, 1)
— i (Gl 1). (32)
(i) :n+m+l=1
P1-P3Cioo +P2pP3Co10 +P§<001 k;OCOOO 5(/)04‘%5007
P1-P3&ioo +PaPsoro +P3oot = 50004' ;77(;0 %7700-
(33)

Another four similar recursion relations can be ob-
tained by exchanging 1, 2 and 3. These six recursion
relations can reduce the integrals (o1, Co10, C1005 €001,
&o10 and &100 t0 Cooo and Eogo-

This method will not work any more if the deter-
minant is equal to zero, i.e.

Pi PiP2 PiDs
det | pi-p, p; p2ps | =0. (34)
P1Ps P2'Ps D3
We will give a general rule in the arbitrary-point
function for this special case.
(ii): n+m+1=2
P1 - P3Ca00 +p2 -P3Cii0+ P3¢

_k / 1
3OClOO 510"‘55107

no = (1,2,

11,22,k 15225000 1k

1 i1 o
Tt Ty Ty
= J dzdxy - -day, ——————=

n . n
771-1,1-2,-.-,% - nil,ig ,,,,, ik(1?2? 7k70)

day 2t

1
= J dx dzsy -

0

Q =) (pta? —kiom:)+

= 1-1,1-2,...,%(p17m1§p27m2§"

— . .
_nilvi%”'aik (p17m17p27m27' .

3:2’“@”<ng—i§>, (38)

P1-P3Ciio + P2 PsCozo +P3Con
k3 =L o0 — 5(;1 + %501,
D1 -p3C101 + P2 ~p3C011 + P5C002
= 0 ot oo 3 (€~ o —E), (35)
with &, = ¢,(1,2,3) and 7}, = n,(1,2,3).

changing momenta and masses, nine different recur-

By ex-

sion relations are obtained. But, as expected, only six
of them are independent, corresponding to six func-
tions in the case for n+m+1=2. Similar structures
are found for the functions £’s. For every three inte-
grals, three recursion relations group a closed set of
equations, so it is easy to solve them.

D1 - Paooo + P2 Ps&iio + D3

k3.0 1., 1

= 51004‘27710 27710,

P1-Pa&iio + P2 Pso2o + P30

= —50104‘27701 27701,

P1-Pa&io1 + P2 Psorr +P3o02

k
== O5001

2.4 The arbitrary-point function

1 / / /
77000 +5 5 (Mo — M0 —M61)- (36)

In this subsection, the details of reducing the
arbitrary-point integrals are presented. As will be
proved later, it is possible to reduce the arbitrary
n-point functions with an arbitrary numerator and
This also
holds for massless cases and the extension is straight-
forward.

different masses to quasi-basic integrals.

The general arbitrary k-point integrals have struc-
tures as

';pkamMmO)

';pkvmk;mo)

u?

s=1

2p; - p; T +me. (39)

i=1 0<i<j<n+1
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After integration by parts, the general recursion relations read
for n#1

n n 2 ¢n
P 'pk§i1+1,i2,~-~,ik +D2 'pkgil,i2+1,i3,-~-,ik +eee +pk€i1,-~-,ik,1,ik+1

1 i ir! n—1 A n—1
- 2(1—71) [ Z (_1) P i1+j1»i2+j2v-wik71+jk71_(1_S1gn(zk)) 11,82, i —1

15, 0...4.1
J1tga et in=in J1: )2t )kt
i n—1 kk,o n _Tn
+2(n_1)€ilvi2,“'»ik*1+ 9 ilyizy ik _Ik’ (40)

forn=1

1 N o
Zi - 5 l Z (_1) kIR 7'(nff}kjl7i2+j2w“7ik71+jk71 _(1_Slgn(lk))ml’i%‘“vik1]

S B |
JitiotAir=ig Ji:J2 Jk

— a1 %g (41)
To be clear, extra commas were introduced above. Exchanging the k-th momentum and mass with others,

we can get k—1 independent recursion relations.
Together with Eq. (41), we have enough independent equations to solve the corresponding k integrals.

