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Abstract The cross section for electron-positron annihilation into hadrons allows for a precise determination

of the strong coupling constant and the charm- and bottom-quark masses. Recent theoretical and experimental

results are presented with emphasis on the energy region accessible by B-meson factories and below.
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1 Introduction

The precise determination of the Standard Model
(SM) parameters constitutes one of the important
tasks of present day’s particle physics. It is crucial for
all tests of the SM, for the search for deviations and
thus for physics “beyond” and, last but not least, it is
a crucial input in all attempts to construct a Grand
Unified Theory and thus to reduce the number of in-
dependent coupling constants.

With this motivation in mind the following discus-
sion is focused on the implications of measurements
at eTe™ colliders in the low energy region, i.e. at B-
meson factories or at even lower energies. It will be
interesting to see, that these measurements are even
sensitive to the strong coupling constant, although
not (yet?) competitive with determinations through
Z- or T-decays, to name just a few. Quark mass deter-
minations, however, in particular the combination of
new theoretical results with improved measurements
of charm- and bottom-quark production in the low
energy region have recently reached a new level of
precision that will be described below.

2 The strong coupling from electron-
positron annihilation at low energy

During the past years the theoretical predictions

for the ete™ annihilation cross section into hadrons
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have improved significantly (For a review see e.g.
[1]). The massless approximation for this quantity
has been pushed to O(a?) [2] and the corresponding
terms in the small mass limit, of order afmg,/s are
also available [3]. In order a?® the massless approx-
imation has been evaluated long time ago [4-6] as
well as the dominant mass suppressed terms of order
mg /s [7] and mg,/s* [8]. In fact, a fairly accurate nu-
merical parameterization of the full mass dependence
in order o2 has become available recently [9], which
is based on the knowledge of the vacuum polariza-
tion function close to threshold, at high energies and
around ¢*> =0. The corresponding O(«?) analysis had
been performed more than a decade ago in Ref. [10].
The formulae up to O(a?) are encoded in the FOR-
TRAN routine rhad which is publicly available [11]
and which is sufficiently precise for the energy region
under discussion.

The remarkable agreement between theory and
experiment is demonstrated in Fig. 1 for the energy
range accessible between 2 and 11 GeV. Already at
fairly low energies, and in particular between ¥(25)
and ¥(3770), theory and experiment are in good
agreement within the systematic uncertainty of about
3%. The results of a recent measurement [12] with
a tiny statistical (0.5%-1%) and a small systematic
(3.5%) error at E., = 2.60, 3.07 and 3.65 GeV are
displayed in Table 1, together with the correspond-
ing results for a.
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Table 1. Experimental results for the R-ratio at three different energies and as values with statistical and
systematical error (from [12]).
Eem/GeV R af?(s) ol (25 Gev?) ol (M2)
+0.03040.125
2.60 2.18 0.26670-930+0.129
40.0294-0.103 40.044 +0.012
3.07 2.13 0.192+0-029+0.103 0.20979-044 0.117+9-012
3.65 2.14 0.20770-013+0.204
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I

R(s)
oW
Sh—hwnksiw

A BES (2001) :
O MD-1 1
S - IS0 ]
0 E
2 3 4 5 6 7 8 9 10
Vs (GeV)
5 - T
45 - i
4 ; ﬁ oo
35 7 4 i
- 3 ,5"" §§§§ % E|
~ 2. E
z %
1.5
1
0.5
0 3.8 4 4.2 4.4 4.6 4.8
Vs (GeV)
5
5
4
S5
3 § E
3| b g *7
2 3
5
1 E
05 F
03.65 3.675 3.7 3.725 3.75 3.775 3.8 3.825 3.85 3.875 3.9

Vs (GeV)

Fig. 1. R(s) for different energy intervals around
the charm threshold region. The solid line cor-
responds to the theoretical prediction, the un-
certainties obtained from the variation of the
input parameters and of p are indicated by
the dashed curves. The inner and outer error
bars give the statistical and systematical un-
certainty, respectively. (Data are taken from
BES [13, 14], MD1 [15] and CLEO [16]).

