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S =

∫
dtd2z[(∂t φ∗∂t φ−∂z φ∗∂z̄ φ)−V∗(φ)], (1)

�
{üå�, �@��m�I´Øé´�, ¿��

Ä��Ø��mUC�|��m©Ù. �|Ø��m

UC�, Uþ�¼�

E =

∫
d2z(∂z φ∗∂z̄ φ+V∗(φ)), (2)

Ù¥z = x+iy, z̄ = x− iy. ^Øé´�(¦È�Oé

´|Ø¥�ÊÏ¦È
[19]

. (¦È�½Â´

(f ∗g)(z, z̄) = e
θ
2
(∂z ∂z̄′ −∂z̄ ∂z′ )f(z, z̄)g(z

′

, z̄
′

) |z=z
′ , (3)

θ´�é´ëê, (Ò“∗”�L(¦È. �Ä�§ (2)�

XÚ3�é´ëêθ →∞��/. ­#IÝz → z
√

θ ,

z̄→ z̄
√

θ , KUþ�¼C�

E =

∫
d2zθV∗(φ). (4)

GMS�Ä³U´Iþ|�õ�ª=

V∗(φ) =
1

2
m2φ2 +

r
∑

j=3

b
j

j
φj , (5)

Ù¥φj = φ∗φ∗ · · · ∗φ. �â

∫
d2zφ1 ∗φ2 =

∫
d2zφ2 ∗φ1,

�±�Ñ$Ä�§�

Q(φ)≡ ∂V

∂φ
= 0, (6)

XJV (φ)�é´|¥�Iþ³, K�§�)�φ = λi,

ùpλi ∈ {λ1,λ2 · · ·λk}, ´�§m2x +
r

∑

j=3

bjx
j−1 = 0

�¢�. 3é´|Ø¥, ù
Ñ´��m�IÃ'�

²T). �3�é´|Ø¥, �±�E�§ (6)��

²T). GMSÏL�ÄpdÅ�l
�Ñ(Ø, 3�

é´θ →∞�4�e, þã (2+1)�Iþ|�3�f

). 3�é´AÛ¥, <�y²¼ê�(¦ÈÓ�u

d�é´�I [x̂, ŷ] = i�?ê�¤��f�ÊÏ¦

È. Ïd�±^�Î/ª5�Ä±þ¯K, K�f)

� φ̂ = λip̂, Ù¥ p̂´ÝK�f, ÷v p̂2 = p̂, λi ´�g

�§m2x+b3x
2 = 0��.

3 �é´torusþ��f)

±eïÄ�é´� (torus)þ��f). Äk�½

ü��f ŷ1 Ú ŷ2, ¦�÷vé´'X:

[ŷ1, ŷ2] = i, (7)

d ŷ1, ŷ2 |¤��f,

Ô =
∑

m,n>0

cmnŷm
1 ŷn

2 , (8)

�¤Ø�é´²¡R2[17]
. -

U1 = e−i lŷ
2 , U2 = ei l(τ

2
ŷ
1
−τ

1
ŷ
2
), (9)

Ù¥ l > 0, τ1, τ2 þ�¢ê. �

U1U2 = el2τ
2
[ŷ

2
,ŷ

1
]U2U1 = e−i l2τ

2 U2U1 ≡ e−2πi AU2U1,

(10)

Ù¥A =
l2τ

2

2π

. ¤k�U1 ÚU2 é´��é´²¡R2

þ��f|¤�é´�� (torus), ùÒ´�é´ torus

�½Â. �A��ê�, ù«�/¡��È�/, ù�

�Ø�é´ torus¡��È�Ø�é´ torus, �©�

?ØA��ê��/. 3e©ò�ÑØ�é´ torus

þ�f)�#) (©z[15—17]�Ñ�)´ÙA~).