Solving these equations, we have,

k
det(C)Er oy ivn i = D AT, (42)
=1

with
Pl P1P2 P1Ps PP
P1-P2 p% P2:P3 - P2-Pk

C=| Dpi'ps p2rps D3 - D3P |, (43)
P1:Px P2°Pr P3Pr - pi

and A;, is the algebraic cofactor of C};.
If det(C) =0, we have k equations,

k.
> AT =o0. (44)
=1

As in the case for three-point function, we can obtain the explicit form of £

11,12,13, 0k "

The recursion relations between integrals as Eq. (38) have similar structures,

2,.n

n n
P1PEMiy 41,00,y +p2pkni1»i2+l,i3w-wik +”.+pkni1,"-,ik71,ik+l

1 R L o
— —)kmde ET plendl ) ) — (1 =sien(i,.))n*t}! )
2(n—|—1) j1+j2+'z+jk:ik( ) jl!jz!...jk!nll+31v12+32v"'»1k—1+1k—1 ( g ( k))nnﬂm“'ﬂkfl
Tg n41 kk,O n
_2(n+1)ni1vi2vmvik*1+ 2 nilin"'@k’ (45)
with
?1'32,...,%71 = gizl’i%m’ikil(1323"'7(/\_1)v(>\+1)7"'ak7>\)7 (46)

77{\1’32,-»-,%,1 = nill,ig,m,ikfl (1727 BT ()‘_ 1)7 ()‘+ 1)7 o '7k7)\)' (47)
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The case for the determinant which is equal to
zero can be dealt with in a parallel way.

Step by step, the arbitrary n-point functions with
an arbitrary numerator and different masses can be
expressed in terms of the quasi-basic integrals. More
quasi-basic integrals are needed for the higher power
of Feynman parameters in the numerator, so it is
necessary to reduce these quasi-basic integrals to the
well-studied integrals if we try to compute them an-
alytically.

In the real calculation, terms in the left-hand side
of the above recursion relations usually accompany
each other, which will enable the recursion relations
here to be directly applied, therefore the calculation
will be dramatically simplified since one does not need
to obtain the explicit forms of every function.

3 Recursion relations applied to Feyn-
man integrals

In our work, terms in the left-hand side of the
recursion relations given in the previous section usu-
ally appear in pairs in the real calculation considering
the property of the introduction of Feynman param-
eters. Hence the recursion relations can be applied to
simplify the Feynman integrals which will lead to a
dramatic simplification of the calculation, while the
method in Ref. [2] has no such advantage.

For 3-point function, in the scheme of dimensional
regularization, Feynman integrals have structures as

[3 _lu4DJd’i27k“7 (48)
(2m)P ApgA, A,
with A; = (k+p;)*—m?+ie and po =0. This equation
can be expressed in terms of the functions we defined
in the previous section,
i(4m)°T 3 =

—pm&o —pzugm- (49)

The explicit forms of I} , I} . I} . can be
found in Ref. [8]. We find snnphﬁcatlon is available
when the bare indices are contracted by loop mentum
or external momentum which are frequently encoun-

tered in real calculation, e.g.,
1(47'[)219713 =—pi&io —p1-p2or- (50)

The right-hand side of the above equation is ex-
actly the same as the left-hand side of Eq. (24) and
the recursion relation there can be directly used. It
is not necessary to obtain the explicit forms of both
&1 and &y as in Eq. (25).

We give some nontrivial

cases in the following.

. ) 1
i(4m)? 1131/ = 51977700 +p4 (p&ao +p1 - p2€in)

+p5 (D311 +p1 - p2boz) + .t

kl 0
o (st

Zie.)+52,0)

k 1
+p2< 5 €n+52,(2.1)

—%Zl(270)> +d.t., (51)

where d.t. denotes the divergent terms in the mod-
ified minimal substraction scheme which is propor-

2
tional to 1D —v+log(4m). The treatment of such

terms are available in Ref. [8] and hence are not con-
sidered here.

As we have shown above, the recursion relations
Eq. (26) given in the previous section can be applied
directly to the right-hand side of the above equation,
therefore the most complicated terms are simplified.
This can dramatically simplify the calculation.

It is also worth mentioning that such simplifica-
tions hold for the general cases, e.g.,
particles are massless or the determinant defined in
Eq. (43) is equal to zero.

With more bare indices being contracted, more

the internal

recursion relations, such as

= (pi&i0+p1p2bor)

. k
i(4m) plp1I3 = %

1_, 1_,
w2 (-5 52,e)

1 _, 1
spuns (322 - 52,20

+dt., (52)

can be applied directly.

