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Scaling property in one-nucleon removal reactions

induced by exotic nuclei *
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Abstract Assuming a core plus valence nucleon structure, one-nucleon removal reaction is investigated within

the framework of few-body Glauber theory. Fermi-type distribution is used for the core density, while the

wavefunction of the valence nucleon is calculated by solving the single particle eigenvalue problem of the

Schrödinger equation with the Woods-Saxon potential. The parallel momentum distribution (P//) of the

fragments is calculated for isotopes with 3 < Z < 18. A remarkable scaling property is observed from the

dependence of the dimensionless quantity R2
v/R2

c on the full width at half maximum of the parallel momentum

distribution (FWHMP//
). R2

v/R2
c is a measure of the exotic extent of the nuclear halo. Based on the obtained

scaling law, FWHMP//
can be used as an experimental observable to extract R2

v/R2
c and measure the exotic

extent for the nuclear halo.
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1 Introduction

The halo structure has been found to be one of

the most important properties of nuclei far from the

β-stability line. A lot of research have been done on

this subject in the past two decades since the ob-

servation of the neutron halo structure in 11Li[1—3].

Necessary conditions for the occurrence of the nuclear

halo structure are small separation energy and low an-

gular momentum for the valence nucleon, which are

demonstrated in the general scaling laws for nuclei

with a two-body structure. The scaling prescriptions

have been observed for exotic nuclei through solving

the Schrödinger equation with the square well poten-

tial. The results for the lowest three angular momenta

could be expressed as[4, 5]

R2
v

R2
cn

=





10.44 MeV fm2/(SnR
2
cn), (l= 0)

3.65 MeV1/2 fm/(SnR
2
cn)

1/2, (l= 1)

1.40, (l= 2)

(1)

where Rv is the root of the mean square (rms) radius

of the valence nucleon, Rcn is the radius of the interac-

tion potential describing the interaction between the

valence nucleon and the core, and Sn is the separation

energy of the valence nucleon. The scaling laws for

the nuclear halo have also been observed and studied

by other authors[6, 7]. From these studies, the dimen-

sionless parameter R2
v/R

2
cn could be used as a good

quantity to describe the exotic extent for one-nucleon

halo nuclei. R2
v/R

2
cn> 2 has been proposed to be the

condition for the occurrence of the halo structure[5].

It indicates that the probability of finding the va-

lence nucleon outside the range of potential from the

core is larger than 50%. As shown in Ref. [5], Rcn

is roughly related to the rms radius of the core by

R2
cn =

5

3
(R2

c +∆), where ∆ = 2 ∼ 4 fm2 accounts for

the range of nucleon-nucleon interaction. From the

experimental point of view, it is well known that Rc

can be extracted from the experimental reaction cross
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section of the core with the help of a reaction theory

such as the Glauber model[8]. Thus R2
cn can be easily

determined by the above equation. But it is quite

difficult to determine the rms radius of the valence

nucleon experimentally. If we can present a method

to determine R2
v/R

2
cn experimentally, it will be very

significant to the study of the structure for exotic nu-

clei. Thus it is very important to find some method

to extract Rv or R2
v/R

2
cn from the experimental ob-

servable.

The experimental measurements of the reaction

cross section (σR), fragment momentum distribu-

tion (P//) after one-nucleon removal, the quadrupole

moment and the Coulomb dissociation have been

demonstrated to be very effective methods to iden-

tify and investigate the structure of halo nuclei. The

neutron skin or halo nuclei 6,8He, 11Li, 11Be, 19C,

etc.[1—3, 9—12], have been identified by these exper-

imental methods. As we know, the longitudinal

momentum distribution of fragments carries nuclear

structure information of the projectile, especially the

configuration of the valence nucleon. Measuring the

momentum distribution has been shown to be an ef-

fective method for studing the configuration of the

halo nucleon. From the studies we have learnt that

the width of the momentum distribution could reflect

the exotic structure of the nuclei. If R2
v/R

2
cn is used to

describe the exotic extent for halo nuclei, the quan-

titative relation of the above observable with R2
v/R

2
cn

is still not clear. Due to the simple relation between

R2
cn and R2

c as shown previously, we will study the

dependence of R2
v/R

2
c instead of R2

v/R
2
cn on the full

width at half maximum of the longitudinal momen-

tum distribution (FWHMP//
). The method to ex-

tract R2
v/R

2
c from the experimental FWHMP//

data

will be discussed.

2 Method description

To study one-nucleon removal reactions for ex-

otic nuclei, a few-body Glauber model (FBGM) is

adopted [13]. In this method, a core plus one valence

nucleon is assumed for the projectile. The total wave

function of the nucleus is expressed as [13]

Ψ =
∑

ij

ψi
coreφ

j
0 , (2)

where ψcore and φ0 are the wave functions of the core

and valence nucleon; i, j denote the different configu-

rations for the core nucleus and the valence nucleon,

respectively. For the core densities, Fermi-type dis-

tribution is used for the neutron and the proton

ρi(r) =
ρ0

i

1+exp

(
r−Ci

ti/4.4

) , i= n, p, (3)

with Ci the half density radius, ti the diffuseness

and ρ0
i the normalization constant to ensure the inte-

gration of the density distribution equaling neutron

(i=n) and proton (i=p) numbers. Ci is determined

by the droplet model[14]

Ci =Ri[1−(bi/Ri)
2], i= n, p, (4)

where bi = 0.413ti, Ri is the equivalent sharp surface

radius of the neutron and the proton. Ri and ti are

given by the droplet model. The density distribution

for the valence nucleon is calculated by solving the

eigenvalue problem of the Woods-Saxon potential[15]

d2R(r)

dr2
+

2µ

~2

[
E−U(r)−

l(l+1)~2

2µr2

]
R(r) = 0,

U(r) =−V0f(r)+Vls(l ·s)r
2
0

1

r

d

dr
f(r)+VCoul,

(5)

where R(r) denotes the radial wave function of the

valence nucleon, µ is the reduced mass of the valence

nucleon, l is the angular quantum number and ~ is the

reduced Planck constant. f(r) =

[
1+exp

(
r−R

a

)]
−1

with R = r0A
1/3
c (Vls = 17 MeV). V0 is the depth

of the potential, and VCoul is the Coulomb potential.