�A��ê�, duU1, U2 ´é´�. �±Ú\

§���Ó��¼ê���8Ü, =kq L�
[17]

,

|k,q〉=

√

l

2π

e
−i τ

1
ŷ2

2
2τ

2

∑

j

ei jkl |q+jl〉 , (11)

Ù¥ |q+jl〉´ ŷ
1

�����q + jl�8���¥. §

÷v

|k,q+ l〉= e−i lk |k, q〉 ,
∣

∣

∣

∣

k+
2π

l
,q

〉

= |k,q〉 , (12)

U1 |k,q〉 = e−i lk |k,q〉 ,
U2 |k,q〉 = ei lτ

2
q |k,q〉= e2πi q

l
A |k,q〉 , (13)

∫ 2π

l

0

dk

∫l

0

dq |k,q〉 〈k,q|= identity. (14)

�±Ün/b��é´ torus�¤k�fÑ�±

L«�

B̂ =
∑

j1j2

U j1
1 U j2

2 b̂U−j2
2 U−j1

1 , (15)

Ù¥ b̂´Ø�é´�mR2 þ�,��f. òq ∈ [0, l)

�«m©�A°, K«mþ¤k� q Ñ�±L«�

q = q0 +
l

A
s, Ù¥q0 ∈

[

0,
l

A

)

, s = 0, · · · ,A−1. ��

8{|k,q〉}�±�¤{|k,q0,s〉} , Ù¥

|k,q0,s〉=

∣

∣

∣

∣

k,q0 +
l

A
s

〉

,

k ∈
[

0,
2π

l

)

, q0 ∈
[

0,
l

A

)

, s = 0, · · · ,A−1. (16)

K�§ (14)ª�±U��

A−1
∑

s=0

∫ 2π

l

0

dk

∫ l
A

0

dq0 |k,q0,s〉 〈k,q0,s|= identity. (17)

�Ä�� torusþ��f3ù����8�Ý
�, |
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^

∑

j

eijx =
∑

m

2πδ(x+2πm), δ(ax) =
1

|a|δ(x). (18)

�±ò (15)ª¥� B̂ ^ b̂L«Ñ5

〈

k,q0 +
l

A
s

∣

∣

∣

∣

B̂

∣

∣

∣

∣

k′, q′

0 +
l

A
s′

〉

=

2π

A
δ(k′−k)δ(q′

0−q0)

〈

k,q0 +
l

A
s

∣

∣

∣

∣

b̂

∣

∣

∣

∣

k,q0 +
l

A
s′

〉

.

(19)

O�ü� torusþ��f ÂÚ B̂ �¦È3kq
0
sL��

Ý
�, ��
〈

k,q0 +
l

A
s

∣

∣

∣

∣

ÂB̂

∣

∣

∣

∣

k′, q′

0 +
l

A
s′

〉

=

A−1
∑

s′′=0

(2π)2

A2
δ(k′−k)δ(q′

0−q0)×
〈

k,q0 +
l

A
s

∣

∣

∣

∣

â

∣

∣

∣

∣

k,q0 +
l

A
s′′

〉

×
〈

k,q0 +
l

A
s′′

∣

∣

∣

∣

b̂

∣

∣

∣

∣

k,q0 +
l

A
s′

〉

. (20)

-A×A�Ý
Mb(k,q0)�Ý
��

Mb(k,q0)s′s′′ ≡
2π

A

〈

k,q0 +
l

A
s′

∣

∣

∣

∣

b̂

∣

∣

∣

∣

k,q0 +
l

A
s′′

〉

,

(21)

¡Mb(k,q0)��f B̂ ��zÝ
. l (20)ª��é

3 torusþ��f ÂÚ B̂ , Ù¦È ÂB̂ ��zÝ
�

u§���zÝ
�¦È. éud�§ (5)¤��

³, d (6)ª�3 torusþ��f) φ̂ 7L��L÷v

∂V (φ̂)

∂ φ̂
= 0. ùÒ�¦

Q(Mφ(k,q0)) = 0. (22)

(22)ªé¤k�k, q0 ¤á. Ù¥Q(φ̂) =
∂V (φ̂)

∂ φ̂
, Mφ

´éA�f φ̂ ��zÝ
. �
¦�÷v (22)ª�

Ý
, �±�Ä��A×A�Ý
M ÷vÝ
�§

Q(M) = 0 , Q´õ�ª. �±©ü«�¹?1?Ø,

=Ý
M �±é�z�Ø�±é�zü«�¹.

(A) Äk?ØÝ
M �±é�z���/, XJ

Ý
M �±é�z, KÝ
M �±�¤Xe/ª

M = S−1M0S, (23)

Ù¥S = S(k,q
0
)´?¿�_Ý
, M0 ´é�Ý
. K

�±��

Q(M) = S−1Q(M0)S = 0⇒Q(M0) = 0. (24)

Ïd, M0 �z�é��Ñ÷v

Q(M0jj) = 0. (25)

=Ùé��´Q(z) = 0��. Ïd, Q(M) = 0�)´

M = S−1M0S = S−1















λi1

λi2

. . .