Generally speaking, such simplification always
works since the feature of the introduction of Feyn-
man parameters guarantees that the terms in recur-
sion relations appear in pairs. Some other examples
are presented as

1
—(pi +p5)

I(4m)* kL, = =3pimo —3pa7io —

_pT(k1,0§20 + k2,0§11 - m(z)glo)

—ph (k10611 + k2,060 —mgor) + Aot
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1 N
i(4m)*k pi I3, = —3(pimo +p1-Panor) — é(p?—i_pl ) regularization, they have structures as
dPk n(n—1k, k., -k
n+1 4—D m
—k10(p3&a0+p1-p2&in) Iu;rw i, — M J'(27_[)D AOAZ{-iln ke (57)

_k270(p?§11 +p1-P2820)
+mg(pi&io+p1-p2or) +d.t..  (53)

For Feynman integrals in the four-point case, such
simplification can be achieved in a similar way. In
the scheme of dimensional regularization, they have
structures as

d°k 6k
I4 — 4—D M . 4
w=H J (2r)D A, A, A, A, (54)

This equation can be expressed in terms of the
functions defined in the previous section,

1(47T)21ﬁ = P1,G100 + P2uGo10 + PsCo01 - (55)

One can find the explicitly form of I M, Iﬁww
Lo s @0d I3 in Ref. [8].

As in the three-point case, recursion relations can
be applied directly when the bare indices are con-
tracted by loop momentum or external momentum,
which are frequently encountered in real calculation.
We give some examples here.

1(47[)217’;[,% = piCio0 +P1-P2Co10 + D1 - P3Coot s

1

1(47[)217?[:; = gpmfooo = P1.(P3 Ca00 +P1 - P2C110

+p1-p3Gio1) — P (PTCi10 + 1 - P2Coso

+p1-PsCor1) = Pa (P1Gro1 + 1 p2Conn
+P1 - P3Co02)5

i(4ﬂ)2k”13u = —2(p1,&100 +P2ubo10 +P3u&001)
+p14 (k1,0C200 +K2,0C110 + K2,0C101
—mjCio0) + P2y (F1,0C110 + K2,0Co20
+k2,0C011 —mgCo10) + Pspu(k1,0Gr01
+k2,0C011 + k2,0C002 — M3C001),

1(47'[)2]““1911/12” = —2(pi&i00 +p1 - P2€o10 +P1 - P3oor)
+k1,0(P€200 + 1 - P2€110 +P1-Psion)
+k2,0(PI€110 + 1 - P2€ozo +P1 - Psann)
+ks.0(P1101 +P1 - P2bors + D1 - Psonz)
—mg (P €100 + D1 P2o10 +P1 - Paoor)-

(56)

For the Feynman integrals in the arbitrary (n+1)-
point case with (n > 2), such simplification is also
worthwhile considering. In the scheme of dimensional

This equation can be expressed in terms of the
functions defined in the previous section,

i(4m)2 It = "“meém : (58)

The notation [I] in &~ means that only the I-
th subscript in &'} 4, defined in Eq. (37) is 1
while others are all equal to zero. The recursion re-
lations can be applied directly when the bare indices
are contracted. We give some examples here.

Lt Zplpifgfla
=1

i(dm)*pi I = (

i(dm)2er I+t = Zklog"ﬂ m2&e e

n n_
+m 0.“3),

(Z Diu Zpl i€l

i=1 j=1

i(4m)2pr I = (—1)"

l,u,u

1

—mpmﬁo--»o),

(4R I = (-

5—1n — _
)" (n—_Z > vy
i=1
- ZPW Z kj,ofﬁ,;]l
=1 j=1
+mo meg[l] ) )

i=1

i(4m)* K py LT = (=

n 5_n - n—2
1) (n—_2zp1'i§[i]
Jj=1
—kaszl pi&i;)
+moZp1 s ) (59)

If n=3, one gets the expllclt expressions exactly as
Eq. (56) in the four-point case as expected.

Due to the recursion relations, the most compli-
cated terms in the right-hand side of the above equa-
tion can be simplified dramatically. Such simplifica-
tion always works since the terms in recursion rela-
tions appear in pairs.
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4 Basic integrals

After the reduction in Section 2, some quasi-basic
integrals, i.e., ny, o and £y o are obtained. As
has been mentioned in Ref.[8], these quasi-basic in-
tegrals can be reduced to the basic integrals which
can be calculated analytically. But they did not give
the explicit ways to realize it. To fulfill this method,
in this section, we show the explicit way to reduce
the quasi-basic integrals to the corresponding basic
integrals.