The separation energy of the valence nucleon is re-

produced by adjusting the potential depth. In the

calculation the diffuseness (a) and radius parameter

(r0) are chosen to be 0.67 fm and 1.27 fm, respec-

tively.

3 Calculations and discussions

The wavefunction of the valence nucleon is calcu-

lated by this method. We have done the calculations

for isotopes with 3<Z < 18. In the calculation, the

separation energy of the valence nucleon for all nu-

clei is taken from Ref. [16]. The orbit of the valence

nucleon is determined according to the shell levels of

the shell model[17]. For neutron-rich nuclei, l = 1 is

considered if the neutron number satisfies 2<N 6 8.

l = 0,2 is considered if 8 < N 6 20 for the possible

orbit mixing of the s and d wave in exotic nuclei. Nu-

clei with N > 20 are not studied. The same method

is used for proton-rich nuclei. The density distribu-

tion of the valence nucleon is obtained by the square

of the wavefunction. Its rms radius could be deter-

mined from the density distribution. The rms radius

of the core is calculated from the sum of the Fermi-
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type distributions of the neutron and the proton.

Fig. 1. The momentum distribution of the frag-

ment after one-neutron removal from 19C+12C

at 70 A MeV. The solid circles and solid

squares are for the valence neutron in s and

d wave configurations. The solid and dashed

lines are gaussian fits to the s and d waves.

With the density distribution of the core and

the wavefunction of the valence nucleon, the mo-

mentum distribution of the fragment can be calcu-

lated by using the few-body Glauber model. In

the calculation, the target is 12C and the projec-

tile energy is 70 A MeV. For the calculated momen-

tum distribution, a gaussian function is used to fit

the distributions for all nuclei and extract FWHMP//

(FWHMP//
= 2.35σ with σ being the fitted width

parameter of the gaussian function). As an exam-

ple, the calculated momentum distribution after one-

neutron removal for 19C is shown in Fig. 1. In this

case, the s or d wave is assumed for the valence neu-

tron. Even the one-neutron separation energy of 19C

is only 0.577 MeV, the gaussian function can describe

well the momentum distribution for the s and d wave.

From the obtained results, we have found a very sim-

ple relation between Rv and 1/FWHMP//
. To show

the scaling behavior between FWHMP//
and R2

v/R
2
c ,

we use 1/w ≡1/(FWHMP//
·Rc)

2. The correlation

plots between 1/w and R2
v/R

2
c for both neutron and

proton rich nuclei are shown in Fig. 2. A remark-

able scaling behavior has been seen which can be de-

scribed by the function axb (a,b are free parameters).

The fitted functions for the three angular momenta

(l= 0,1,2) could be expressed as

R2
v

R2
c

= 10(3.311+0.204l)/w0.729, (l= 0,1,2). (6)

We have found that the same parameter b = 0.729

can describe very well the scaling properties of both

neutron and proton rich nuclei with different angu-

lar momentum. If we show the dependence of R2
v/R

2
c

on a modified quantity 1/w̃ ≡ 100.28l/w, the results

for three angular momenta overlap. The compact re-

lation is shown in the inset of Fig. 2, which can be

written as
R2

v

R2
c

= 103.311/w̃0.729 . (7)

The above results show that scaling property ex-

ists in the relation between R2
v/R

2
c and FWHMP//

.

This scaling phenomemon is due to the uncertainty

principle (∆r∆p =const). For the valence nucleon,

the large value of R2
v means a large value of ∆r. Nar-

row momentum distribution means a small value of

∆p. From the uncertainty principle, the large value

of ∆r indicates a small value of ∆p. In our calcu-

lation, R2
v is large when FWHMP//

is small and R2
v

is small when FWHMP//
is large, which are similar

with the uncertainty principle. Of course the rela-

tion between R2
v and FWHMP//

is more complicated

than that of ∆r and ∆p. If FWHMP//
is measured

experimentally, it is possible to extract R2
v/R

2
c based

on Eq. (6).

Fig. 2. The dependence of R2
v/R2

c on 1/w and

1/w̃ (the inset). The solid squares, solid down

triangles and open squares are for neutron-

rich nuclei with the orbital angular momen-

tum l = 0,1,2, respectively. The solid cir-

cles, solid up triangles and open circles are

for proton-rich nuclei with the orbital angular

momentum l =0,1,2. For details, see the text.

4 Conclusion

In summary, the fragment momentum distribu-

tion (P//) is investigated by adopting a core plus

one-nucleon structure within the framework of a few-

body Glauber theory. Scaling behavior is observed

for the dependence of R2
v/R

2
c with 1/(FWHMP//

·Rc)
2.

1/(FWHMP//
·Rc)

2 has been found to be proportional
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with R2
v/R

2
c , which is a measure of the exotic extent of

halo nuclei. R2
v/R

2
c or R2

v could be extracted from the

experimental measurement of the fragment momen-

tum distribution. Since R2
v is an important observ-

able for exotic nuclei, the scaling property between

R2
v/R

2
c and 1/(FWHMP//

·Rc)
2 will provide a good

approach for investigating and identifying halo nu-

clei.
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