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Lie Algebraic Analysis for the Nonlinear Transport
in Electrostatic Quadrupoles
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Abstract  With Lie algebraic methods, we analysed the nonlinear transport of particle motions in electrostatic quadrupoles up to third

order. The procedures are: first, set up the Hamiltonian for the electrostatic quadrupoles, then expand the Hamiltonian into a sum of

homogeneous polynomials of different degrees, finally, calculate the particle’ s nonlinear trajectories up to third order. Higher orders

could be obtained if necessary.
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1 Hamiltonian and its expanded homogeneous
polynomial

The Hamiltonian in the cartesian coordinate system

with time as an independent variable

H = (mic' + pic® + pc® + pl;r_"?)-l_'- + q¢, (1)

g = (x* ¥y)Virg, (2)
here V is the voltage of the pole, r, the radius of inner
circle electrostatic quadrupoles.
Suppose p, = - H,, and solve p, from it, one can obtain

p. =- K(t,x,5,p s psp,) =

[(p + qp)Hlc - p* - p* - mdc*]T. (3)

Eq.(3) is the Hamiltonian corresponding to the canonical
variables x,p,,y,p,,t and p, with z as the independent
variable. Let

¥ = Ky Ppyo= Paw ¥ = Yy By = Py

: (4)

Tim b= g sy B P
where v, is the velocity of the reference particle, p'j' the
value of p, for the reference particle. In the phase space
¢=(x,p.,¥.,p,»7,p,), the coordinate of reference

particle always keeps zero. According to Eq.(1), we can

obtain

p?z—H,l

reference orbit
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1
- ("’L(z)(,’4 + picz)f = - m»o)’()c2 ' (5)

here p, is the momentum of the reference particle, ¥, the
relativistic parameter of the reference particle, i.e., 7,
=[1-(vy/c)' ] ™
The generating function F, for the canonical trans-
formation of Eq.(4) is
3
F, =2,0p = ap, +3p, + . =
iml
xp, + yp, + (t - z/vy)p,. (6)
The new Hamiltonian comesponding to the generating

function F, is

H=K+dF,/3z =

[ (p, - moYoc® + gp)lct - P - p - (mee)]™ -
(p. = myYoc' v, =

- [(p, -

pi—pi—(mof-‘)z]m—(P,-mo)’ocz)/vo- (7)

mYoc® + q(a* = ¥ VIr)let -

Expand the new Hamiltonian H into Taylor series as

H= 2 H, (8)

n=0
where H, is the homogeneous polynomial of n-th order in
the phase space (x,p,,y,p,, r,p.). The first five

terms are
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Hy, = p, (87 = 1) (here p, = my7ovq),
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Xy 1 (meBo¥ec’ ro) + pipil(4myBovec’).

H =0,

Hy = (p2 + p2 W Q2meYoBoc) + qV(&* = ¥ ) (Borsc) + pil(2myYofoc’),

Hy = (p2 + ppJ2miyige’) + qV(x® = y)pl(mevafac’ra) + pil(2mgvafoc’),

Ho= (pt + p@BmYiBe’) + @ V(s + ¥ ) (2my7afoc’rs) + pt(15 - 38)1(24myBr7ye’) +
3qVpi(x® - ¥ ) Q2miBysc’ rg) + pi(ph + p3)(3 - Bo)I(4mefryoe’) +
gV(ps + p)(x’ - Y)Imigrec ) - ¢ Via'y

2 Lie map

In the phase space = (x,p,,¥,p,,7,p.), the
original point £" is mapped to the final point ™ after the
electrostatic quadrupoles. The Lie transformation related

to the Hamiltonian H is

M =pr[—:J ’ Hdz:] - ...M4M3Ml

(l +0fy 4 ; S R )

L)

(1+:f3 e

M, +: fi: M2+(:f4 :+—;— ' fy :2)M2,(10)

In the expression of Eq.(10) the factorization theorem''™*

is used. That is

Let the map M act on the canonical coordinate {”, and

the subscript denote the order of approximation, we have
g = exp(: f, )¢,
E=:f 8,
§o=1fi: & +—; s !Zé'l. (third order)

In the following, we give the results of particle trajectories

(first order)

(second order) (14)

of first order, second order and third order approximation,

respectively .

3 Particle trajectory calculations

3.1 First order

The definition of the Lie transformation is

exp(: f g =g+ gl + 1S 1feg]2!

