Hi16#k £s51 EfEDHEEEYE Vol. 16, No. 5

1992 £ 5 B HIGH ENERGY PHYSICS AND NUCLEAR PHYSICS May, 1992

SU(2) 5 SU(3) BB Yang-Mills § BiE3%
FTRENE2TRASENH
5 F R

(REBLAZIAFRHM 221008)

L] 3

EIEHARGSERA\E Rieman HHHRT SUQ) 5 SUG) 4
B Yong-Mills H ¥ EHFRUELTHREL RET 16 AT Killing
KB AR T WA AT WA SR B R R T AT
RERLTREWER,

S

1981 4F, Xanthopulos % F—# & X4 Ay Rieman T ATARIRL 5 FR 0 H® T SU(2)
5 SUQ) B Yang-Mills 58 HE#HREBH T T =481

(1) #&k#E SU2) 5 SU(3) B8 Yang-Mills HFEAIAEHR #HRNE R, WEHE
'élé*ﬂ—‘@ {fa} = (”a”axuxz,}'u}'uwuwz) EP,EE”EH Rieman (N,g;b) qjﬂgé%i}%
SRR S RBOADETRE.FBERTR:

ds = giy(af*(df*) = i (du)* + %;(d‘v)z — i (du)(dv)
+ 2 (ay)(ay) + (y;-j— + 7) (dx,)(dx,)

— 2 (ax)(dws) — l () (dw,) + = (dw)(dws), (1)

Gi) B (N,e4) B Killing REFHTABEEFINERK (V,e,) HREHRIS
SEO W S AR R SCER (11 95 R 4) RO MR A BB R,

(i) B (N,g0) HORIMRAH THRET R hHE (14) WRHFLT R, §
SRR AR AN BB RSBk, EESe () F (i) RAEEBK: &
g Killing KB S H HIBEEF0BEG 2B T MM 2 00 R R+ 4
AR, |

AXHWEBAFD: £—. B Rieman HE NV, g) W+ MEMEMHA Killing

A 19914 6 A5 BlE.
* hERA L RKRE), L5 100080,



B sl FEWR: U2 5 sU(3) B Yang-Mills HRRGHBNWTETHRENHE 409

REZHHABHER, B KEFBHTERETHFEERT sUQ) 5 sUG) B
Yang-Mills BRI T BHUTEARALNEE, N BETRENER; RBETIESX
HMERERENERKE- —FEXESRETEURENRMD T BAL.

—.SU®R) 5 SU3) {18 Yang-Mills 3 ¥
TAURRAANER

(N,ga) B+ MH Killing REHHHN:
A: = (0,0,1,0,0,0,0,0),
A2 = (0,0,0,1,0,0,0,0),
B = (0,0,0,0,0,0,1,0),
B: = (0,0,0,0,0,0,0,1),

1 2 . 2,1 .
> 12,0,3‘:)’2 Wi 0 Y, xz“’z),

K{ = (—ux,,0,4'0"

K = (—ux,,0, ~x1, 407 oy, — w0, —xw,, 4'v7'y,),

A = (—ww,,0(x,y, — w,) 60"y, —xypy, — 04 1y,

¥:(£:9,) — wy uv + 407y, — wl),

A = (—uw, o2y, — w), —xw,8v 'y, y, (2 — wy),

— vy, —wi,u + vy y,),

Ei = (2u{3,v/3,0,2,,0,0,0,,),

E; = Q2u/3,v/3,2,,0,0,0,%,,0),

H = (%/3,2¢/3,0,0,0,y,,0,%,),

H; = (4/3,20/3,0,0,y,,0,8,,0),

P! =(0,0,0,0,0,1,0,x,),

pP; =(0,0,0,0,1,0,%,0),

Of =(0,—vy,,0,0,,0'4, —y2,0,0),

Q; =(0,—vy,,w,,0,—y2,0471,0,0),
FELRFIBER+ A4 Killing REBHRRRNR, L, 47=(0/0%)°, B/ =(8/0w,)",
i=1,2; REPEA Killing REW, XN SN BEEHIBIR *, w, i =1,
2, A%k, MHEKH+TA Killing REGHHFAHEHA, FHxtk, HESFLZA
Killing REHH#TEENRR, EEEREREFRMIXT2 Killing REHEKA
& Killing REY; HERRBRERIEX+HT/ Killing XREHEETHE Killing
2: 2V(Ky) =V,K; + VK, =0, DIRWDET V, 5 g0 BEMHEE., XMHEER
RB|EREMNPEARBOTANEGR, REBIWR g WIMATERERXZIA X+ =
A~ Killing K& ; Yx HTHESE s HEBHHEEANEN, Fa%EhRegns R
RXEHk. BA, N TERAUBLNEEY &