Inclusion of the o corrections would have moved
the oy values e.g. from 0.266+0.03040.120 by 0.020
upwards, a shift still significantly smaller than the
systematic but well comparable to the statistical er-
ror.

Precise measurements have been performed also
in the energy region between about 7 and 10.5 GeV,
first by the MD-1-collaboration and, more recently,

by CLEO [17] (Fig. 1). The data points with their
systematic errors of about 2% agree nicely with the
theory prediction. Indeed the measurement allows
for a determination [18] of the strong coupling with
al®(Myz) =0.110159;7 in good agreement with other
determinations [19].

Combining, finally, results from BES, MD-1 and
CLEO one arrives at o (9 GeV) = 0.1821) 55z which
corresponds to a'® (M) = 0.119750%), again in good
agreement with other determinations and with an er-
ror that starts to become competitive.

3 Charm- and bottom-quark masses

Quark mass determinations can be based on a
variety of observations and theoretical calculations.
The one presently most precise follows an idea ad-
vocated by the ITEP group more than thirty years
ago [20], and has gained renewed interest after signif-
icant advances in higher order perturbative calcula-
tions discussed in this paper have been achieved. It
exploits the fact that the vacuum polarization func-
tion II(¢?) and its derivatives, evaluated at ¢ = 0,
can be considered short distance quantities with an
inverse scale characterized by the distance between
the reference point ¢> = 0 and the location of the
threshold ¢> = (3 GeV)® and ¢*> = (10 GeV)? for
charm and bottom respectively. This idea has been
taken up in [21] after the first three-loop evaluation
of the moments became available [10, 22, 23] and has
been further improved in [24] using four-loop results
[25, 26] for the lowest moment. An analysis which is
based on the most recent theoretical [9, 27, 28] and
experimental progress has been performed in [29] and
will be reviewed in the following.

Let us recall some basic notation and definitions.
The vacuum polarization g (¢?) induced by a heavy
quark Q with charge Qq (ignoring in this short note
the so-called singlet contributions), is an analytic
function with poles and a branch cut at and above

q* = M3,,,. Tts Taylor coefficients C,., defined through

3 _
o(e*) = Q4= D Cur” (1)

n=>0
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can be evaluated in pQCD

. (1) (A .
C, =C"+ = (CUO+CM g, ) +

2
~(20) | A¥(21) ~(22) 72
) (cn +COVL, +CC lmQ)+

N (o -
T (01(130) + CSIUMQ + Cész)liug +
COvE )t . 2)

Here z= q*/4mg,, where mq =mq(p) is the running
MS mass at scale p. Using a once-subtracted disper-
sion relation

Mo (q°)

1 J'°°d R(s) 3)

T 12w o Ss(s—qz)
(with Rq denoting the familiar R-ratio for the pro-
duction of heavy quarks), the Taylor coefficients can
be expressed through moments of Rq. Equating per-
turbatively calculated and experimentally measured

moments,
ds
Mo — an+1 Ro(s) (4)
leads to an (n-dependent) determination of the quark
mass
1
1/9Q3 C, \*
=—|— . 5
" ( i M?i“”) ©)

The consistency of the results for different n and their
stabilization with increasing orders in perturbation
theory gives confidence in their reliability.

Significant progress has been made in the per-
turbative evaluation of the moments since the first
analysis of the ITEP group. The O(a?) contribution
(three loops) has been evaluated more than 13 years
ago [10, 22, 23], as far as the terms up to n =8 are
concerned, recently even up to n =30 [30, 31]. About
ten years later the lowest two moments (n = 0,1)
of the vector correlator were evaluated in O(a?), i.
e. in four-loop approximation [25, 26]. The corre-
sponding two lowest moments for the pseudoscalar
correlator were obtained in [32] in order to derive the
charmed quark mass from lattice simulations [33]. In
[27, 28] the second and third moments were evaluated
for vector, axial and pseudoscalar correlators. Com-
bining, finally, these results with information about
the threshold and high-energy behavior in the form
of a Padé approximation, the full ¢?/dependence of
all four correlators was reconstructed and the next
moments, from four up to ten, were obtained with
adequate accuracy.