M. = e fi0), My = expli fu ),
M, = exp(: f, 1),
here Because H, in the Eq.(8) does not depend on z, the
- first Eq.(12) can be written as
= - J szZ‘
1 fi == IH,.
5 Let
f == | hids, ,.
*a kz = _—2—5_2(]‘ 7
£ 1 xf A mOﬁO yO C‘. r(-) (17)
 —["hmq —f dzJ dz, ,
f4 J:n 4 Q2 + ) | i | 23 p. = my, y()/jo("
[= h™(z), - h™(z)] according to the first expression of Eq. (12) and Eq.
where (14), we can obtain the transformation of the first order
h™(z) = M,H approximation :
o = 280
i cos(kl) ;l—ksn« k) 0 0 o 0
x i ] .
oy - p.ksin(kl)  cos(kl) 0 0 o o |[*]
: P,
| 0 0 cosh( kl) plksinh(kl) o 0 y
i 0 0 p.ksinh(kl)  cosh(K) 0 0 ’J
p. | | 0 0 0 0 1 _,J_j — |Lp.
eyl My 5 Yo
- 0 0 0 0 0 )
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3.2 Second order
According to the second expression of Eq.(11) and the expression of Eq.(12), one can obtain
r !
foo= = | BCEa0ds = MLH(E5)ds (19)
0 0

According to the second expression of the Eq.(12) and the second expression of the Eq.(14), one can obtain the final

coordinates of second order:

{sin(kz)[ﬁ;ygsm(zkl) - 2K+ ¥))] ﬁ,,cos(kl)sinz(kl)}
Xy = - xp. +

4y(2)BOCpn 2”"(:
cosCRD [2KI(1 + 75) + B57isin(2kl)] ,Boqm (kD)
T PP s (20)
P. yoﬁoc 2kP ¢
{Bocos(kl)sm (ki) sm(kl)[2kl(l +70) + ﬁzyosm(Zkl)]}
2P ¢ 4p YOﬁOC PP =
{kﬂosm (kD) kcos(kl)[Zkl(] +75) - ﬁo)’osm(Zkl)]} 21
473300 e
{ Bosinh® (kl)  cosh(kI)[2kI(1 + ¥3) + ﬁf,y?,sinh(zkl)]}
2kpic 4p, kY; B, P
Bocosh(kl)sinh’ (kl)  sinh(KD[2KI(1 + y;) - B3 72sinh(2kl)]
+ yp. (22)
2p,c 4p, 7050
- {ﬁocosh(kl)sinhz(kl) sinh(AI)[2&1(1 + 72) + ﬁg)’osmh(Zkl)]}
" T 2p.c 4p, 7By c Popr
keosh(kl)[2kl(1 + ;) - By7vosinh®(2kl)] kB, sinh’ (ki)
z L (23)
47,8, ¢ 2¢
_ sin’ (k1) B, sinh® (k1) B, 3ip?
YT T 2pe Pt T e Pty t
[2k(1 + 75) + B3 7esinh(2ki)]1p’ . E[2K(1 + 75) - B yisin(2k]) [ x°
SP- kyoﬁo 87(2) Boc
k[2kl(1 + 73) - B yisinh(2kl)]y? [2k1(1 +73) + B yesin(2kl)1pt (24)
N Y 8p, kYo B0 ¢ ’
p., =0. (25)

3.3 Third order

In the same way, according the third expression of Eq.(12) and the third expression of Eq.(14), one can obtain
the final coordinates of third order:
sin(kl) {16kl — [6kl + sin(2ki) 3}

2
%, = sinh(kl) [ cos( kl)sinh( k) — cosh( kl)sin(kl)] P22PsPs

23
8 32 LR

32klcos(kl) + [sin(3kl) + 9sin(kl) - 12cos( kl)]ﬁo s

64p k
32klcos(kl) - 3[dklcos(kl) - Tsin(kl) + sin(3k1) ]3|

“kxp, -
64p,

i 16kl - 3[2kl - si : )
sin( k) { L2k s'"(“l)w“}xpi — {cos(kI)[ 16kl - (4kl + sinh(2kl)) 3] +

32p,

[5 + cosh(2kl)Isin(kl) B}

ky’p, N cosh(2kl)[2sin(kl) + sin(3kl)] - 3sin(kl) - cos(3kl)sinh(2kl)
32p, l6p'
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kﬂgxy& 25 {4k2 IZCOS( kl)(ILZ}i+ &) - 2klsm( kl))’(z)

2
P«

(1 + cos(2kl) = (25 + cos(2kl) - (17 + cos(2kL) B2) ¥i] - 4cos( kl)sin® (k) Bo Yo} 5aa—s +
32p, 7B

{4klcos(kl)(4 - B2) + [3sin(kl) - cosh(2kl)sin(kl) + cos(kl)sinh(2kl)]ﬁf,}3%'£3’— +

[4klcos(kl)(2 + 7)) B DPsin(kD)(1 + 27 + 75) . sin’ (ki) B . 4sin(kl)] pp
2 2

k

YoBoc ) YoBac

¢ < 1 8pk

16 klsin(kl) — {cos(kI)[1 = cosh(2kl)] + [4kl - sinh(2Kkl) ]sin( kl)}ﬁgxp2 .

32p.

16klsin(kl) + {cos(kl)[1 - cosh(2ki)] - sin(kl)[4kl + sinh(Zlcl)]}[?gkzxy2

(26)

32

Because of the page limit, the third terms of Pos Y3s Pyys T3 and p, are not listed here.

4 Conclusion

Now we have obtained the third order solutions of the
particle trajectories in electrostatic quadrupoles. If we

give the initial canonical coordinates in six-dimensional
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