B = (6,021,315 91, D25 B1542) }

(DOFRRLRERX 5 BH s I

(2)

(3
R



410 B O ¥ E2 5 B8 B H16 %

d(8°K;) [ ds = §°V (§°K,) = §%°V K, =0, (4)
i
v.(K) =0, )
T (5) B%E K, 2— Killing X&¥., HTEAMKRD Killing REHHN ST
[K*, 4] = K"V, A* — AV K* {iR—A Killing REY, BIEHENHTEEHS
HTHN 5, ERIREBHAMN Killing K&, RARMNBFELEZENTHEL: BR
BNEZEARMEBEELLXIATEM ¢, AN Killing RER, HRITTHOT
BORFURHX 5 FRARBHTHER: AQRFIAN + X4 Killing REH
MR T — M AENERR L, LNEHERM TN SXRR(O)RFEE:
[AsyEgl = A,y [A44,Kg]l = Hg — 2E;, [ A, Pp]l = B,,
[B.sEgl = B., [Au,Ap] = —Qp, [B,;,0p] = 4,

[B,,Hz] = B,, [B,,Ky] = —Py, [P,,0.]=E,—2H,, (6)
[K.,E.] =K,, [B.,As] = —(Es+ Hy), [P.,H.] =P,

(A, E.] = —A,, [K,,0.] =—A4,, [0.,H]=—0,,

[AyHa] = —A,, [A,P] = —K,; '

FEWERT, Tiie5 g EREN 12, Yok g HHRAER—FRRIBE, e = 8,
He 5 (EEHAFRERERA, £ (6) Kb, RAIBHWLHWEEANZTHET
2. BR, R LHEF=ZAEENFMNEFRE, X=E1MHARTFREES {4, B.,
e=1,2}, {KiyAuye =1,2} F1 {E,,H.ye = 1,2} FRERK.
B Killing REHVEHEESH N TROES/NELL:
fo— 1 = f* + sK*(f*) + O(s), (7)
RIE LR S H e WERAAERE—HH, RBEFEPEIIERIITFTITE (14) g
B Hhgy K¢ B Killing REFHEESEENREASHBESE, I, RIJE
B (2)RPRY Killing KRB ERFESENERERY, HERE RBR Y SR
WA # ;@ Killing KRB oK, + oK, AREBMTHEHRK:
# =0 'y,
v=uy,
% =0"Tx + e xx, + v ],
=9+ a2y — w,),
= QN w, + &,(x,0, + yidv ™)1,
Q=1+ ax + ex; + aye(ax, + o),
M Killing RE&Y ady + oA XAIKRB O THEHRA:
#= Py,
v =07y,
% = xl(Pl - 1)(91P)—1,
w, = P "W w, + o (w,w, + y,yzuzu_‘ + uv)],

(8)

{xy + el Qo — xz}’z) + Wy, y07 — olemu]

-2

1=

xl(pl - I)Q



s FER: sUQR)5SU(3) B Yang-Mills BB HENRZLARREHHT 411

+ dlw(x,9,0, + yy4°07 — x20%070)

— 2.y, (2 w0, + yiyfv Tt + uw)l},
P =1+ aw, + oy, + eyey(sww;, + yy 00 + uv),
0 =P —axy,(1 + q,u,) — ay2,9,(1 + ;)

2,,~1 2, —1
+ alaz(xlxz” U — v+ xlxz}'1Yz)9

(%)