λiN















S, (26)

Ù¥S ´'uk,q0 �?¿�_Ý
, λik
´Q(z) = 0

��.

(B) �Ý
M Ø�é�z���/, �â�/�

ê���nØ, Ý
M �±�����/Ý
J �q,

=

M = S−1JS. (27)

Ù¥��Ý
½Â�

J =















J1

J2

. . .

Js















, (28)

Ji =





















λi 1 0 · · · 0

0 λi 1 0 · · ·

0 0 λi

. . . 0
...

...
...

. . . 1

0 0 · · · 0 λi





















= λiIi +Ki,

i = 1,2, · · · ,s. (29)

Ù¥ Ii ´Ni ×Ni �ü Ý
, Ki ´aj,j+1 = 1, Ù{

Ý
��0�Ý
. w,, Q(M) = 0�^�´ (d

M = S−1JS)

Q(M) = S−1Q(J)S = 0

⇒Q(J) = 0⇒Q(Ji) = 0. (30)

,
, Ji = λiIi +Ki, �\ (30)ª, du Ii �Ki é´,

�±��Ji = λi +Ki. �Q�õ�ª�

Q(z) = a0 +a1z+a2z
2 + · · ·+anzn, (31)

�, ��

Q(Ji) = a0+a1(λi+Ki)+a2(λi+Ki)
2+· · ·+an(λi+Ki)

n.

(32)

òþª�n��, �±��

Q(Ji) = Q0(λi)I+Q1(λi)Ki+Q2(λi)K
2
i+· · ·+Qn(λi)K

n
i

(33)
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Ù¥Qj(λi)´λi �õ�ª, 5¿�Ý
Ki kXe'

Xª

K2
i =





















0 0 1 0 · · ·

0 0
. . .

. . . 0

0 · · · 0 0 1

0 0 · · · . . . 0

0 0 · · · 0 0





















, (34)

=K2
i ´��aj,j+2 = 1, Ù{Ý
��0�Ý
, Km

i

´��aj,j+m = 1, Ù{Ý
��0�Ý
. Ï


K
Ni
i = 0. (35)

d (30), (33)ª9 (35)ªÝ
Ki ÷v�'X, ��

Q(Ji) = 0⇒Q0(λi) = 0,Q1(λi) = 0, · · · ,QNi−1(λi) = 0.

(36)

d (36)ª�±��éá�§

Q0(λi) = 0,

... (37)

QNi−1(λi) = 0.

þ ã � § | X J k �, K d � � ± / ¤ Ji, ÷ v

Q(Ji) = 0. ±þ�©ÛÒ´Q(M) = 0, �M ØU

é�z���/. �Q´õ�ª�, ù�©Û�,æ

�, �´��
�. 5¿�Q(x) =
∂V

∂x
, e¡ò�©Û

�Q(x) = 0�3Ni ­�λi �, (37)ªéá�§k).

duNi 6 N , ¤±Ø+Q�gênkõ�, �§

(37)�´�Ni = N−1��. �§ (37)k), éQ´k

A½�¦�, 'X�Q(M) = sinM �, �±y², Ø

�3 (B).�).

sinM = M− 1

3!
M 3 +

1

5!
M 5 + · · · , (38)

d�§ (32)�±��

Q(Ji) =(λi +Ki)−
1

3!
(λi +Ki)

3 +
1

5!
(λi +Ki)

5 + · · ·= 1

2i
(ei(λi+Ki)−e−i(λi+Ki)) =

1

2i
(eiλieiKi −e−iλie−iKi) =

1

2i
[eiλi(1+iKi +

1

2!
(iKi)

2 + · · ·+ 1

(N −1)!
(iKi)

N−1)−

e−iλi(1− iKi +
1

2!
(−iKi)

2 + · · ·+ 1

(N −1)!
(−iKi)

N−1)] = 0 . (39)

l (39)ª�±í�

eiλi −e−iλi = 0, eiλi +e−iλi = 0⇒ eiλi = 0. (40)

Ï�eiλi = 0´Ø�3�, ¤±ù�vk(B).�).