With the symmetry in Feynman integrals, one can
get such relations in three- and four-point integrals as

1 1 1, .,
Noo = —§(k1,0510+k2,o§01—2m§§oo)—§+§(Zo(172)

Nooo = — = (k1,0&100 + K2,0€010 + k3,001 — 2m3&o00)

w| =

1 ’ ’ !
+ 5(7700(1’2“0’) _7701(17273) —7’}10(1,2,3)

Nel i

+00(1,3,2) =10, (1,3,2) = 114(1,3,2)
+i100(3,2,1) =104 (3,2, 1) =113 (3,2,1)),  (61)
€ooo = (K1,0C100 +K2,0010 +K3,0C001 — 21 C000)
+E00(1,2,3) =€, (1,2,3) = £,(1,2,3)
+600(1,3,2) = €1(1,3,2) = €4, (1,3,2)
+600(3,2,1) = €01(3,2,1) = £1,(3,2,1).  (62)

So Moo, Mooo and &yge can be reduced to the widely
studied functions (oo, oo and Zy. In fact, every func-
tions we got in Section 2 can be reduced, following a
parallel step, to basic integrals in the arbitrary point
integrals,

n _ k,
M0,0,--,0 = (no,o,m,

0 s=1

1 Q n711
—J‘d$1d$2”'dzk1Ik<h1;5—-§::g>(ﬂgy
(63)
As before, we can get k similar relations, which

are symmetric by exchanging momenta, masses and
Feynman parameters simutaneously. After summing

them up, we obtain the general relations,

K
(k+2n)77&07m70 = Z(Wa’éfm,o - 773,’17-»-,0 — _776\,’(?»-»,1)

A=1

n—1 n—1
_n(kl,onl,o,-'-,o +e +kk,0770,m,0,1

1
—2ming oo) — 2J' dzidz,- - de, Q.
0

(64)
Similarly,
k
(k=2n)&0. 0= D _(E0i 0= &N o= —E0irt)
A=1
'+n(kL0§fa£wo+”'“+kkﬂ§&fwm1
_2m(2) g,TL..l,o,o)- (65)

If k—2n =0, the left-hand side of Eq. (65) disap-
pears, which means the reduction chain is cut off. If k
is odd, corresponding to an even-point function, such
cutoff will be absent, while k is even, corresponding
to an odd-point function, the final results for n-point
integrals with n > 4 will need two basic integrals,
& 232 and &, To be specific, for two-, three-, four-
and (2n+ 1)-point integrals, only one corresponding
basic integral is needed.

Another question to which attention should be
paid is whether the reduction will be entrapped into
a closed loop. In Section 2,
i1 +io + - - - + 14, will decrease 2 in every reduction,
but increase only 1 in Section 4. We show a simple
example explicitly in Fig. 1, so it is safe to reduce the
general Feynman integrals with the method.

|

The answer is no.

&

l

¢ S

l l

¢ S

l i

6 = &, = m,

Fig. 1. (color online) Cnmi, Enmi and Npmi with

n+m+1 = X are denoted as (x, &x and 7\
respectively in the four-point function. A will
decrease 2 in every reduction to quasi-basic
integrals as the black lines show, but increase
only 1 in the reduction to the basic integral
according to the red lines.
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5 Conclusions and discussions

By taking the advantage of the symmetry of mo-
menta and masses in the Feynman integrals, one-loop
integrals reduction can be carried out explicitly. After
one introduces the Feynman parameters and accom-
plishes the integrals over the loop momentum, Feyn-
man integrals have their structures as Eqgs. (37) and
(38). It is found that, originating from the symmetry
of Feynman parameters, such integrals are invariant if
we exchange the momenta, masses and Feynman pa-
rameters simultaneously. In Ref. [8], with those sym-
metries, Battistel and Dallabona presented a strat-
egy of reducing n-point functions with an arbitrary
numerator and equal masses to quasi-basic integrals
and argued that those quasi-basic integrals could be
reduced to basic integrals.

We examined the symmetry of external momenta
and masses in Feynman integrals further and found
that this method works very well compared with
other tensor integrals reduction schemes, e.g., [2].
The reason is that terms in the recursion relations
usually appear in pairs in real calculations considering
the feature of the introduction of Feynman parame-
ters, therefore the recursion relations can be directly
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