A = a0 u(yyv™" + nxpwwu” + xyw, + Y91,

B = (a,w, + 0‘2""2)3'13'21“4_1 + “(ale’l + O‘zxz}’z)r

I' = xx,0u”!,
Hp, oo Rl p, BITE 40+ Bp+T =0 BFEMR, o, M o, HEFRER., EFHRE
OOFOOTFRENELNER %, 5, v TEIXHRTIRIF2, 3FH 7, 5, o B
EARRRE, SHEY o N o HERLRER, RERPABH THYNT Yang-Mills 15
pgiEdE, HE, RIIMUEL: RONCEFANHEIEEHRAEETTSH LYBEER
REH—-MHEEREETTEH NS ERE R,
FAMQRXPRP AN Killing RER, RIVEVTEERBRBLBEZN 0T
RIR AR
2a, = v g — y,(uv) (g — yp24), N
2b, = (uv)"'(bp — ys4),
Yo — vulxhx, + wv  (xgy, — wy)y, + g
+ 2p(x5yp — we)(40) 7 (s — yuta),
22, = —(xpys + wp)u s + 225y, — wp)v™'v — v 0,2,
+ (xpyp — wy)wp(ur) (g — Yata) + u07?yg(2595 — w4)3,
+ g — 29y,

2k, = —2xpu 't + xpv”

(10)

2e, = u"'a + vulxpk, + (wp— xpy5)(40) (b — Yuka),
2, =070 + w79, + wp(u0) (e — Yata),
2p, = ur 79, + 2 (w0) (b — Yut),
2g, = ypu ' — 2y,07 + wevu %, — uv"lyh9, + 9,
— Y puv) (b, — Yoa),

# LR, RITE 4

a, = Ay ni™ by = B, at"
ko = KomE™y 2o = Ay nE™,
€s=E,n5"y na = HoymE™s
Pe=Pount™ 9a= Qunt™;
BT (0)XPWR G HARH BHK BT ARG HEH, KAO)KFE+AMRIER
Au MR, HE, RITEFEAQO)RXFREMA BN RSB LM,
A, RIWiE: Rieman HE (N,en) BEEWURN., A TEATZEIHBES, AT
AHEETROERE S : YHERVOMDE T HRRE TR, RIIRERE
ERAXHRHE MRS TRA. T4 LR RS T E SRRy, A%
TUEMHROIRD TR EE 2n — 1 M2 NEEEZRS (2 HFRHEHOELON, R

(11)



412 B E Y B 5 B Y H ®i16 k%

40 B B AL R T I R A R BN, B, BN 4 VE R, RATAT B (10)REGRSY HL
BESHE (11 SUQ2) 5 SU3) BB Yang-Mills H5 BOORMMERLY.

E.RkTRAZ TR EHER

£ 4107 B RO RE A R B R 2 TR AR B A R TR S JLAEE R AT E A
RS2 RHARIE, EEEEEET, Y— MM TEREIEH—MEEHEER
FUHRMEREERERST, RIEEXMIRSTERGUSEZLTRY., B“%2
AR ET BR T HEE: MREEIR-IM S FTERE, CRTAKERE
EH AR, 2 TA Rieman RHLBIRNFEMEAERE, WM HTERREMSE
EZLTRRGE: AXWB LT ERMELN T2 TREHHSREHD,

ZEERE I RIER R NAERIT d B S H—AN 7T BRI 8O J5 B3
RN T BEAGRREERIUAERE: YERY - MRETE N Qn—1) MR
Killing REFH(FLEH YL, & (27 —1) MR THRAY Killing 5KE7)P, H
B[ Rieman ¥EFEAIATIME S R HRN , Wbt A G 7E WO 05 2 h AT IR AR S

W, ISR R E AW E DR E

RAVEA W F X M 8 T 03 MUE AR IE.