Most of the experimental input had already been
compiled and exploited in [24], where it is described

in more detail. However, until recently the only mea-
surement of the cross section above but still close B-
meson threshold was performed by the CLEO collab-
oration more than twenty years ago [34]. Its large
systematic uncertainty was responsible for a sizable
fraction of the final error on m,. This measurement
has been recently superseded by a measurement of
BABAR [35] with a systematic error between 2 and
3% (Fig. 2).
unfolded and used to obtain a significantly improved
determination of the moments.

In [29] the radiative corrections were
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Fig. 2. Comparison of rescaled CLEO data for
Ry, with BABAR data before and after decon-
volution. The black bar on the right corre-
sponds to the theory prediction

The final results for m.(3 GeV) and m;, (10 GeV)
are listed in Tables 2 and 3. Despite the significant
differences in the composition of the errors, the re-
sults for different values of n are perfectly consistent.
For charm the result from n = 1 has the smallest
dependence on the strong coupling and the smallest
total error, which we take as our final value

me(3 GeV) =986(13) MeV, (6)

and consider its consistency with n =2, 3 and 4 as
additional confirmation.

Table 2. Results for mc(3 GeV) in MeV ob-
tained from Eq. (5). The errors are from ex-
periment, as, variation of p and the gluon con-

densate.
n mec(3 GeV) exp as I np total
1 986 9 9 2 1 13
2 976 6 14 5 0 16
3 978 5 15 7 2 17
4 1004 3 9 31 7 33

The stability and consistency of our result is also
demonstrated in Fig. 3,where the results are com-
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pared for different moments, n = 1,2, 3,4 and dif-
ferent orders in perturbation theory.

Table 3. Results for my (10 GeV) and my(mp)
in MeV obtained from Eq. (5). The errors are
from experiment, as and the variation of p.

mp (10 GeV) exp Qs
3597 14 7
3610 10 12 16 4163
3619 8 14 18 4172
3631 6 15 20 26 4183

total  my(mp)
16 4151
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Fig. 3. mc (3 GeV) (upper Fig.) and mp
(10 GeV) (lower Fig.) for n = 1,2,3 and
4. For each value of n the results from left
to right correspond the inclusion of terms of
order a2, ol, a? and o in the coefficients
Cn (cf. Eq. (2)). Note, that for n = 3 and
n =4 the central values and uncertainties can
not be determined with the help of Eq. (5)
in those cases where only the two-loop correc-
tions of order ol are included into the coeffi-
cients C,, as the equation cannot be solved for

me(3 GeV).

Transforming this to the scale-invariant mass
m.(m.) [36], including the four-loop coefficients of
the renormalization group functions one finds [29]

me(m.) = 1279(13) MeV. Let us recall at this point
that a recent study [33], combining a lattice sim-
ulation for the data for the pseudoscalar correla-
tor with the perturbative three- and four-loop result
[23, 28, 32] has led to m.(3 GeV) =986(10) MeV in
remarkable agreement with [24, 29)].

The treatment of the bottom quark case proceeds
along similar lines. However, in order to suppress the
theoretically evaluated input above 11.2 GeV (which
corresponds to roughly 60% for the lowest, 40% for
the second and 26% for the third moment), the re-
sult from the second moment has been adopted as
our final result,

my,(10 GeV) = 3610(16) MeV, (7)

corresponding to my,(my,) =4163(16) MeV.

As shown in Figs. 4, 5 the results presented in
[29] constitute the most precise values for the charm-
and bottom-quark masses available to date. Never-
theless it is tempting to point to the dominant er-
rors and thus identify potential improvements. In
the case of the charmed quark the error is dominated
by the parametric uncertainty in the strong coupling
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ay(Mz) = 0.1185+ 0.002. Experimental and theo-
retical errors are comparable, the former being dom-
inated by the electronic width of the narrow reso-
nances. In principle this error could be further re-
duced by the high luminosity measurements at BESS
III. A further reduction of the (already tiny) theory
error, e. g. through a five-loop calculation looks diffi-
cult. Further confidence in our result can be obtained
from the comparison with the aforementioned lattice
evaluation.

To summarize: Charm and bottom quark mass
determinations have made significant progress during
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