±e©ÛQ�3(B).)�^�, (32)ª� (33)ª

�=�, Ù¢´Q(z)��VÐm.

Q(z) = Q(z0)+(z−z0)Q
′

(z0)+
1

2!
(z−z0)

2Q′′(z0)+· · · ,
(41)

-z0 = λi, z−z0 = Ki Ò�� (33)ª. ¤±�§ (37)Ò

´

Q(λi) = 0,

Q
′

(λi) = 0,

...

Q(Ni−1)(λi) = 0, Ni 6 N. (42)

=Q(z)kNi ­�λi, ùÒ´Q�3(B).)�^�.

3þ~¥Q(M) = sinM vk­�, ¤±Ø�3 (B).

�). ��5¿�´, �Q(z)kNi ­��,

Js = λi, Js = λiI
(2) +K(2), Js = λiI

(3) +K(3), · · · ,
Js = λiI

( Ni) +K(Ni), (43)

Ñ�±����Ý

Ñy3M ¥. Ù¥, I (m) Ú

K(m) Ñ´m×m�Ý
. I (m) ´ü Ý
, K(m) ´�

"Ý
��kaj,j+1 = 1�Ý
. ù�, �±^ù
�

�Ý
¬Js |¤��Ý
J , ,�òÝ
J ^?¿�

�_Ý
S(k,q0)��qC�, ��A×A�Ý
M .

ùÒ��k��Ý
 (A×AÝ
)÷v�§Q(M) = 0

�¤k�/, ù
~	�/= (B)�/´L��©

z[17,18]¥l��)L�. 3©z[17,18]¥�ÝK�

Î�, vkù«~	�/, Ï�÷vp2 = p�ÝKÝ


o´�±é�z�.

e®¦�Ý
M , ÏL (19)ª, �¦Ñ�A��

f B̂, =

B̂ = IB̂I =

A−1
∑

s′=0

A−1
∑

s=0

2π

l∫∫

0

dkdk′

l
A∫∫

0

dq
0
dq′

0
|k,q

0
,s〉 〈k,q

0
,s|

∑

j1j2

U
j1
1 U

j2
2 b̂U

−j2
2 U

−j1
1

∣

∣k′, q′

0
,s′

〉〈

k′, q′

0
,s′

∣

∣=
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A−1
∑

s′=0

A−1
∑

s=0

2π

l∫∫

0

dkdk′

l
A∫∫

0

dq
0
dq′

0
|k,q

0
,s〉 2π

A
δ(k′−k)δ(q′

0−q0)

〈

k,q0 +
l

A
s

∣

∣

∣

∣

b̂

∣

∣

∣

∣

k,q0 +
l

A
s′

〉

〈k′, q′

0,s
′|=

A−1
∑

s′=0

A−1
∑

s=0

2π

l∫∫

0

dkdk′

l
A∫∫

0

dq
0
dq′

0
|k,q

0
,s〉δ(k′−k)δ(q′

0
−q

0
)Mb(k,q

0
)ss′

〈

k′, q′

0
,s′

∣

∣ =

A−1
∑

s′=0

A−1
∑

s=0

2π

l∫

0

dk

l
A∫

0

dq
0
|k,q

0
,s〉 〈k,q

0
,s′|Mb(k,q

0
)ss′ . (44)

Ù¥Mb(k,q0)ss′ ´Ý
M �Ý
�. φ̂ = B̂ Ò´�È�é´ torusþ�#�f).
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New Soliton Solutions in Noncommutative Torus

WEN Jun-Qing1;1) ZHU Qiao2;2) SHI Kang-Jie2;3)

1 (School of Science, Xi’an Shiyou University, Xi’an 710065, China)

2 (Institute of Modern Physics, Northwest University, Xi’an 710069, China)

Abstract Besed on finite dimensional reduced matrices of operators on integral noncommutative torus, soliton solution

problem can be converted into the finite matrix solution problem satisfying the algebraic equation Q(M) = 0 . In this

paper, we mainly study the condition of reduced matrix for the operator which cannot be diagonalized. When the

potential function V (φ) = 0 has an extremum point in three or more rank, there exist matrix solution that cannot be

diagonalized for the finite dimensional matrix equation V ′(M) = 0. We study the general form of the solution and

construct new soliton solution on noncommutative integral ring. In terms of the construction method, we obtain soliton

solutions on noncommutative orbifold.
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