(1) BREMXHRBEREFEESGHEY, BRERTEEOMARBETENG ECH
Maison 1 Harrison F 1978—1979 £/ @RY"9, T H, Belinskii 1 Zakharov F
FIEX T RE AT T REZRM, HHH Rieman WE AN R ERE
—MEFRI 48 =27 [(dx)* + (dy)'] B EAECAEMEQNREHMEY, BT
MEMFR=MILY Killing KB, SRKITRER, B kE: RSMERER
AT BAREREEV AL,

(2) BEWNRBRYE-FRMFREASHHEY, Aleksejev T 1980 FEF A
ERME ARAEE 7 R 5K R LR 5 TR E S R , B %% 05 BB ROMRIE B VF 13 FE s i ™Y, Kramor
FAT 1980 5% B mE RTARME R B b EaEL#RE,  ZGRnE R
— M EGNNRERIR Killing ZEHNY,XNADMREMIZA Killing REF R
J& Ehlers-Harrison-Kinnersley A # T/ \RER T

(3) SUQ2) 5 SU(3) BB Yang-Mills HHEHHEY, Manakov I Zakharov
T 1981 FEH 2 + 1) SR8 HERT A BARI B, KHENENARS
AR A—NZHJWEN—A BN HIRE RS T R ER, EhR=%5
FBR—ITEART 45 = 272 [(dx)* + (dy)(dz)], HRAEE R MFANME; K9
WA A 33 +1)/2 = 6 MR Killing KBS, WALREHFHRHA N
REEHURYN, RPN ERER—NEEDAX(DRFRHETHRY , HE TR
B ARERETERALREFHRNA L DR EETTRKN.

(4) WYEIELH: o BB, BT Zakharov R Mikhailov FrEIRYY i 2 ik &



%5 FTER: SUQR)ESU(3) B Yeng-Mills BEHBEHHTBOZEFIRALMNFT 413

FER MR T (B o BT B AR K AYSE 2 T IRE, 78 FIVARBL S 07 Bhad s 5 12
R T, HHREE— D BANHE, BT RGHRETENEARTFERNREREE
#y Killing REY; ALGHREIERN L ARG BRELETETHRN.,

[1]

[3]
[4]
[5]
{61l
[7]
{8]
(9]
[10]
[11]
[12]
[13]
[14]
[15]
[16]

(17]
[18]
[19]

€ X X W

B. C, Xanthopoulous, J. Phys. A14(1981), 1445,

L. R. Eisenhart, Riemannian Geemetry, Princeton, NJ, Princeton University Press, 1926.
P. D. Lax, Commun. Pure. Appl. Math., 21(1968), 467.

A, C. Scott, E. Y, F. Chu, D. W. Melaughlin, Proc. IEEE., 61(1973), 1443.

P. Sommers, PhD, thesis, the University of Texas at Austin, 1973.

F. Ernst, Phys., Rev., 167(1968), 1175.

D. Maison, Phys. Rev, Lenz, 41(1978), 521.

D. Maison, J. Mazh. Phys.,, 25(1979), 871.

B. K. Harrison, Phys. Rev. Lers., 41(1978), 1197.

V. A. Belinskii, V. E. Xakharov, Sov, Phys, -JETP, 48(1978), 985.

V. A. Belinskii, V. E. Zakharov, Sov. Phys, -JETP, 50(1979), 1.

R. A. Matzner, C. W. Misner, Phys. Rev., 154(1976), 1229,

F. Ernst, Phys. Rev., 168(1968), 1415,

G. A. Alekseyev, Proc. GrG, vol. 11(1980), 231.

C. Hoenselaers, J. Math, Phys., 19(1978), 539.

D. Kramer, Stephani H, Mac Callum M, Herlt E, Exact Solutions of Einstein’s Field Equations, Cam-

bridge: Cup, 1980.

W. Kinnersley, J. Marh; Phys, 14(1973), 651

S. V. Manakov, V. E. Zakharov, Le:z, Marh, Phys, 5(1981), 247.
V. E. Zakharov, A. V. Mikhailov, Sov. Phys. -JETP, 47(1978), 1017.

Description of the Complete Integrability of the SU(2) and SU(3)

Self~-Dual Yang-Mills Source-Free Field Equations System

and Further Discussions

Li Fusin

(The Mathemasical-Mechanical Deparimens, China University of Mining Technology, Xuzhou 221008)

ABSTRACT

With the theory of harmonic maps and the eight-dimensional Riemannian manifold, the

completely integrable SU(2) and SU(3) self-dual Yang-Mills source-free field equations are
described. Sixteen independent Killing vector fields are determined, two transformation groups
which map solutions into solutions are constructed, and a conjecture on the complete integrabi-

lity of systems by the inverse scattering method is formulated.



